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Abstract
The aim of this note is to evaluate an interesting integral involving generalized hypergeometric

function 3F, by employing the extension of Saalschutz summation theorem obtained recently by
Rakha and Rathie. A known integral available in the literature has been deduced as special case
of our main findings.
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1. Introduction

We start with the following integral recorded in [1, p. 398, eq. (1)]:

1 _ T'(y) T(p) T(B— y+1) T(y— p+n
p—1 _\B-y-n n, B. _ IWrere-y+yriy-pe+n
fo x (1=x) 2F1[ vy’ x] dx I(y+n) T'(y- p) T(B- v+ p+1) ’ @

provided Re(p) >0, Re(B—y) >n—1, n=0,1,2,...

This result can be established with the help of the following classical Saalschutz’s summation
theorem [2]:

-n a b _ (c=a)p (c=b)n
s [c, 1+a+b—c-n’ 1] = (O (cma=b)y, (2)
It 1s interesting to mention here that (2) reduces to the following classical Gauss’s summation
theorem:
I'(c) TI(c—a-b)

a, b . _
[0 1] = F(c—a) T(c—b) )

provided Re(c-a- b) > 0, by letting ¢ - oo.
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Recently, an interesting extension of the classical Saalschutz summation theorem (1) was given
by Rakha and Rathie [3] in the following form:

-n,a, b, d+1 _ (c—a)p (c-b)p (1+g)n
4F3 [c+1, 1+a+b—c-n ’ 1] T (©n (c—a-b)y,  (g)n ' (4)
where g = f;b__fc) and f= % . Clearly (4) reduces to (2) by taking d = c.

The aim of this note is to evaluate an interesting integral involving generalized hypergeometric
function 3F, by employing the extension of Saalschutz summation theorem (4). The known
integral (1) available in the literature has been obtained as special case of our main findings.

2. Main result

The interesting integral involving generalized hypergeometric function to be evaluated in this
note is given in the following theorem:

Theorem: ForRe(p) > 0, Re(B—y) > n—1,n=0,1,2,...and d # 0,—1,-2,..,
the following result holds true:

folxp_l (1—x)f~r" ;F, [_"’ Boatl .y ] dx

y+1, d
T(P)T(B=vy+1) (vy=p)n (1+8)n (5)
TFlp+B-v+1) (y+Dn  (&n '
where g = f—;ﬁ__f” and f= £&¥) ;p__d”) :

Proof: In order to establish our main result (5), we proceed as follows. Denoting the left-hand
side of (5) by I, expressing the generalized hypergeometric function sF, as a series, changing the
order of integration and summation (which is easily seen to be justified due to the uniform
convergence of the series), we have:

- w (m)r (B)r (d+1)y 1 - —
I - 27‘20 (]/+1)r (d)r o fo xp‘l'r 1 (1 _x)B y—n dx’

evaluating the beta integral and using the result, we have, after some simplification:

(-n)r (P)r (B)r (d+1),
In A+ p+ B-y-n)y (D 1!

— I'(p) I'(B—y—-n+1) Zoo
T(p+ B-y+1-n)) <=0 (41
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finally, summing up the series, we get:

- I r@E-y-n+1) [—n, p, B, d+1 1]
T'(p+B—y+1-n)) 4 3ly+1, 1+p+B-y-n’

We now observe that the 4F3 can be evaluated with the help of the result (4), and then using the
elementary identity I'(a —n) = (—1)" % and after some simplification, we arrive at the

right-hand side of (5). This completes the proof of (5).
A special case:

In (5), ifwetaked =y = f =1y andso g = y, we immediately recover the known
integral (1). Thus the integral (5) can be regarded as a natural extension of the known integral

(1).
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