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Abstract 

We employ the Post-Widder algorithm to determine the inverse Laplace transform of  
1

𝑠−𝑎√𝑠
 . 
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inversion. 

 

1. Introduction 

 

In [1] the authors propose to obtain the following inverse Laplace transform [2]: 

 

                           𝑓(𝑡) = ℒ−1 [
1

𝑠−𝑎√𝑠
],                                                          (1) 

 

without the application of the Bateman [3, 4]-Bromwich [5] method based in complex variable.  

 

Post [6] and Widder [7, 8] published an interesting expression for the inversion of the Laplace 

transform 𝐹(𝑠): 

 

               𝑓(𝑡) = 𝑙𝑖𝑚 𝑘→∞  
(−1)𝑘

𝑘!
(

𝑘

𝑡
)𝑘+1(

𝜕𝑘𝐹

𝜕𝑠𝑘 )
𝑠 = 

𝑘

𝑡

 ,       𝑡 > 0,                                   (2) 

 

which is equivalent [9] to the Tuan-Duc procedure [10]. 

 

In Sec. 2 we use (2) to solve (1), and we find that 𝑓(𝑡) is related with the error function  erf (𝑥) 

[1, 11]. 

 

 

2. Post-Widder algorithm 

 

   If the relation (2) is applied to: 

                 𝐹(𝑠) =
1

𝑠−𝑎√𝑠
= ∑  

𝑎𝑟

𝑠
1+

𝑟
2

∞
𝑟=0  ,                                           (3) 
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we obtain that: 

     𝑓(𝑡) = 𝑙𝑖𝑚 𝑘→∞  ∑
𝜉𝑟

𝑘! 𝑘
𝑟
2

∞
𝑟=0  ∏  (

𝑟

2
+ 𝑛)𝑘

𝑛=1 ,       𝜉 = 𝑎√𝑡 ,                                (4) 

 

whose even part is given by: 

 

   𝑓𝑒𝑣𝑒𝑛(𝑡) = 𝑙𝑖𝑚 𝑘→∞ ∑
𝜉𝑙

𝑘! 𝑘𝑙
∞
𝑙=0  ∏  (𝑙 + 𝑛)𝑘

𝑛=1 = 𝑙𝑖𝑚𝑘→∞ ∑
𝜉2𝑙

𝑙!
 ∞

𝑙=0 ∏  (1 +
𝑚

𝑘
)𝑙

𝑚=1 = 

∑  
𝜉2𝑙

𝑙!

∞
𝑙=0 = 𝑒𝜉2

,                                                               (5) 

 

and the corresponding odd part takes the form: 

 

  𝑓𝑜𝑑𝑑(𝑡) = 𝑙𝑖𝑚 𝑘→∞  ∑
𝜉2𝑞+1

𝑘! 𝑘
𝑞+

1
2

∞
𝑞=0  (𝑞 +

3

2
)𝑘 =

2

√𝜋
 ∑  

22𝑞𝑞!

(2𝑞+1)!
∞
𝑞=0  𝜉2𝑞+1 ,                       (6) 

 

where we employ the relations [11]:   

 

    (𝑞 +
3

2
)𝑘 =

Γ(𝑞+
3

2
+𝑘)

Γ(𝑞+
3

2
)

 ,                  Γ (𝑞 +
3

2
) =

√𝜋  (2𝑞+1)!

22𝑞+1 𝑞!
 ,                                (7) 

and for 𝑘 ≫ 1: 

          Γ (𝑞 +
3

2
+ 𝑘) =

√2𝜋 (𝑞+
3

2
+𝑘)𝑞+1+𝑘

𝑒
𝑞+

3
2

+𝑘
 ,        𝑘! = √2𝜋𝑘 (

𝑘

𝑒
)𝑘 .                              (8) 

Then from (6): 

                 𝑓𝑜𝑑𝑑(𝑡) =
2

√𝜋
(𝜉 +

2

3
𝜉3 +

4

15
𝜉5 +

8

105
𝜉7 +  … ),                                         (9) 

but [11]: 

erf(𝜉) ≡
2

√𝜋
∫ 𝑒−𝜂2𝜉

0
𝑑𝜂 =

2

√𝜋
 ∑

(−1)𝑟𝜉2𝑟+1

𝑟!(2𝑟+1)
∞
𝑟=0 =

2

√𝜋
(𝜉 −

1

3
𝜉3 +

1

10
𝜉5 −

1

42
𝜉7 + … ),   (10) 

 

whose multiplication by  𝑒𝜉2
 gives (9): 

 

               𝑓𝑜𝑑𝑑(𝑡) = 𝑒𝜉2
erf(𝜉) ,           𝜉 = 𝑎 √𝑡 ,                            (11) 

hence from (4), (5) and (11): 

                𝑓(𝑡) = 𝑒𝜉2
[1 + erf(𝜉)] = 𝑒𝑎2𝑡 [1 + erf(𝑎√𝑡)] ,                   (12) 

 

in harmony with the result of [1]. 
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