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Abstract 
We employ the Geroch-Held-Penrose technique to rewrite the Brans-Edgar relations associated 

with vacuum metrics of type II. 
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1. Introduction 

 

In this work we use the notation and quantities explained in [1]. The Riemann tensor is 

equivalent to the known 18 equations of Newman-Penrose (NP) [2, 3], and the Bianchi identities 

are compatibility conditions for them, which for empty solutions type II are given by: 

 

𝐷𝜓2 = 3𝜌𝜓2 ,            𝛿𝜓2 = 3𝜏𝜓2 ,            𝛿̅𝜓2 = −3𝜋𝜓2 ,           Δ𝜓2 = −3𝜇𝜓2 , 

                                                                                                                                                                

(1) 

𝐷𝜓4 = (𝜌 − 4𝜀)𝜓4 − 3𝜆𝜓2 ,            𝛿𝜓4 = (𝜏 − 4𝛽)𝜓4 − 3𝜈𝜓2 , 

 

in the canonical tetrad with 𝜓0 = 𝜓1 = 𝜓3 = 0 [4]; furthermore 𝜅 = 𝜎 = 0  by the Goldberg-

Sachs theorem [5, 6]. The Brans [7]-Edgar [8] equations appear when we use the commutators of 

NP [1-3] to establish the corresponding compatibility of the set (1): 

 

        𝛿̅𝜌 + 𝐷𝜋 − 𝜌(𝛼 + �̅�) − 𝜋(𝜀̅ − 𝜀) + 𝜇�̅� + 𝜎𝜏 = 0,                                    (2) 

 

        Δ𝜋 − 𝛿̅𝜇 + 𝜌𝜈 − 𝜆𝜏 − 𝜇(𝛼 + �̅� − 𝜏̅) − 𝜋(�̅� − 𝛾 − �̅�) = 0,                           (3) 

 

         Δ𝜌 + 𝐷𝜇 + 𝜇(𝜀 + 𝜀)̅ − 𝜌(𝛾 + �̅�) + 𝜏𝜏̅ − 𝜋�̅� = 0,                                    (4) 

 

             𝛿𝜇 + Δ𝜏 − 𝜌�̅� − �̅�𝜋 + 𝜇(�̅� + 𝛽) + 𝜏(�̅� − 𝛾) = 0.                                      (5) 
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In Sec. 2 we give a summary of the Geroch-Held-Penrose (GHP) formalism [1, 9]; in Sec. 3 this 

technique is applied to the system (2)-(5), thus finding that only it is necessary to write three 

equations type GHP because (5) will be the primed version of (2). This is reached due to the 

explicit presence in (2) of terms with 𝜅 and 𝜎 despite that in this case  𝜅 = 𝜎 = 0. 

 

 

2. GHP’s technique 

 

In [9] the GHP formalism is developed in a very complete manner, so that here we give a 

summary of it, which in Sec. 3 is applied to equations (2)-(5). In each event of the space-time we 

have an ordered null tetrad (𝑚𝑟, �̅�𝑟 , 𝑙𝑟 , 𝑛𝑟) type NP: 

 

                                      𝑚𝑎�̅�𝑎 = −𝑛𝑎𝑙𝑎 = 1.                                                           (6) 

 

Nevertheless in such event we could employ, without violating (6), the tetrad: 

 

                    (𝜂�̅�−1 𝑚𝑟 , 𝜂−1𝜂 ̅�̅�𝑟 , 𝜂−1�̅�−1 𝑙𝑟 , 𝜂𝜂 ̅𝑛𝑟),                                             (7) 

 

where 𝜂 is an arbitrary complex scalar. This new choice of the tetrad generates changes in 

several quantities of the NP formalism; in particular, the GHP technique pays special attention to 

those objects that under (7) suffer the transformation: 

 

                                             𝐴  ⟶   𝜂𝑝�̅�𝑞 𝐴 ,                                                                 (8) 

 

so we say that 𝐴 has type {𝑝, 𝑞} with spin-weight  
1

2
(𝑝 − 𝑞) and with boost-weight  

1

2
(𝑝 + 𝑞). 

For example, in [1, 9] we find that only 8 of the 12 spin coefficients have the change (8) under 

(7): 

𝜅: {3, 1},    𝜎: {3, −1},     𝜚: {1, 1},     𝜏: {1, −1}, 

𝜋: {−1, 1},    𝜇: {−1, −1},     𝜆: {−3, 1},    𝜈: {−3, −1}.                                (9) 

 

The operation" ′ ", which commutes with the complex conjugation process, is important in the 

GHP formalism and it realizes the interchange of  𝑚𝑎 and 𝑙𝑎 with �̅�𝑎 and 𝑛𝑎, respectively: 

 

              𝑚𝑎′ = �̅�𝑎,          �̅�𝑎′ = 𝑚𝑎,           𝑙𝑎′ = 𝑛𝑎,          𝑛𝑎′ = 𝑙𝑎 ,                      (10) 

therefore: 

     𝜈 = −𝜅′,       𝜏 = −𝜋′,       𝛼 = −𝛽′,       𝜇 = −𝜌′,       𝜎 = −𝜆′,      𝛾 = −𝜀′.          (11) 

 

Hence it is enough the explicit use of  𝜅, 𝜌, 𝜋, 𝜆, 𝛽, 𝜀  because the another coefficients can be 

generated from these ones through the operation " ′ ". It becomes evident that under (10) the NP 
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operators 𝛿, 𝛿̅, Δ, 𝐷 interchange among them, then it is sufficient the explicit employ of 𝛿 and 𝐷, 

because: 

                              𝛿̅ = 𝛿′    and    Δ = 𝐷′.                                                       (12) 

 

However, when the operators act onto a quantity of type {𝑝, 𝑞}, they do not lead to quantities 

fulfilling (8) under (7); so for example, if 𝐴 has the property (8) then in general 𝛿𝐴 will not 

satisfy such property. For this reason, in the GHP technique the operators Φ and  𝜕 are 

introduced to remedy such situation, and their effect on quantities verifying (8) is defined via the 

expressions: 

 

  Φ𝐴 = (𝐷 − 𝑝𝜀 − 𝑞𝜀)̅ 𝐴 ∶    {𝑝 + 1, 𝑞 + 1},    𝜕𝐴 = (𝛿 − 𝑝𝛽 − 𝑞�̅�) 𝐴 ∶    {𝑝 + 1, 𝑞 − 1}.    (13) 

 

Then by using (11) and (12) is simple to see the action of the corresponding primed operators: 

 

                           Φ′𝐴 = (𝐷′ + 𝑝𝜀′ + 𝑞𝜀̅′) 𝐴 = (Δ − 𝑝𝛾 − 𝑞�̅�) 𝐴 ∶     {𝑝 − 1, 𝑞 − 1}, 

                                                                                                                                                              

(14) 

                            𝜕′𝐴 = (𝛿′ + 𝑝𝛽´ − 𝑞�̅�) 𝐴 = (𝛿̅ − 𝑝𝛼 − 𝑞�̅�) 𝐴 ∶     {𝑝 − 1, 𝑞 + 1}, 

 

where we have used the fact that under the operation " ′ ", the type {𝑝, 𝑞} changes to the 

{−𝑝, −𝑞} one; besides, if one realizes that �̅� has type {𝑞, 𝑝}, then: 

 

                           Φ̅ = Φ        and        �̅� = 𝜕′.                                                      (15) 

 

As a warning up for the next Sec., we exemplify the action of the operators (13) – (15) by means 

of (9): 

 

 𝜕𝜇 = (𝛿 + 𝛽 + �̅�) 𝜇,      Φ𝜇 = (𝐷 + 𝜀 + 𝜀)̅ 𝜇,     𝜕′𝜇 = (𝛿̅ + 𝛼 + �̅�) 𝜇,      𝜕′𝜌 = (𝛿̅ − 𝛼 − �̅�) 𝜌, 

   (16) 

 Φ′𝜋 = (Δ + 𝛾 − �̅�) 𝜋,      Φ𝜋 = (𝐷 + 𝜀 − 𝜀)̅ 𝜋,     Φ′𝜏 = (Δ − 𝛾 + �̅�) 𝜏,     Φ′𝜌 = (Δ − 𝛾 − �̅�) 𝜌. 

 

The above relations are useful when rewriting (2),…,(5) of Brans-Edgar within the GHP 

formalism. 

 

3. Brans-Edgar equations in their GHP version 

 

The system (2)-(5) represents the integrability conditions such that (1) has solution. If now the 

corresponding compatibility constraints are calculated [10] for (2),…,(5) then one gets 0 = 0, this 

means that the 18 NP equations together with the Bianchi identities and the Brans-Edgar 
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equations conform a completely integrable system. If in (2)-(5) we make use of (11),…,(16) it 

results their GHP version: 

                𝜕′𝜌 + Φ𝜋 + 𝜇�̅� + 𝜎𝜏 = 0,                                                       (17) 

 

             Φ′𝜋 + 𝜕′𝜌′ − 𝜅′𝜌 + 𝜆𝜋′ + 𝜌′𝜋′ − �̅�′𝜋 = 0,                                          (18) 

 

                  Φ′𝜌 − Φ𝜌′ + 𝜋�̅�′ − 𝜋�̅� = 0,                                                    (19) 

 

that is, equations (2)-(4) are equivalent to (17)-(19) in the same order. There is no need to rewrite 

(5) since this is the primed version of (17); the primed equation of (19) coincides with itself. 

Finally, applying the operation " ′ " to (18) gives the equation: 

 

                             𝛿𝜌 − 𝐷𝜏 − 𝜌(�̅� + 𝛽) + 𝜏(𝜀 − 𝜀)̅ + 𝜅𝜇 − 𝜎𝜋 + 𝜌�̅� + �̅�𝜏 = 0, 

 

which reduce to 0 = 0 in virtue of the 18 NP equations [1], so that it does not give any new 

information. The relations (17), (18) and (19) are the GHP version of the Brans-Edgar relations 

for arbitrary vacuum metrics of type II. 

 
Received Jan. 04, 2016; Accepted Jan. 17, 2016 

 

References 
 

1. H. Stephani, D. Kramer, M. MacCallum, C. Hoenselaers, E. Herlt, Exact solutions of Einstein’s field  

      equations, Cambridge University Press (2003) 

2. E. Newman, R. Penrose, An approach to gravitational radiation by a method of spin coefficients, J. 

      Math. Phys. 3, No. 3 (1962) 566-578 

3. P. Lam-Estrada, J. López-Bonilla, R. López-Vázquez, A. K. Rathie, Newman-Penrose equations,  

      Bianchi identities, and Weyl-Lanczos relations, Prespacetime Journal 6, No. 8 (2015) 684-696 

4. R. García, N. Hamdan, J. López-Bonilla, Debever-Penrose principal directions in terms of null  

      canonical vectors, EJTP 4, No. 15 (2007) 101-104 

5. J. N. Goldberg, R. K. Sachs, A theorem on Petrov types, Acta Phys. Polon. Suppl. 22 (1962) 13-23 

6. J. López-Bonilla, J. A. Torres, On the Kundt-Thompson’s theorem, Rev. Colomb. Fís. 18, No. 2-3 

(1986) 103-108 

7. C. Brans, Complete integrability conditions of the Einstein-Petrov equations, type I, J. Math. Phys. 18,  

      No. 7 (1977) 1378-1381 

8. S. Edgar, A new approach to Einstein-Petrov type I spaces, Int. J. Theor. Phys. 18, No. 4 (1979) 251-

270 

  9. R. Geroch, A. Held, R. Penrose, A space-time calculus based on pairs of null directions, J. Math. 

Phys. 14, No. 7 (1973) 874-881 

10. J. López-Bonilla, J. Morales, G. Pérez-Teruel, On the integrability conditions for the Bianchi 

identities, The SciTech, J. of Sci. & Tech. 3, No. 2 (2014) 20-22 


