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Abstract
In the present paper, we have considered the gauge-invariant generalization of Einstein field

equations in our chosen metric for (t/z)-type waves. The results obtained are written in the form
of theorems which resemble to those obtained by Katore and Rane (2008).
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1. Introduction

Gauge Invariant Generalization of Field Theories is an important class of an asymmetric field
theories introduced by Buchdahl (1957)[1], by combining two nonsymmetric geometries of Weyl
(1919)[9] and that of Einstein (1951)[10] and is based upon an asymmetric covariant tensor g;;

and a covariant vector K; relating those to an asymmetric linear connection I}, in such a way that

the geometry could be regarded equivalently as ‘Gauge Invariant generalization of Einstein’s
theory’ propounded by Weyl. Lal and Srivastava (1972) [5] obtained the plane wave solutions of
these theories for asymmetric fundamental tensor in Bondi (1959) [14] space-time. S. D. Katore
and R.S. Rane (2008)[7] have generalized these solutions in the plane symmetry. In the present
paper we have considered the Gauge invariant generalization of Einstein field equations in our
chosen metric for (t/z) -type waves. The results obtained are written in the form of theorems

which resemble to those obtained by Katore and Rane (2008).

2. The Line element and field equations

The metric chosen for the investigation is

ds® = —Adx* — 2Ddxdy— Bdy* —CZ*dz* + Cdt* , (2.1)
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which was obtained by Lal, Ali (1969)[2] by using certain transformations in Bondi space-time.
Here A B,C,D are all the functions of Z(=1t/z) and the solutions correspond to the (t/z) -
type waves. Buchdahl’s Gauge Invariant generalization of field theories are based upon an

asymmetric tensor g;; = h;; + f;;, a covariant vector K;and a linear connection L' defined by

Firsngmj +F5Tgim = Jij.s (2.2)
7/ir:gmj+7’sr?gim :gins (2.3)
Ljs =Tjs = 7s (2.4)

Here h.

ij?
minkowskian and  f;is the skew-symmetric part of g, satisfying the electromagnetic field. I, is

the symmetric part of g coincides with the fundamental tensor of space-time which is

the linear connection of usual asymmetric theory of Einstein. Buchdahl provided an asymmetric
fundamental tensor g, a linear connection L', and a covariant vector K, , defined in such a

way that L', and all the basic tensors derived from the g;;, K, , L', and their derivatives possess

the property of Gauge invariance. The indices 1|, j, k take values 1, 2, 3, 4 and a comma (,)
before an index s denotes its partial derivative w.r.to x° .

Buchdahl defined the following simplest field equations as

L =Ly =0 (2.5)

0 s . m S
G =B +7is —(Kij +Ki) +7imyg —27;K, =0 (2.6)
where P;is defined by

+T°

I T ol RS o ol 2.7)

im™ sj ij© sm

1
Py =-Tis +§ L.

Here G is the Gauge invariant Hermitian Einstein tensor and P, is the usual tensor of Einstein

asymmetric theory. A semicolon (;) represent a covariant differentiation anda sign (+), (-) or (0)

below the index fixes the position of covariant index k in connectionsas T, , I, , I, anda

pair of parenthesis ( ) and [ ] including two indices represents the symmetry and skew
symmetry between them.

3. Calculations of nonsymmetric tensors

Following the method of Takeno (1961)[8] and Lal and Shrivastav (1972) [5] the non-
symmetric tensors g;; as used by S.W.Bhaware, D.D.Pawar and A.G. Deshmukh(2012) [11]
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are obtained as follows. On the lines of V.B.Johari(1966) [6]the components of electromagnetic
field tensors F; forthe (t/z) -type line element (2.1) are:

0 o0 & th _
Z
0 & — P
(Fij): ’ ! : (3.1)

A 0 o

Y4 z

% A o
Lt ot |

where o, p, are arbitrary functions of Z(=t/z) .

The components of h;;,the symmetric part of g are

-A -D O 0

-D -B 0 0
(g(ij)): (hlj) = 0 0 -CZ 2 0 (32)

0 0 0 C

Using the lkeda (1954)[13] relations
1 kl

Fij :Egijklv_gg (3.3)
where ¢, = +lor -1accordingas i,j, k| have even or odd permutations, we find the

fundamental metric tensor ( g;;) for the metric (2.1) as

-A -D P 2_
z t
-D -B g -
_ t
(gij )_ _ _ : ! (3'4)
—P 9% _c72 0
z VA
p O 0 C
Lt t i
g =—(AB - D?) C?Z? =-mC?Z? (3.5)
where
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m=(AB—D2),p=(A/%+mD%) ando-:(Dplf/aB‘jl) (3.6)

The conjugate metric tensors are

B D U 7U
m m
B ;A Vv 7V .
iiY_| m m .

(9")= . , 3.7)

-U -V (= +W) W

CZ
-ZU -2V W (Cl:+ZZ\N)
where
—_ 2 2

U Zin_ DG ] V =7Ao-2 Dp 1 W = AO_ 22[4)po-2+ Bp (38)

z2°mC zZ2°mC 2°Z*mC

According to Hlavaty (1957)[4] f;; belongs to the class Il if K =k=0

where

1 ; f det.(f,)

K==f f! K=—=— 17 3.9
4" and h  det.(hy) (3.9)

Here we note that, the magnetic components of g, coincide with electromagnetic field tensor

f' given by

f=h"n"f_ (3.10)

4. Solutions of field equations (2.3) and (2.4)

We use the Hlavaty,s method to solve equation (2.3). Mishra (1963)[12] has proved that y;
can be put in the form

7; :Hi?+si?+ui? (4.1)
Where
s 1 sm
Hi = S0 (Kb + K hy — Ko hy) (4.3)
Sisj = 7[Sij] = hsm(Klijm"‘ZU r?1[ifj]n) (4.4)
K" = Ko + 2 H (4.5a)
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1
Kijs :E(Kj fis + Ks fij - . ]S) (4.5b)

As f;given by (3.1) belongs to the third class in the sense of Hlavaty (1957) we have solution
of (4.4)

=h" (K" =2 fi K £1) (4.6)

Using above equations the components of ~ Hi (=Hj; ) and those of Kis G—Kji ) are
obtained as follows:

2 2m’ 2m '2Cz?’ 2C
HE - Bu K, 4D -K;B K,B
2 1om’ 2 2m’'2Cz?’ 2C

Hs — Z2°Cu —Z°Cy K; Z°K,
* 1 2m’ 2m 2 2

Hfl=[ﬁ+‘/’D —yA —K,A K4A}

“ 2m "2m 222 2
hs _| B¥ —Au —K;D K,D
2 2m’ 2m ’2c:z2’ 2C

H: _[—Cﬂ Cy K, &}

Hf3—[K23 0.5 o}
H;, —{K“ ,o,o,%}
H§3={0,%,%,0}
H;, =[o,%,o,%}
H,, :{0,0,%,%} 4.7)
KlZS—[ (Kp KO') ( Kp+K0')}
Kya = [ (Kip). o (sz+Kla) (K3p> 2 ( 3)}

K,o— Yo, -K,p
K, =|-~1P “2(K p+K.o) 2 _4__3,_4
14s [ i Zt( 2P 10) 2( . " ) " }
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KO' KO'J K,
Kaas = [ i (Z 3)}
K, O'K K K,o
K K,o+K (4 t8y T
245 = |: —(K,o 2/0) " 2(2 t) t}
e, K, Ky, oK, 3
K =-“(—=+—-—2)—(—=+—2),00 4.8
{2(2 - 25152100 @8)

and Kiijs=0 for i=j.

Using (3.4),(4.7),(4.8) in (4.5 a) we find the values of K'ijs(: -K'...) as follows

jis

K'lZSz[Z 5 (2K, +tK )/1 (zK +tK )vOO}

K :[ yA  wv K4pt Km}
13s

2mm’ 2zm’ 222 2z
K’ yi yv Kp Kz
145 ' 2
2mt ' 2mt’ 2t 2t
| ouA vu Koot Ko
K 23s !
sz sz 2z% ' 2z
oo s ovu oKy Koz
2l omt'omt’ 2t T 2t?
Ccz
2zm

K'sss = [0,0, (/w—GV),—%(pﬂ—GV)J (4.9)

where
v =(K,A- K,D)
4=(K,D-KB)
A =(pD—-0oh)
v =(pB-oD) (4.9a)

Substituting from equations (3.1) and (4.9) in equation (4.6) we see that the last term on RHS is
identically zero and consequently equation(4.6) reduces to

=h"Kn (4.10)
Using (3.2) and (4.9) in equation (4.10) we find the components of S7 (=-Sj) as follows:

S, = [Zcz(ng tK,),— 2(zK3+tK)OO}

gs =| OV Y _pK4 _PK,
13 2zm’ 2zm’ 2Ct° 2Cz
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s _|oy py  pK o pK
“lom' 2mt’ 2CZ%’ 2CZ%z

S —

gs =|_ o pu oK pK

23 2zm’' 2zm’ 2Ct°’ 2Cz

s _|ou  pu oK oK

# lomt’ 2mt’ 2Cz%’ 2CZ%z

sz, :[o,o,— (pp—oy) _(pﬂ—aw)} (4.11)

2m 2zm
Si=-S§ andS =0 fori=j (ie,S; isantisymmetricin iand j).

Using equation (3.1) and (4.11), the equation (4.2) reduces to
U,=0 (4.12)

Then by using equations (4.7), (4.11) and (4.12) in equation (4.1) the components of »°; are
obtained as follows:

A A K,A .
7/11 [21 lgr[;’ 2Wm 22322’ 22: :|:H11 ('~°7il;=HiiJ<-+Si‘; and Si'; =0)
s _|Bu K, —uD KB KB .
2 ~| 52 7 7 = sz

2m'’ 2 2m 2Cz° 2C

. _|Z°Cu CZ°? Z%?K .
733:|: £ W£—4}:H33

2m 2m 2 2
S :|: C:Ll Cl// KS K:| HS

44 44

2m’ 2m '2z%’ 2

KD KD}

s _|By o —Au_ p
D = —=* ZK, +tK ,—i— K, +tK,), ,
, [ (2K 1), e P2 i) 1D K]

s | Ky —ov  py K _pK J_er
2 + 2zm * 2zm’ 2 2Ct 2Cz

S:[ﬁial//,ipl//,i pK321ﬁ$pK3j|
2 2mt 2mt' 2CZ% 2 2Czt

S_io_ﬂ’ﬁi pﬂ,ﬁ$d<4,$GK
2zm 2 2zm 2 2Ct 2Cz

vio=|e o Ko pu o o K o ol
T om 2 omt’ 2Cz% 2 ¢ 2czt

/5 = o,o,ﬁ (ou— Gw), K - (pu—oy) (4.13)
“ 2 2mt 2 2mt
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Next we find the affine connections Fif by using the relations
Fi? = Fi? +rilj( = piI} +Qi|} (4.14)
pii} :{ikj}+ h (i fjm + ChT fin) (4.15)

The values of 1““* already obtained in ( [11],(3.15)) are

F1k1= o,o’i’i
2Ct 2Cz

D D
r«=/00—,— |=TX
12 [ 2Ct 2&} 2

I} =[az,bz,a, oz]

o - [ @ a}

1ﬂzkz |: Are i}
"2Ct ' 2Cz
Iy, =[dz,ez, 5,2p]
de B _
d,—e, Z' ,B}

{

r¥ =[az,bz,—a, oz]
Fsz = [dZ eZ,—p, _Z:B]

r¥ = [oo (4 CZ)(E Céz)}

k _
Iy, =

1 C, Cz
Il =|00,C+-)——— |=T}
* { G2 202} *

o
h[-a-b ]

-~y
C C

ry,=00-—,—— 4.16

" { 2Ct ZCJ #19
where

=—(DD AB)

2mz
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b=i(DZ—A5)
2mz

d =i(D§—BB)
2mz

e =i(D5— AB)
2mz

(AB-2DD+AB) -m

(a+e)=—
2mz 2mz
and  a=(parob)-Loo —i{(pamb)—&i(ﬁc—pé)}
ct Ct t Cz
ﬂz—(pd ®)-— (oc oC)=— [(pd+oe)—5+i(5c:—a€)} (4.17)
ct Ct t Cz

A A
‘ = 010!_1_
P { 2Ct " 2Cz

D D
k: OlOl_l_
P [ 2Ct ZCJ

p; =[az,bZ,0,0]
pis =[-2,-b,00]

B B

X = 0101_1_
P [ 2Ct 2&}
ps, =[dZ,ez,0,0]

ps: =|-d,-€00]

~ ~—2
pgs{o,o,_z_z L }

z 2Cz z 2Cz

1 C ¢z
5 =] 0,0,=+ — ———
Pas [ t "2ct 2cs

cC C
b =]00——,— 4.18
Pas [ 2Ct ZCJ (4.18)

g, = {o,o,‘z—“,—a}
as, =[0,0,0,0]
a5, =[0.0, 3, Az

s, = {00 Z'B ﬂ} (4.19)
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By substituting the value of I'; from (4.16) and y; from (4.13) and using equation(2.4) we get
the component of L.

5. Calculations of tensors G, and P;:-

The Gauge invariant Hermition-Einstein tensor as given by Buchdahl(1958) is

n

Gij = Pij _(Ki,j + Kj,i —-2K F_m)_zyiTKm +7/ir;m +F(Tnn)7/ir; _rim7/:j] _rmnjyir: +7/ir;n7/:]] (5.1)

m= ij

and the Einstein tensor P;of usual asymmetric theory with a linear connection I7; is given by

S o) (5.2)

im~ sj ij~ (sm)

S 1 S S
Pij =-T; +§[ @i9).j +T

ij,s (sj).i

where T;and y; are given by (4.16) and (4.13) respectively.

The component of P, are obtained by using (4.16) and the relation
I}y =0J,=0j=12
h=-T,=a

Iy =-T,=p (5.3)

1 Cz
1—?3 = _er3 = _(E + _ZCZ)
These are

P11 = P12 = P21 = Pzz =0

2
Psz = _st = T'B
Py = {(a? +2bd +e?)+ @FEC (a“ﬂ
Cz z
P, =2%P, + (a+e)Z
z
at+e
Py = Py =—=2P,, — 27 ' (54)

Using (5.4), (4.13) and (4.16) in (5.1) we get the components of Gauge invariant Einstein tensor
G;; as follows:
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A K, K? —y?
Gy, = _2K1,1+E(7+K4)}_2{7+ om +_{( 4) (=5 )}}

1 C 3 ;_E_b_D
+_(a+ - CHE K“)H(_ KG =3 C}
o3y My KDy Dy 2807, A i oy ——p(—+K)}
m 2m?
,U 1 2 4
G,, = 2K22+m+4K (2C22)3 ( ),4+ﬂ
Z—ZAByZ—IuZDZ) o (K 3Ky )

2c?

a+e Z ZC Cz. z°%C
G,,=|Z°? a2+2bd+e2—(a+e) +(a+e) 24 | -2K,, 2K, (R +—) - K, —
3 { ( 7 ) z (C ) 33 3(z 2Cz) 2m (KK —yK;)
1_, 1 Z2

1
_EZ K§+(§K3,3+7 4) (_+_2)I:

- (m//—pu)z}
m

G, ={(a2 +2bd +e? + @O _(a+e))}r (a+e—1 c
z

c: ST

1 2K, 1 1 M _¥C K: C
J{(E(Ka,s+TS)+—K4,4}—W(PAJ—UV/)2+( K, -

l 2 2+_K4)
K,D
(K12+K21)+_(AﬂK +B'//K)+(2CZZ)3 + (= — )4
+?(2K18y/+ BDy?® — K,Aum+ ADu® — 2ABuy)
Kooyt D Dy K Ky K
L2 2zm 2CZ?% 2Ct 2 2Ct
T R i SIS
2 2mt” 2C 2Cz 2 2CZt ZCZt
(5.6)

6. Solution of Equations (2.5) and (2.6)

Equation (2.5)is L, =Ll =0ie, L =L =T, —»l =ad) -S) =0

Substituting the components of T'; from equation (4.6) and those of Lj from (4.13) into the
equation (2.5) we find that when i=1 and 2 , we get

K, +2ZK, =0 (6.1)
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and when i=2 and 3, we get
oy —pu=0 (6.2)

Using the conditions (6.1) and (6.2) , and the equations (5.4)we get the solutions of the field
equations(2.6) as:

K2 K,A, K, Dy D2 ABy? A%
-2K,, ——+ 2 +—1—T 4 - + =
(2022)3 ( 2C ). 2m 4m?  2m?  4m?
K,B 1 o KK
2C22)3 ( ! ),4+4m2 (BZWZ_ZABﬂZ_ﬂ2D2)+ 34

20
(a+e)) (a+e)z(zcc 1)} 2K3,3—2K3(1 ) ( K33+22K zrz<4)=0

2
{(az+2bd+e2+(a+e)c—(a+e))}+{( L (K33+2K3)+1K44}+(”CK1—WCK K +LKk,)=0
Cz ‘ z 2 2m

0

1

u?
-2K,, +— " +4K2 +(

)=0

{Zz(a2 +2bd +e?

z 272 2m ? 27?2 Cz
1 K,D
- (Kl,z + Kz,l) (A:UK +ByK,) + (ZCZZ )3 (= 2C ),4
1 K, pu.,~K.D D, K, pu KD
+——(2K,By + BDy? — K, Aum+ ADu? = 2ABuy) + (= - ) (—2 - - — ) + (2 +
4mz( 1By +BDy’ —K,Aum+ ADy’ 1Y) (2 2m)(2CZZ 2Ct) (2 o )2C

(6.3)

Thus the equations (6.1) and (6.2) are the necessary conditions in such a way that the gauge
invariant generalized second field (2.6) are satisfied in plane symmetry in the sense of Taub.

Lemma: If K;+2ZK, =0 and oy —pu=0 then the necessary condition for (g;) given by
(3.4) to be the solution of Buchdahl’s field equation in Bondi space-time is that

[(a2 +2bd +e%) + (a+e)C - (5+é)} =0
Cz z
(6.4)

and

=0

Z{(az +2bd+e2)+(a+e)6—(a+é)}+ (a+€)Z
Cz z z

(6.5)

There are several possibilities under which the solution of equation (2.6) may be considered.
However in this paper we consider only the case given by equations (6.1) and (6.2) and write our
conclusion in the form of the above Lemma.
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