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Abstract

In this paper, we study the classification of axially symmetric space-time according to Ricci
symmetries (collineations). These classifications have been studied for the cases when one
component of Ricci symmetry vector field V is non-zero for the cases 1 to 4, two components of
V are non-zero in cases 5 to 10 and three components of V are non-zero in cases 11 to 14
respectively. It is observed that, when Ricci tensor R, is non-degenerate, the Ricci symmetry is
finite dimensional, and, when Ricci tensor is degenerate, we cannot confirm finite dimensionality
of Ricci symmetry. Finally, we discuss the results in detail.
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1. Introduction

In general theory of relativity, the classification of space-time symmetries based on concept of
isometries of Killing vector play an important role in solution of Einstein’s field equations
(EFE’s). These equations are set of highly non-linear partial differential equations for ten
unknown functions g,,. Due this non-linearity it very difficult to obtain exact solutions unless
certain symmetry restrictions are applied on space-time which reduces number of unknown
functions. In order to classify space-time these symmetries or collineations are proposed by
Katzine, Levine et al [1-3].

We assumed four dimensional manifold M with Lorentz metric g of signature (+,-,-,-). It is
considered that both manifold M and metric g are smooth (C™) in nature. According to the
classification, a vector field V defined on M is called Curvature Collineation (CC) satisfying

Lv Rt?cd =0 (1)
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where R, is Riemannian curvature tensor of Riemannian space V, and L, denotes Lie derivative

operator along vector field V. Any Curvature collineation (CC) equation (1) is also a Ricci
collineation(RC) defied by

LR, =0=R, . V'+R, Vi+R V;=0(a,b=0123). (2)

But the converse need not to be true. As curvature and Ricci tensors play a significant role in
understanding the geometric structure of metrics, energy-momentum tensor enables us to
understand the physical structure of space-time. Also, in general theory of relativity, Ricci tensor
R,, has been more fundamental in study of kinematics of fluid space-time.These classifications

of space-time symmetries arise in exact solution of EFE’s
1
Rab _E Rgab = KTab’ (3)

where R, is Ricci tensor, R=g*R, is a Ricci scalar. Here we have assumed that cosmological
constant as zero and « is gravitational constant.

In recent years, much interest have been shown in the study of the space-time symmetries
particularly Ricci collineation that arise in understanding the general theory of relativity. These
space-time symmetries have been widely studied by Kramer et al[4]. Green et al[5] and Numez
et al [6] and considered an example of RC and family of contracted RC symmetries of
Robertson-Walker metric. The complete classification of maximal symmetric transverse spaces
has been provided by M. Akbar and CAl Rong Gen [7]. Qadir et al [8] have studied cylindrically
symmetric static space-time and work out complete classification according to their Ricci
collineation. Bhokari et al [9] have proposed the classification of spherically symmetric static
space-time. In addition to this, Amir et al [10] have investigated relationship between Ricci
collineation vectors and Killing vectors for these space-time. Also, Hall et al [11] have studied
Ricci and matter collineation.

In this paper, we have investigated the classification of axially symmetric space-time by using
Ricci symmetries. We consider the cases 1 to 4 when one component of vector field V is non-
zero, in cases 5 t010, two components of vector field V are non-zero and in cases 11 tol4, three
components are non-zero respectively. We substitute all these values in Ricci symmetries
(collineations) equations. These collineations are solved in section 2. It is observed that the Ricci
tensor R, is non-degenerate then the Ricci symmetry is finite dimensional and when the Ricci
tensor R, is degenerate we cannot enough confirm finite dimensionality of Ricci tensor. We

have discussed the results in detail in section 3. Lastly, conclusion is given in section 4.

2. Classification of axially symmetric space-time

We consider the axially symmetric space-time (Karade and Bhattacharya 1993) [12] in the form
of line element given by

ds” =dt’ - A’[d z* + % ()d¢’ |- B dz’, 4)
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where A and B are functions of t alone. The non-zero components of Ricci tensor are

Ry, :2%+§, (5)
RM:—AA—AZ—%—¥, (6)
R, =f’Ry, (7)
R, :—ZAif—BB, 8

where overhead dot and dash denotes differentiation with respectto t and y respectively.
Ricci Scalar is given by
. . < . )
R :4A+ZE+2A—2+4E—2 f2 :
A B A AB A f

9)

Using Einstein field equations (EFE’s) (2), the expression for non-zero components of energy-
momentum tensor T,, are

1| f* A> _AB
T, =] -2 10
% K{Azf A2 AB} (10)
.. 9 ..
T,=1|AAL A28 AB AR (12)
K B B B
T, = 7Ty, (12)
2 A A2 D2 A D 2¢n
T33:E ZBA+A? +2ABB—BZf . (13)
K A A A A-f
Using equation (1), we have the following RC equations
Roo,o Vo042 Roo Vo,o =0, (14)
Roo Vo,l+ R11 Vl,o =0, (15)
Roo VO,2+ f 2F\>11 Vz,o =0, (16)
Ry V734 Ry, V2 =0, (17)
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Rio V°+R,, VI+2R, V!, =0, (18)

R, V',+ f°R, V?, =0, (19)

R, V4R, Ve =0, (20)

f?R, V2, + R, V2, =0, (21)

Ryso VO+ 2R, V2, =0, (22)
o (R :

R.o V +T’V+2R11V ,=0, (23)

where comma denotes the partial derivatives and indices 0,1, 2, 3, 4 corresponds to variables
t, v, ¢and z respectively.

Case 1:V:(V°,0,0,0) ,where V° %0

Using Ricci symmetries equations (14)-(23) and substituting V' =V?=V?=0 into these
equations, we obtain following constraints equations

Roo.0 Vo2 Roo VOY0 =0, (24)
Ry V°,=0, where a=12,3, (25)
R, V=0, (26)
Riso V° =0. (27)

From (26) and (27), we get, R, = ,R,; =, where arand y are constants.
This case has three sub-cases as listed below

(@) Ry =0 givesRy, = £+ 0. Using constraints equations (24) and (25) we have V? = const.

(b) R, =0. In this sub-case the vector components v° is an unconstrained function of
variables t, v, ¢, z.

(¢) Ryo#0 and Ry, #0. Using (24) and (25), we get VO -4 where c, is constant.

JReo
Case 2:V =(0,V1,0, 0) ,where V2 20

Using RC equations (14)-(23) and substituting V° =V? =V°® =0, we get
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R, Vl’a =0, a=0,2,3 (28)

Ry, Vit 2 R, Vl'l =0, (29)
f ZF\’1

( le),1 V=0 (30)

Here there are two possibilities

a) R, =0 then (28)-(30) gives V' is an unconstrained function of variables t, y, ¢, z.
Cl

o

Case 3: V=(O,O,V2,O) .where V2 #0

b) R, #O0then (29) gives V' =

In this case, equations (14)-(23) becomes

Ry V7, =0, (1)
(f°Ry)V?,=0, where a=0,13, (32)
which yields two sub-casesa) R, =0 and b) R, # 0.

For sub-case (a) we see that v is an unconstrained function of variables t, v, 4,z and for sub-
case (b), V? = const.

Case 4:V =(0,0,0,V*) ,where VV° =0
Therefore, equations (14)-(23) becomes

R V?,=0, wherea=0,1,2,3.

In this case, if R, =0 then V*® is an unconstrained function of variables and if Ry, #0 then
Ve =const.

Case 5: V=(V°,V1,0, O) ‘where V° z0and V' 20

Substituting V? =0and V* =0 into Ricci symmetries equations (14)-(23), we find

Roo,o V42 Roo Vo,o =0, (33)
Roo V0,1+ R, Vl,o =0, (34)
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Ry V°, =0, (35)
Ry V%, =0, (36)
Rio VO+Ry, VI+2R, V', =0, (37)
R, V', =0, (38)
R, V', =0, (39)
2
Rio v°+(ff$)'1 V=0, (40)
Ryo VO =0. (41)

Equation (41) implies that R,;, =0i.e. R;; =y where y is constant, we get following sub-cases

a)Roozo’ Ru:O,
b)Roozo’ Ruioi
c) Rp #0, R, =0,

dR,#0, R,=0.

For sub-case (a) V°and V" are an unconstrained function of variables t, y,¢,z and in sub-case
(b) Vt=c fand V°=V°(t, 7,¢,2).

Cl
JRey

For sub-case (d), we obtain the following constraints equations

For sub-case (c), we have, V° =

VA=V 2 4,2).

Ry V°,=0, (42)
R, V', =0, where a=2,3, (43)
Roo,o Vo+2 Roo Vo,o =0, (44)
Roo V0,1+ R, Vl,o =0, (45)
R11,0 Vo4 R11,1 Vie2 Rn Vl,l =0, (46)
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0 (fZRﬂ),l 1
R11,0 Vv +T V- =0. 47)

Integrating equation (42), (43) yields
Ve=g(t.z), V' =h(t 2),

where g and h are arbitrary functions of t and y .

F(x)

Furthermore, from equation (44), we find that, g(t,;() = and using (46) and (47), we get

VReo

h(t,7)=G(t)f.

F
Now, from equation (45), —%* =— Ry G, =4,
f ’

JReo

where 4 is constant then for first possibility =0, we get V° = G

VR

[/IH (;()+cl]and Vi=c,-Af I@dt
11

and V' =c, f

1

VReo

and for second possibility 4 =0, we obtainV°® =
where H (y)=[fdy.
Case 6:V:(V°,O,V2,O) ,where V° =0 and V2 =0

Substituting these values of components of V into equations (14)-(23) we get

Reo V. =0, (48)
(f*Ry) V2, =0, where a=13, (49)
Riso V=0, (50)
Roo,o VOt2 Roo Vo,o =0, (51)
Roo V0,2+( f 2R11)V2,0 =0, (52)
Ry, V=0, (53)
R.o V'+2R,; VZ, =0. (54)

Prespacetime Journal WWwWw.prespacetime.com

Published by QuantumDream, Inc.



Prespacetime Journal| November 2015| Volume6 | Issue 11 | pp. 1128-1156 1135
Katore, S. D., Rane, R. S. &Dabhane, S. S., Classification of Axially Symmetric Space-time According to Ricci Tensor Symmetries

Equations (50) and (53) gives R,; = y =const., R, = o = const.
Now, we have the following sub-cases
a)R,=0, R,=a=0,
b)R, =0, R, =a =0,
)Ry #0, R,=a=0,
dR,#0, R,=a=0.
For sub-case (a), V°and VV? are an unconstrained function of variables.

For sub-case (b), V* =const.andV° =V°(t, 7,4,2).

For sub-case (c), equations (48)-(54) yields V° = — S andv?=V? (tx.0.2).

\l ROO
For sub-case (d), V°and V* are function oft, 4.

Now, from equations (52) and (54), we obtain

f 2R11,0 V2

=V?,,. 55
ar Vo= Va (55)

Therefore, we set, V2 = A(t) B(¢)

f2 A, B
Ril,O 0 — 22 :/1 (56)

Then equation (55) becomes, —=
2R, A B

When A =0then V° =—&c1,v2 =Ch+C,.
10
2F (Y)RuVA
Riio

When 4 >0 then V°=- [cle\m—cze*ﬁ“’}
and V* = F(t)[cleﬁ"‘ +C, efﬁ’q.

When 1 <0 then V° =—W[Q COS(\/Z¢)_C2 sin(«/z(ﬁﬂ
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andV? =F (t)[c1 cos(\/Zgzﬁ)H:2 sin(\/z;zﬁ)}, where F (t) = />R’ "R,
Case 7: V=(V°,0,0,V*) ,where V* =0 and V°#0

Ricci symmetries equations (14)-(23) gives

Ry V°. =0, (57)
R, V®,=0, wherea=12, (58)
Ruo V° =0, (59)
Rooo VP+2Ry, V=0, (60)
Rooo V25 +Ry; V2, =0, (61)
Ryo V°+2Ry V2, =0. (62)

Equation (59) gives R, = @and V° is unconstraint function.
Now, from (57)-(62) has following sub-cases
a) Ry, =0, Ry, =0,
b)Ry, =0, Ry #0,
C)R, #0, Ry =0,
d)R,#0, R,;#0.

For sub-case (a), each equation has satisfied identically.

For sub-case (b), we have

Ry V2, =0, where a=0,12, (63)
R0 V°+2Ry V2, =0. (64)

From equation (63) gives VV* is function of z alone i.e. V® = F (z) and using (64) , we get

2R4F(2),

Vo=

R33,0
For sub-case (c), constraint equations are
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Ry V%, =0, where b=12,3, (65)

Roo,o Vo042 Roo Vo,o =0. (66)

Equation (65) and (66) implies V° =G(t) where G(t) :% , c=const. andV° =g (t, 7,¢,2)
00

Now, for sub-case (d), V° =g(t,z) and V° =h(t,z).

On differentiating (62) with respect to z, we get, V°, = ﬂvf33 (67)
33,0
R
and substitute (67) in (61), —2>V°,=V°,,. (68)
2Ry,
Assume, V° = A(t)B(z)
R A B
Then (68) yields, —=>2 % - =% _ 3 (69)
2R, A B
_ 0 _ _2R33 3 _
If A=0 then V' =——c¢, and V" =c;z+c,.
33,0
2F (t)R.,vA
If 2>0 then V° =—L33\/_[cle’/ZZ —c,e “} and V° = F(t)[cleJZZ +C,e “].

33,0

If <0 then V° =w[clsin(\/zz)—c2 cos(\/zzﬂ

33,0
and V?=F (t)[c1 cos(\/zz)+czsin<\/z )}

where F (1) is an arbitrary functions of t.

Case 8: V=(0,V',V?,0),where V'=0and V*#0

On substituting these values in constraint equations (14)-(23), we get

Ril Vl,a = 0’ (70)
(f°Ry) V2, =0, where a=0,3, (71)
I:\)11,1 Vi+2 R, Vl,l =0, (72)
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R11 V1,2+( f 2Ril) V2,1 =0, (73)
(f2R11)1 1 2
V2R, VP, =0 (74)

Here, we have two sub-cases

a) R,=0thenV' and V? unconstraint functions of variables.
b) R,#0then V' =g(z.¢) and V2 =h(z,4).

Now,differentiate equation (74) with respect to ¢ and using (73), we get

=——2 V. (75)

Let, V2 = A(x)B(¢) then (75) yields

(fZRﬂ)l A, B,
— === . (76)
2R, A B

_ 2
i)If A=0 thenV?>=cg+c, and V* :@cl.
(f Rll),l

2
i)If 2>0thenV? = F(Z)[cleﬁmrcze—ﬁqand vize 2Ry 7 [Clem_czefm}_

(*Ru),
i)if2 <0then V2 = F (1) 6, cos(V ¢ c,sin(v7 )

and V! :%F(g)ﬁ[cz cos(\/z(;ﬁ)—clsin(\/zg/ﬁ)}

where F () arbitrary functions of .
Case 9: V:(O,Vl,O,VS), where V' =0 and V° =0

Ricci symmetries equations (14)-(23) gives

R, V', =0, where a=0,2, (77)
Ry V2, =0, where b=0,2,3, (78)
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R11,1 Vie2 R11 Vl,l =0, (79)

R11 Vl,s + R33 V3,1 =0, (80)
f 2R1

( f 21),1 Vi=(. (81)

For these equations, we have the following sub-cases

a) Rll =0, R33 =0,
b) Ry =0, Ry # 0,
c) Ry # 0, Ry =0,

dR,#0, R;=0.
For sub-case (a), V* and V* unconstraint functions of variables t, y, 4, z.
For sub-case (b), V° =const.and V' =g(t, 7,4,2).

For sub-case (c), we have

R, V' =0, (82)

Ry Vl,z =0, (83)

R, V'3 =0, (84)
f?R,

( fR; ), Vieo (85)

R., V'+2R, V', =0. (86)

Equation (86) yields V' = L andVi= Ve (tx.0.2).

JRy

For sub-case (d), equation (79) implies V' = G

JRy

Case 10: V=(0,0,V2,V3), where V2 =0and V° =0

and using (80),we get VV* = const.=c,.

Then we have the following RC equations, using equations (14)-(23)
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( f 2Ru) V?,=0, where a=0,1, @7
R, V?, =0, where b=0,1,3, (88)
RaV2=0, (89)
( f 2R11) V2,3+ RSS V3,2 =0. (90)

We have sub-cases given below

a) R11 =0, R33 =0,
b)R,=0, Ry =0,
c) R11 #0, Rss =0,

dR,#0, R;=0.
For sub-case (a), components of V are unconstrained functions of variables.

For sub-case (b), V° =const.and V? =h(t, x,4,2).

For sub-case (c), V* =const.and V°* =g (t, 7,¢,2).

For sub-case (d), V?, =0, a=0,12, (91)
and V°, =0, b=0,13. (92)

Therefore, equations (91) and (92) gives V* =c,, V°* =c,.

Case 11:V =(V°,V/,V2,0) ,where V° =0, V! =0, V? =0

Put V* =0 in Ricci symmetriesequations (14)-(23), lead to

Ryoo V°+2Ry, V=0, (93)
Rooo V2,1 +R; V!, =0, (94)
Rio VO, +(f°R,) V2, =0, (95)
Ry V%5 =0, (96)
Ruo V'+R,, VI+2R, V!, =0, (97)
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R11 V1,2+( f 2R11) V2,1 :0,
R Vl,s =0,
(f°Ry) V24 =0,

Riso V° =0,

f°R,
Riio V°+(f—21)’1 V'+2R, V?, =0.

This case can be divided in four sub-cases
a)R, =0, R, =0,
b)R, #0, R,=0,
)R, =0, R, =0,
d)R, =0, R,;#0.

(98)
(99)
(100)

(101)

(102)

For sub-case (a) each equation satisfied identically so that non-zero components of vector field

are arbitrary functions of variables.

For sub-case (b), we get solution, V° = & e g(t. x.4.z)and V2 =h(t, 1.4,2).

\) ROO
Now, for sub-case (c), we have

R, V', =0,

(f°Ry) V2, =0,

Rio V°+Ry, VI+2R, V', =0,
Ry V' ,+( R, ) V2, =0,

R, V'; =0,

(f°Ry) V25 =0,

f°R,
Riio v°+(f—21)v1 Vi+2R, V?, =0.
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Equations (103),(104), (107)and (108) gives V' =g(x.4), V* =h(z,¢)and V° =k(t, x,4,2).

Now, using (105) and (109), we get

2

F(x)V'-V',+V?, =0where F ()= fo; : (110)

Using equation (106) we have

Vl
V2, =2 (111)
5 ()
Vl
F, V'+F V' -V - f;z =0. (112)
Set V' = X (7)Y (¢)then equation (112) gives
X, X Y
FeFa X Y2, (113)
’ X X Yf
For A =0, we have the solution
Vi=f.(cg+c,), VE=—cH(x)+c, andV° =h(t, x,¢,2), where H( ) :J.%d;(.
For sub-case (d), we have
Roo,o VOt2 Roo Vo,o =0, (114)
Roo,o V0,1 +Ry, Vl,o =0, (115)
Rio VO, +(f°R,) V2, =0, (116)
Ry V°, =0, (117)
I:\)11,0 Vot R11,1 Vi+2 R, Vl,l =0, (118)
Ry V!,+( F7Ry) V2, =0, (119)
R, V', =0, (120)
(f°Ry) V24 =0, (121)
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Ry V2 =0, (122)

f°R,
Riio V0+(f—21)1 V'+ 2R, VZY2 =0, (123)

From equations (117), (120) and (121), we get
VP=g(t,x.¢.2), V' =h(t, x,¢,2), V* =k(t, 1.4, 2).

A(r.¢)

Now, equation (114) yields, V° = \/R_ (124)
00
Put (124) in (115), (116) gives
JR
Vi=—A [N dt+ A (1.4), (125)
Ry
v2=—A—§j—"Rmdt+A3(;(,¢). (126)
F27 Ry
Now, put (124)-(126) in above constraint equations (114)-(123) then we get
A =cy+c,, A =0, A =F(y)=arbitrary function of y.
Case 12:V =(V°,V},0,V*) ,where V° 0,V' =0 and V° 0
Put V* =0 in set of equations (14)-(23)
Roo,o VOt2 Reo Vo,o =0, (127)
Roo Vo,l +Ry Vl,o =0, (128)
Ry V73 +Ry; V¥ =0, (129)
I:\)11,0 Vot R11,1 Vi+2 R, Vl,l =0, (130)
R, V4R, V2 =0, (131)
f°R,
R, Vo4 (f—zl)l V' =0, (132)
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Rio VP+2R,, V2, =0, (133)
R,.V®,=0,wherea=0,13. (134)

ai

From equations (127)-(134), we have the following sub-cases,
a)R, =0, R,=0, R;=0,
b)R, =0, R,=0, R,;#0,
¢)R,=0, R, =0, R, =0,
d R, #0, R,=0, Ry =0,
)R, =0, R, #0, R, #0,
IR, #0, R, #0, R,;=0,
)R, #0, R, =0, R, #0,

h)Ry #0, R, #0, R, #0.

For sub-case (a) all constraint equation are satisfied identically.

For sub-case (b), we have, V° =V°(t, x,¢,2), V' =V'(t, x,4,z) and V* = const.

For sub-case (c), we get, V° =V°(t, 7,¢,2), V' =c f andV° =V(t, 1,4, 2).

For sub-case (d), V° =G o (tx.¢,z)and V° =V3(t, 1,4, 2).

VReo

For sub-case (e), we get, V°=V°(t, x,4,2), V' =V'(x,z)and V° =V*( x,z) with following
constraint equations

( f 2R11) 1
Ry Vit2 Ry Vl,l_ T Vi=0, (135)
R, V4R, V2, =0, (136)
R33,o VOt2 R, Ve"3 =0. (137)

From equations (135) and (136),
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f 2R f
VI () VIR (2) [T and V=L ), [0
33 33,0 33
where F (z)=c, COS(\/ZZ)-FCZ sin(\/z )
For sub-case (f), we have constraint equations
Rooo VP+2Ry, VO, =0, (138)
Roo Vo,l +Ry Vl,o =0, (139)
Ry V°, =0, (140)
Ry V5 =0, (141)
I:\)11,0 Vot R11,1 Vi+2 R, Vl,l =0, (142)
R, V!, =0, (143)
R, V', =0, (144)
f°R,
R, Vo4 (f—zl)l V' =0. (145)
Using (140), (141), (143) and (144), we have
VP=h(t,z), V' =g(t, y)and V° =V°(t, 1,4, 2).
Now, equation (138) gives, V° = M (146)
N
Using (146) and (139), we have
\a =—A1’l.f VR dt+A, (7). (147)
Ry
On substituting (146) and (147) in (142) and (145), we get following constraint equations
RioA =0, (148)
R11,1 ARy =0, (149)
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(fzij—:e“)\/@ A, =0, (150)
Ri1AL =0, (151)
R1AL =0, (152)
Ry, A =0, (153)
RuA, =0, (154)
Ry,A, =0. (155)

Using (155), we have following sub-cases,
i) R11,1¢0’ A =0, R11,0 =0,
i) Ry, =0, A, =0, R0 =0.

In first sub-case, we have A =c, #0, A, =0which is contradiction to V* = 0so this sub-case is
not possible and in second sub-case, A =c y+cC,, A, =0.

For sub-case (g), we have

Rooo VP+2Ry, V=0, (156)
Ry V°, =0, (157)
Ry V73 +Ry; V¥, =0, (158)
Ry, V°, =0, where a=1,2, (159)
Ryo VO+ 2Ry, V2, =0, (160)

Now, differentiate equation (160), we get

2Ry
Riso

Vi, = Vi, (161)

and using (158) and (161) , we get

R
Ve, =20 V0. 162
TR (162)
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Assume V° = A(t)B(z)then equation (162) gives

Riao Ao _Bas _, (163)
2R, A B
For A=0, V° = dV° __2Ry
=0,V°=cz+c,and V" = C,.
33,0
For <0, V? = exp{j@dt}_q COS(\/ZZ)-FCZ sin (\/Iz)_ and
33,0 - -
vo - _2Rs exp{_[ 22Ryq dt}\/z_cz cos(ﬁz)—clsin (\/Iz)_.
R33,O R33,O - -
For A>0, V3 =exp {I@dt}[qeﬁz +cze‘ﬁz] and
33,0
vo—_2Rs exp{[mdt}ﬂ[qeﬁz —c,eV ZJ.
R33,0 R33,0
For sub-case (h), we have following constraint equations
Roo,o VOt2 Reo Vo,o =0, (164)
Roo Vo,l +Ry Vl,o =0, (165)
Ry V°, =0, (166)
Ry V°'3+ Ry, V%, =0, (167)
Rizo Vo R Vi+ 2R, Vl,l =0, (168)
Ry V', =0, (169)
Ry V' +Ry, V3,1 =0, (170)
R, V2, =0, (171)
f°R,
Riio VO"'(f—zl)’l Vi =0, (172)
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Rio VP+2R,, V2, =0. (173)
Then we arrive at solution, V* =c,.

Using equations (166),(167),(169) and (170), we have, V° =g (t, z)and V' =h(t, 7).

; ; o A (Z)

Now, equation (164) gives V"™ = —=, (174)
VR

Using equations (168) and (172), V' = A, (t) f. (175)

Substitute (174) and (175) in (165), we get

Ré“f =- AI;O =1 (176)

If A=0, thenA =c,and A, =c,
If L#0, thenA:kJ'Rﬂf dy+c,and A, =—kj Ry, dt+c,.
Case 13:V =(V°,0,V?,V*) ,where V° =0, VZ =0, V° =0

Put v> =0 in set of equations (14)-(23), leads to

Rooo V°+2Ry, V=0, (177)
Ry V°, =0, (178)
Rio VO, +(F°R,) V2, =0, (179)
Ry V7 3+ Ry, V2 =0, (180)
(f*Ry) V"1 =0, (181)
Ry V°, =0, (182)
(f°Ry) V2 s+ Ry V, =0, (183)
2R, V*,=0, (184)
Ry VO+ 2Ry, V2, =0. (185)
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We have the following sub-cases
a)R, =0, R, =0, R, =0,
b)R, =0, R, =0, Ry, =0,
)R, =0, R,#0, R, =0,
d)R, #0, R, =0, Ry, =0,
)R, =0, R, #0, Ry #0,
)R, #0, R, =0, Ry =0,
9)R, #0, R, =0, Ry, =0,

h)Ry, #0, R, #0, Ry; #0.

Sub-case (a) which is similar to sub-case (a) of case 12.

For sub-case (b), V* =const. V°=V°(t, ,4,z)and V2 =V2(t, 7,4, 2).

For sub-case (c), V* =const. V° =V°(t, ,¢,z)and V° =V°(t, 7,4, 2).

For sub-case (d),

Rooo VP+2Ry, V=0, (186)
Ry V°, =0, a=123. (187)

C
R

For sub-case (e),we have V* =c,, V° =c,and
V° =V°(t, x,¢,2) with constriant condition Ry, ; =0.

From equation (186) V° = NVE=VA(t, x4 2)and Ve = V3 (t, 7,4,2).

For sub-case (f),we get

Ryoo VP+2Ry, V=0, (188)

Rio VO, +(F°R,) V2, =0, (189)

Roo Vo,a =0, (190)
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(f*Ry)VZ, =0, where a=13, (191)
R, V?,=0. (192)

Using (190) and (191), we get, V° =g (t,#), V> =h(t)and V° =V°(t, 1,4, 2).

From (188) and (189), V° = \/;1_ and V* =c,.
00

For sub-case (g), we obtain

Riso Vo2 Ra, VSY3 =0, (193)
Roo V0,3+ Ry V3,o =0, (194)
Ruoo Vo2 Roo VO’0 =0, (195)
Ry V°, =0, (196)
R, V°, =0, where a=12, (197)

Equation (196) and (197) givesV° =h(t,z), V° =g(t,z)and V* = V?(t, 1,4, 2).

R
Now, using (193) and (194), we have, 2;:'0 Ve =Ve,,. (198)

00
We assume, V° = A(t)B(z).
Then equation (198) gives

Rao A, B

=L _2__S5_3 (199)
2R, A B
3 0 2R33
For A=0, V' =ciz+c, andV" =——>c,.
33,0

For A <0, V®= exp{.[ 2/ Reo dt}

33,0

_cl COS(\/ZZ)-FCZ sin(\/zz): and

VO = 2Ry exp{j%dt}ﬁ_cz cos(ﬁz)—clsin(\/zz)_.

R33,0 33,0
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For A>0, V? :exp{f@dt}[qe— “‘Fczeﬁﬂ and

33,0

R33,0 33,0

Vo= _2Ra exp{jmdt}[czeﬁZ —ce “}.

For sub-case (h), we have

Rooo VO+2Ry, VO, =0, (200)
Rio VO, +(f°R,) V2, =0, (201)
Ry V°5+Ry; V=0, (202)
(f°Ry) V2 s+ Ry V2, =0, (203)
Rygo VO+2R, V2, =0, (204)
Ry V°, =0, (205)
R, V*,=0, (206)
(f°Ry) V2, =0, (207)
R, V2, =0. (208)

We have solutions as

V2 =g, (209)
o _G(2)

VO = i (210)

Ve =—G(z)’3j@dt+cz. (211)

Now, using equations (204),(210) and (211), we have

G(z
Reo 1 (),33: 1, (212)
2R Ry F()  G(2)
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where F (t) = j mdt.

R33

If =0, G(z)=c,z+c,.

If 1>0, G(z)=ce™V™ +c,e™.

If A<0, G(z)=c3cos(\/72)+c4 sin(ﬁz).

Case -14:V =(0,V*,V?,V*) ,where V' 0, V? #0, V° =0

Put V° =0 in equations (14)-(23), we get

R, V°, =0, (213)
(f°Ry) V2, =0, (214)
Ry V%, =0, (215)
Ry V2, =0, (216)
R., V'42R; Vi, =0, (217)
Ry V', +( 7Ry ) V2, =0, (218)
Ry V! ,+Ry, VP, =0, (219)
(f°Ry) V2 s+ Ry VS, =0, (220)
2
(ff#)ivu 2R, V?, =0, (221)

Further using set of equations (213)-(221), we have following sub-cases

a) R, =0, Ryx=0,
b) Ry =0, Ry # 0,
c) R, #0, Ry =0,

d)R,; #0, R;;#0.
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For sub-case (a), all constraint equations are satisfied identically.
For sub-case (b), V' =V (t, z.4,2) V2 =V?(t, 7,¢,2) and V° = const.

For sub-case (c), constraint equations are

R, V!, =0, (222)
(f°Ry)VZ, =0, (223)
Ry, VI+2R, VA, =0, (224)
Ry V', +( 7Ry ) V2, =0, (225)
R, V', =0, (226)
(f°Ry) V25 =0, (227)
@vﬂ 2R, V2, =0, (228)

Equations (222), (223), (226) and (227) gives
Vi=g(x.¢), V' =h(x,¢)andV’ =V°(t, 1,4,2).

Now, differentiate equation (228) with respect to ¢ and using (225), we get

(szﬂ)l 2 2
—5 V1=V (229)
2R, |

Let, V* = A( ) B(¢)then equation (229) yields,

( 1 ) m E 22
» » ’ ﬂ“ (230)
11

2(f°R
For =0, V* =c¢+c,and V* :—(—“)c

( fZRM),l :

For A <0, V? =exp jﬂdl [qcos(ﬁ¢)+028in(\/z¢)}

(F"Ra),
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Vs _EE‘I—RSI) oxp1 | %dz V[ ¢, cos(g) - sin(7g) |

For A >0, VZ =exp jﬂdl [cleﬁ"’ +cze"ﬁq

(f°Ru),
2(f?R,

For sub-case (d), we arrive at the solutions

Ve=c, vlziqj) and V2 =-G(¢)

YRy

Using (228), we get

(fZRll),1 1 G(¢) 2

2( 7Ry ) F(x)yRu G(¢’;

when 2 =0 then G(¢)=cyp+c,.

dy+c,.

I;
3 fz\/a

-1 (231)

when 2 >0 then G(¢)=ce** +c,e"*.

when 1 <0 then G(¢)=c, cos(ﬁ¢)+c4 sin (\/Zqﬁ)

3. Discussion

In this classification of axially symmetric space-time according Ricci symmetries, we find ten
Ricci symmetries (collineation) equations.We have solved these equations for degenerate case
and non-degenerate cases.

In case 1, on solving six Ricci collineation equations (using equations (14)-(23)) we have
obtained one RC for non-degenerate Ricci tensor and in case of degenerate every direction
is the Ricci collineation.

In cases 2, 3 and 4 we obtained the similar result as in case 1.

In case 5, we have nine Ricci collineation equations and four sub-cases. The sub-cases (a), (b)
and (c) produce degenerate case where we got infinite number of RCs and sub-case (d), gives
non-degenerate case and in this case we have found two RCs .
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In cases 6,7,8,9 and 10 we have nine, eight, seven, eight and seven Ricci collineation equations
respectively. Applying different constraint conditions, we have four sub-cases for cases 6, 7, 9
and 10 and two sub-cases for case 8 which gives the same result as in case 5.

In case 11, we have ten RC equations and four sub-cases (a), (b), (c) and (d) using constraint
conditions on Ricci tensor R,, and R;. Out of these four sub-cases, sub-cases (a), (b) and (c)

gives degenerate case where we have infinite number of RCs and sub-case (d) obtain non-
degenerate case in which we have two RCs.

In case 12, we have ten RC equations and eight sub-cases (a) to (h) depending constraint
conditionsonR,, R;; and R,;. Out of these eight sub-cases, sub-cases (a) to (g) arise degenerate

case givinginfinite number of RCs except sub-case (e). In this sub-case (e), we have finite
number of RCs i.e. twoand sub-case (h) gives non-degenerate case in which we have three RCs.

In case 13, we have nine RC equations and eight sub-cases depending on constraint conditions.
Thus sub-cases (a) to (g) lead to degenerate case having infinite number of RCs and sub-case (h)
gives four RCs for non-degenerate case.

In case 14, we have nine RC equations and after applying constraint conditions on R, and R,,we

have four sub-cases (a) to (d). Out of these four sub-cases, sub-cases (a) to (c) gives degenerate
case where we have infinite number of RCs and sub-case (d) gives non-degenerate case in which
we have four RCs.

4. Conclusion

In this paper, axially symmetric space-time is classified according to their Ricci symmetries or
collineations (RC). The Ricci collineations equations have been solved by considering one non-
zero component in cases 1 to 4, two non-zero components in cases 5 to 10 and three components
are non-zero in cases 11 to 14 respectively.

When there is one non-zero component of V we obtained one RC for non-degenerate Ricci
tensor. In case of degenerate Ricci tensor every direction is RC.In case of two non-zero
components of RC vector V we have two RCs for non-degenerate Ricci tensor while for
degenerate case we have infinite RCs.In case three non-zero components of V we have two,
three and four RCs when Ricci tensor is non-degenerate and in degenerate case, we have finite
RCs in some sub-cases and infinite RCs in other sub-cases. It is found that if the Ricci tensor R,

is regarded as a four dimensional space-time defined on M then finite dimensional Ricci
symmetries associated with a Lie algebra of smooth vector field V is less than or equal to ten but
not nine.
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