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Abstract
We employ the Newman-Penrose formalism to construct the Lanczos spintensor for any type D

vacuum spacetime.
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1. Introduction

We shall use the notation and conventions of [1-3]. Lanczos [4, 5] showed that the conformal
tensor, in an arbitrary spacetime, is generated by the potential K, via the following expression
for the complex Weyl tensor [2]:

Suvap = Cuvap +1 *C;waﬁ = Swaip ~ Swpia T Sapuv ~ Sapvin T ( up T Hﬁ#)gva -
)
- (Hua + Hau)gvﬁ +(Hyo + Hav)guﬁ - (Hv[)’ + H,Bv)g/ux]'

with the complex spintensor S,y = Kvq + i "Kyye @nd Hy, = S,°
The Lanczos potential satisfies the algebraic conditions [1]:

Kiva = —Kypa K, =0, Kyva + Kyap + Koy = 0, )
hence it has 16 independent real components coded into the complex quantities Q,, r =0, ...,7 ,

that is, the projections of §,,, [1] onto the null tetrad (l My, My, , M ) of Newman-Penrose
(NP) [1-3, 5-7]:

Suva =2 [QOquna + -Ql(Muvna - quma) + QZ(Vuvna - Muvma) - -Q3Vuvma -
3)
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_-Q4quma + -QS (qula - Muvma) +-Q6 (Muvla - Vuvma) + Q7]/;11/la] ’
where V,, =, xm,,, Uy, =m,xn,, M, =n,xl, +m, xm, and:

200 =S 201 =Sy 20, =S 203 = Swy)@
(4)
204 = S1)3)3) » 205 =S1)@3)@) 206 =Sw@@) 207 =Sw@ @ -

then Ky,q = 1(s

> Suva + Sﬂm) is determined if we know the (., for a given NP tetrad.

In [8] were obtained the NP components (4) for arbitrary spacetimes of Petrov types 0, N and IlI,
with respect to any canonical tetrad [7, 9]. It is interesting to note that in these cases the (, are
proportional to the corresponding spin coefficients [3, 6, 7].

Here we deduce the Lanczos potential for the 11 metrics of Kinnersley [10] associated to an
arbitrary type D vacuum spacetimes: We work with an adequate canonical null tetrad to achieve
certain relationships between its spin coefficients, which allows find a general expression for the
Q,.

2. Kinnersley’s metrics

We select to [* and n* as the two Debever-Penrose principal directions [7, 9] associated with
any empty type D solution, then the Goldberg-Sachs theorem [7, 11] implies:

Kk=0=A=v=0; (5)

besides it is possible to show that, for each metric of Kinnersley [10], exists a scale-rotation (type
I11 [3, 7]) onto this null tetrad such that:

T=m, a=p, y=qe, pu=gqo, YP,=4@p—-np), q==1. (6)

If we employ (5), (6), ¥, = 0, r # 2 and the Newman-Penrose equations in the Weyl-Lanczos
relations [2]:

Yo =2[6Qy— DO+ (—a—3B+1)Qy +30Q, + (p + 36 —&)Q, — 3kQs],

2P, = AQg + 360, —6Q, —3DQs — By +7+3u—D)Q +3(-a—B+T+1)Q; +
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+60Q;, +(3a—B+3n+7)Q +3(e—&—p+ p)Qs — 6K,
Y = A0 + 80, — 80— DO —vQy— Qu—fg+y+PU +(—a+ L+ 7T+ 21)Q, +
+0Q; A+ (@ —B+2n+7)Qs — (e +&E—p + 2p)Q — kQ, (7
23 = 3A0, + 603 — 380 — DO — 6V, +3(A—pu—7 +y)Q, + (—@ + 38 + 37 +
+7)Q3 + 6405 +3(—a — B+ +7)Q — B+ E—p + 3p)Q,,
Yy = 2[A05 — 8Q; —3vQ, + (@ + 3y — 7)Q3 + 3106 + (—3a — B+ 7)),
we find the general solution:

B

The Lanczos potential in Kerr geometry obtained in [12] is a special case of (8).

In (8) we observe that the NP components of K,,, are linear combinations of the spin
coefficients, as in the cases O, N and Il studied in [8]. We conjecture that the Lanczos scalars
Q, always can be chosen, for an adequate null tetrad, as a linear combination of the
corresponding twelve spin coefficients.
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