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Abstract 

In this article, we study some differential aspects of the spinor and Newman-Penrose techniques. 

Particularly, we study the evolution of the null tetrad and the spin frame at each event of the 

space-time which permits the introduction of the spin and rotation coefficients. We then consider 

Lorentz transformation which leads to special rotations of the NP’s tetrad and spin frame and 

demonstrate the corresponding changes in the spin coefficients and in the NP components of 

Faraday, Ricci without trace, Lanczos and Weyl tensors. 
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1. Introduction 
 

The material in this work has relationship with the publications [1, 2], and we shall use their 

notation and conventions. Here we consider some differential properties of the spinorial and 

Newman-Penrose (NP) [3-7] formalisms. In Sec. 2, we study the evolution of the null tetrad and 

the spin frame at each event of the space-time which permits the introduction of the spin and 

rotation coefficients [8]. In Sec.3, we consider Lorentz transformation which leads to special 

rotations of the NP’s tetrad and spin frame and demonstrate the corresponding changes in the 

spin coefficients and in the NP components of Faraday, Ricci without trace, Lanczos and Weyl 

tensors.  

 

 

2. Null tetrad and its spin and rotation coefficients 

 

The differential operator  ∇𝜇 ≡ ; 𝜇  means covariant derivative and it has tensorial character, 

hence it can be written in terms of the null tetrad, and its corresponding projections onto the NP 

vectors are the intrinsic derivatives: 

 

         𝐷 ≡ 𝑙𝜇 ∇𝜇 ,             ∆ ≡ 𝑛
𝜇 ∇𝜇 ,               𝛿 ≡ 𝑚

𝜇 ∇𝜇 ,             𝛿̅  ≡ �̅�
𝜇 ∇𝜇 ,                          (1) 

 

therefore 
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                   ∇𝜇= 𝑙𝜇 Δ + 𝑛𝜇  𝐷 − 𝑚𝜇 𝛿̅ − �̅�𝜇 𝛿 ,                                            (2) 

 

whose spinor form is given by: 

 

                         ∇𝐴�̇�= 𝜎
𝜇
𝐴�̇� ∇𝜇= 𝜊𝐴𝜊�̇� ∆ + 𝜄𝐴𝜄�̇� 𝐷 − 𝜊𝐴𝜄�̇�𝛿̅ − 𝜄𝐴𝜊�̇�  𝛿 ,                               (3) 

thus: 

 𝐷 = 𝜊𝐴𝜊�̇� ∇𝐴�̇� ,             ∆ =  𝜄
𝐴𝜄�̇� ∇𝐴�̇� ,             𝛿 = 𝜊

𝐴𝜄�̇� ∇𝐴�̇�  ,             𝛿̅ = 𝜄
𝐴𝜊�̇� ∇𝐴�̇� .      (4) 

 

If we know the action of (1) on 𝜊𝐴 and 𝜄𝐴, then we shall learn their operation on the null tetrad. 

For example, 𝐷𝜊𝐴 is a spinor with certain components with respect to the spin frame, which 

introduces the NP notation [7]: 

 

                      𝜅 = 𝜊𝐴𝐷𝜊𝐴 ,         𝜀 = 𝜄
𝐴𝐷𝜊𝐴          ∴         𝐷𝜊𝐴 = 𝜀 𝜊𝐴 − 𝜅 𝜄𝐴 ,         𝜊𝐴𝜄

𝐴 = 1 , 

similarly: 

                          Δ𝜊𝐴 = 𝛾 𝜊𝐴 − 𝜏 𝜄𝐴 ,        𝛿𝜊𝐴 = 𝛽 𝜊𝐴 − 𝜎 𝜄𝐴 ,         𝛿̅𝜊𝐴 = 𝛼 𝜊𝐴 − 𝜌 𝜄𝐴 , 

 

          𝐷𝜄𝐴 = 𝜋 𝜊𝐴 − 𝜀 𝜄𝐴 ,         Δ𝜄𝐴 = 𝜈 𝜊𝐴 − 𝛾 𝜄𝐴 ,          𝛿𝜄𝐴 = 𝜇 𝜊𝐴 − 𝛽 𝜄𝐴 ,         𝛿̅𝜄𝐴 = 𝜆 𝜊𝐴 − 𝛼 𝜄𝐴 , 

 

or in matrix form: 

𝐷 (𝜊
𝐴

𝜄𝐴
) = (

𝜀 −𝜅
𝜋 −𝜀

) (𝜊
𝐴

𝜄𝐴
) ,              Δ (𝜊

𝐴

𝜄𝐴
) = (

𝛾 −𝜏
𝜈 −𝛾) (

𝜊𝐴

𝜄𝐴
),                  (5) 

              𝛿 (𝜊
𝐴

𝜄𝐴
) = (

𝛽 −𝜎
𝜇 −𝛽

)(𝜊
𝐴

𝜄𝐴
),             𝛿̅ (𝜊

𝐴

𝜄𝐴
) = (

𝛼 −𝜌
𝜆 −𝛼

) (𝜊
𝐴

𝜄𝐴
). 

Besides: 

          𝜅 = 𝜊𝐴𝐷(𝜊𝐴𝜊�̇�𝜄
�̇�) = 𝜊𝐴[𝜄�̇�𝐷(𝜊𝐴𝜊�̇�) + 𝜊𝐴𝜊�̇�𝐷𝜄

�̇�] = 𝜊𝐴𝜄�̇�𝐷(𝜊𝐴𝜊�̇�) = 𝑚
𝜇𝐷𝑙𝜇 , 

 

where we accept that: 

∇𝜇 𝜎𝜈 𝐴�̇� = 0 ,             ∇𝜇 𝜀𝐴𝐵 = 0 ,             ∇𝜇 𝜀
𝐴𝐵 = 0 ,                    (6) 

 

therefore the spin coefficients admit the tensorial expressions: 

 

  𝜅 = 𝑚𝜇𝐷𝑙𝜇 ,    𝜎 = 𝑚
𝜇𝛿𝑙𝜇 ,      𝜌 = 𝑚

𝜇𝛿̅𝑙𝜇 ,     𝜏 = 𝑚
𝜇Δ𝑙𝜇 ,      𝜈 = 𝑛

𝜇Δ�̅�𝜇 ,     𝜆 = 𝑛
𝜇𝛿̅�̅�𝜇 , 

 

  𝜋 = 𝑛𝜇𝐷�̅�𝜇 ,       𝜇 = 𝑛
𝛼𝛿�̅�𝛼  ,      𝜀 =

1

2
(𝑛𝜇𝐷𝑙𝜇 − �̅�

𝜇𝐷𝑚𝜇),      𝛼 =
1

2
(𝑛𝜇𝛿̅𝑙𝜇 − �̅�

𝜇𝛿̅𝑚𝜇),    (7)         

 

                              𝛾 =
1

2
(𝑛𝜇Δ𝑙𝜇 − �̅�

𝜇Δ𝑚𝜇),                   𝛽 =
1

2
 (𝑛𝜇𝛿𝑙𝜇 − �̅�

𝜇𝛿𝑚𝜇),  

and  
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              𝑛𝜇𝐷𝑙𝜇 = 𝜀 + 𝜀 ̅,            𝑛
𝜇Δ𝑙𝜇 = 𝛾 + �̅� ,             𝑛

𝜇𝛿𝑙𝜇 = �̅� + 𝛽 ,                  (8) 

                             𝑚𝜇𝐷�̅�𝜇 = 𝜀 − 𝜀 ̅,         𝑚
𝜇Δ�̅�𝜇 = 𝛾 − �̅� ,         𝑚

𝜇𝛿�̅�𝜇 = −�̅� + 𝛽 . 

 

It is easy to obtain the action of the intrinsic derivatives (1) on the null tetrad: 

 

 𝐷𝑙𝜇 = (𝑛
𝜈𝐷𝑙𝜈)𝑙𝜇 + (𝑙

𝜈𝐷𝑙𝜈)𝑛𝜇 − (�̅�
𝜈𝐷𝑙𝜈)𝑚𝜇 − (𝑚

𝜈𝐷𝑙𝜈)�̅�𝜇

(7), (8)
= (𝜀 + 𝜀)̅ 𝑙𝜇 − �̅� 𝑚𝜇 − 𝜅 �̅�𝜇,

𝑒𝑡𝑐., that is: 

 

𝐷𝑡 = (

𝜀 + 𝜀̅ 0  −�̅�   −𝜅
0 −(𝜀 + 𝜀)̅     𝜋       �̅�
�̅�
𝜋

−𝜅
−�̅�

 
 𝜀 − 𝜀 ̅  0
0       𝜀 ̅ − 𝜀

) 𝑡 ,       

 

Δ 𝑡 = (

𝛾 + �̅� 0 −𝜏̅    −𝜏
0 −(𝛾 + �̅�) 𝜈       �̅�

�̅�
𝜈

−𝜏
−𝜏̅

 
𝛾 − �̅�
0

0
�̅� − 𝛾

) 𝑡 , 

                                                                                                                                                               

(9) 

𝛿𝑡 =

(

 

�̅� + 𝛽 0 −�̅�   −𝜎

0 −(�̅� + 𝛽) 𝜇       �̅�

�̅�
𝜇

−𝜎
−�̅�

𝛽 − �̅�
0

0
�̅� − 𝛽)

  𝑡 ,        

 

𝛿̅𝑡 =

(

 

𝛼 + �̅� 0 −𝜎  −𝜌

0 −(𝛼 + �̅�) 𝜆      �̅�

�̅�
𝜆

−𝜌
−�̅�

𝛼 − �̅�
0

0
�̅� − 𝛼)

  𝑡 , 

 

where  𝑡 = (

𝑙𝑎

𝑛𝑎

𝑚𝑎

�̅�𝑎

) .  From (2): 

    ∇𝜈𝑙𝜇 = 𝑙𝜇;𝜈 = 𝑙𝜈∆𝑙𝜇 + 𝑛𝜈𝐷𝑙𝜇 −𝑚𝜈𝛿̅𝑙𝜇 − �̅�𝜈𝛿𝑙𝜇 , …                             (10) 

therefore: 

 

 𝑙𝜈;𝜈 = 𝜀 + 𝜀̅ − 𝜌 − �̅�, 𝑛
𝜈
;𝜈 = 𝜇 + �̅� − 𝛾 − �̅�,   𝑚

𝜈
;𝜈 = 𝛽 − �̅� − 𝜏 + �̅�, �̅�

𝜈
;𝜈 = 𝜋 − 𝜏̅ − 𝛼 + �̅� .     

(11) 
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It is simple to calculate the commutators of (1) when they are applied to an arbitrary scalar 

function: 

                                [𝐷, Δ]𝑓 = (𝐷𝑛𝜇 − Δ𝑙𝜇)∇𝜇𝑓,                 [𝐷, 𝛿]𝑓 = (𝐷𝑚
𝜇 − 𝛿𝑙𝜇)∇𝜇𝑓, 

 

                                [Δ, 𝛿]𝑓 = (Δ𝑚𝜇 − 𝛿𝑛𝜇)∇𝜇𝑓,                [𝛿, 𝛿̅]𝑓 = (𝛿�̅�
𝜇 − 𝛿̅𝑚𝜇)∇𝜇𝑓, 

hence  

                                [𝐷, ∆] = −(𝛾 + �̅�) 𝐷 − (𝜀 + 𝜀)̅ Δ + (𝜋 + 𝜏̅) 𝛿 + (�̅� + 𝜏) 𝛿̅,  

      

                                [𝐷, 𝛿] = (�̅� − �̅� − 𝛽) 𝐷 − 𝜅 Δ + (�̅� − 𝜀̅ + 𝜀) 𝛿 + 𝜎 𝛿̅ , 

                                                                                                                                                                

(12) 

                                [Δ, 𝛿] = �̅� 𝐷 + (�̅� + 𝛽 − 𝜏) Δ + (𝛾 − �̅� − 𝜇) 𝛿 − �̅� �̅� , 

 

                                [𝛿, 𝛿̅] = (𝜇 − �̅�) 𝐷 + (𝜌 − �̅�) Δ + (�̅� − 𝛼) 𝛿 − (𝛽 − �̅�) �̅� . 

 

If into (10) we employ Δ𝑙𝜇, 𝐷𝑙𝜇,  �̅�𝑙𝜇 and 𝛿𝑙𝜇 given by (9), we obtain to 𝑙𝜇;𝜈 in terms of the null 

tetrad which allows to introduce the concept of ‘rotation coefficients’. In fact, first we order the 

NP tetrad in the form [2]: 

(𝑍(𝑎)
𝜇) = (𝑙𝜇, 𝑛𝜇, 𝑚𝜇, �̅�𝜇),     𝑎 = 1, … , 4 ,                          (13) 

and we construct the matrix: 

     𝑍 = (𝑍(𝑎)(𝑏)) = (𝑍(𝑎)
𝜇𝑍(𝑏)𝜇) = (

0 1   0   0
1 0   0   0
0
0

0
0

   0
−1

−1
 0

) ,                                 (14) 

with its inverse: 

        𝑍−1 = (𝑍(𝑎)(𝑏)) = 𝑍 ,                 𝑍(𝑎)(𝑐)𝑍(𝑐)(𝑏) = 𝛿(𝑏)
(𝑎)
 ,                                (15) 

 

which permits to define the dual tetrad of (13): 

 

    𝑍(𝑎)𝜇 = 𝑍(𝑎)(𝑏)𝑍(𝑏)
𝜇        ∴       (𝑍(𝑎)𝜇) = (𝑛𝜇, 𝑙𝜇, −�̅�𝜇, −𝑚𝜇),                            (16) 

then: 

   𝑍(𝑎)𝜇𝑍(𝑎)𝜈 = 𝑔𝜇𝜈 = 𝑙𝜇𝑛𝜈 + 𝑙𝜈𝑛𝜇 − �̅�𝜇𝑚𝜈 − �̅�𝜈𝑚𝜇 ,              𝑍
(𝑏)
𝜇𝑍(𝑐)

𝜇 = 𝛿(𝑐)
(𝑏)
 .        (17)      

 

The covariant derivative of (13) can be written in terms of the null tetrad:     

 

  𝑍(𝑎)𝜇;𝜈 = 𝛾𝑏𝑎𝑐 𝑍
(𝑏)
𝜇 𝑍

(𝑐)
𝜈 ,                                             (18) 

with the rotation coefficients: 

             𝛾𝑎𝑏𝑐 = −𝛾𝑏𝑎𝑐 = 𝑍(𝑏)𝜇;𝜈 𝑍(𝑎)
𝜇 𝑍(𝑐)

𝜈 ,                              (19) 

hence (7) acquire the expressions: 
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  𝜅 = 𝛾311,    𝜎 = 𝛾313,     𝜈 = 𝛾242,    𝜌 = 𝛾314,     𝜆 = 𝛾244 ,    𝜏 = 𝛾312 ,    𝜋 = 𝛾241 ,     𝜇 = 𝛾243 , 

 

 𝜀 =
1

2
(𝛾211 − 𝛾431), 𝛾 =

1

2
(𝛾212 − 𝛾432), 𝛼 =

1

2
(𝛾214 − 𝛾434), 𝛽 =

1

2
(𝛾213 − 𝛾433), 𝜀 + 𝜀̅ = 𝛾211   

                                                                                                                                      (20) 

            𝜀 − 𝜀̅ = 𝛾341 ,      𝛾 + �̅� = 𝛾212 ,      𝛾 − �̅� = 𝛾342 ,      𝛽 + �̅� = 𝛾213 ,      𝛽 − �̅� = 𝛾343 , 

that is:           

                                                      𝑎𝑏
. .

∖ 𝑐 ∶   1            2            3               4 

                                                       31            𝜅            𝜏             𝜎              𝜌 

                                          𝛾𝑎𝑏𝑐 ∶  24            𝜋            𝜈             𝜇              𝜆                                   (21) 

                                                       21        𝜀 + 𝜀 ̅    𝛾 + �̅�     𝛽 + �̅�     𝛼 + �̅�  

                                                       34        𝜀 − 𝜀 ̅    𝛾 − �̅�     𝛽 − �̅�     𝛼 − �̅� 

 

and the four matrix relations (9) are compacted to: 

 

   𝑂𝑟 𝑡 = (

𝛾21𝑟 0 𝛾14𝑟 𝛾13𝑟
0 𝛾12𝑟 𝛾24𝑟 𝛾23𝑟
𝛾23𝑟
𝛾24𝑟

𝛾13𝑟
𝛾14𝑟

𝛾34𝑟
0

0
𝛾43𝑟

) 𝑡 ,  𝑂1 = 𝐷,     𝑂2 = Δ ,     𝑂3 = 𝛿 ,    𝑂4 = 𝛿̅ .              (22) 

 

In (19) we have covariant derivatives, however, we shall show how to determine 𝛾𝑎𝑏𝑐 without to 

calculate Christoffel symbols. In fact, we introduce the quantities: 

 

   𝐶𝑎𝑏𝑟 = −𝐶𝑎𝑟𝑏 = 𝛾𝑎𝑏𝑟 − 𝛾𝑎𝑟𝑏 = (𝑍(𝑎)𝜇;𝜈 − 𝑍(𝑎)𝜈;𝜇)𝑍(𝑏)
𝜈𝑍(𝑟)

𝜇,                           (23) 

therefore: 

   𝐶𝑎𝑏𝑟 = (𝑍(𝑎)𝜇,𝜈 − 𝑍(𝑎)𝜈,𝜇)𝑍(𝑏)
𝜈𝑍(𝑟)

𝜇,          𝛾𝑎𝑏𝑟 =
1

2
(𝐶𝑎𝑏𝑟 + 𝐶𝑏𝑟𝑎 − 𝐶𝑟𝑎𝑏),        (24) 

and  

 

 𝜅 = 𝐶113, 𝜎 = 𝐶313, 𝜈 = 𝐶242, 𝜌 =
1

2
(𝐶314 + 𝐶143 + 𝐶413), 𝛽 =

1

4
(𝐶213 + 𝐶132 + 𝐶312 + 2𝐶343)   

 𝜇 =
1

2
(𝐶243 + 𝐶432 + 𝐶342), 𝜋 =

1

2
(𝐶241 + 𝐶412 + 𝐶142), 𝜀 =

1

4
(𝐶143 + 𝐶341 + 𝐶413 + 2𝐶112),

𝜆 = 𝐶442,      𝜏 =
1

2
(𝐶312 + 𝐶123 + 𝐶213),        𝛾 =

1

4
(𝐶243 + 𝐶342 + 𝐶423 + 2𝐶212),                 (25) 

𝛼 =
1

4
(𝐶214 + 𝐶142 + 𝐶412 + 2𝐶443).   

 

Penrose [9] comments that the spin coefficients formalism was born in [10]. The next Section 

studies Lorentz transformations (which imply special rotations of the null tetrad and spin frame) 
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and the corresponding changes into the spin coefficients and the NP projections of Faraday, 

Ricci, Lanczos and Weyl tensors. 

 

 

3. Rotations of the null tetrad via Lorentz transformations 

 

At an event of the space-time we can rotate the real tetrad [1, 11]: 

 

                  �̃�(𝑎)𝜇 = 𝐿
𝑎
𝑏 𝑒

(𝑏)
𝜇 ,                                                          (26) 

 

with the dual tetrad 𝑒(0)𝜈 = 𝑒(0)𝜈 and  𝑒(𝑗)𝜈 = −𝑒(𝑗)𝜈 ,   𝑗 = 1, 2, 3. The Lorentz matrix can be 

generated via the quaternionic relation [1, 13-16]: 

 

                              𝑹′ = 𝑨 𝑹 𝑨∗̅̅ ̅ ,                                                                   (27) 

or using the Cartan matrix [17]: 

 

                    𝐵 = (
𝛼 𝛽
𝛾 𝛿

) ,         𝐵−1 = (
𝛿 −𝛽
−𝛾 𝛼

)  ,        𝛼 𝛿 − 𝛽 𝛾 = 1 ,                   (28) 

 

into relation [1, 18-20]: 

                    𝐿𝜇𝜈 = 𝜎
𝜇
𝐷�̇�  𝜎𝜈

𝐴�̇�  𝐵−1𝐷𝐴 𝐵
†−1

�̇�
�̇�

 ,                                                (29) 

 

which implies the expressions [21-24]: 

 

  𝐿00 = 
1

2
(𝛼�̅� +  𝛽�̅� +  𝛾�̅� +  𝛿𝛿̅),       𝐿10 = 

1

2
(�̅� 𝛾 + �̅�𝛿) +  𝑐𝑐,        𝐿20 = 

𝑖

2
(𝛼�̅� − �̅�𝛿) +  𝑐𝑐 , 

 

  𝐿01 = 
1

2
(�̅�𝛽 + �̅�𝛿) +  𝑐𝑐,                     𝐿11 = 

1

2
(�̅�𝛿 +  𝛽�̅�) +  𝑐𝑐,         𝐿21 = 

𝑖

2
(𝛼𝛿̅ +  𝛽�̅�) +  𝑐𝑐, 

 

  𝐿02 = 
𝑖

2
(�̅�𝛽 + �̅�𝛿) +  𝑐𝑐,                    𝐿12 = 

𝑖

2
(�̅�𝛿 +  𝛽�̅�) +  𝑐𝑐,         𝐿22 = 

1

2
(�̅�𝛿 − �̅�𝛾) +  𝑐𝑐 , 

                                                                                                                                                                       

(30) 

  𝐿03 = 
1

2
(𝛼�̅� − 𝛽�̅� + 𝛾�̅� − 𝛿𝛿̅),          𝐿13 = 

1

2
(�̅�𝛾 − �̅�𝛿) +  𝑐𝑐,         𝐿23 = 

𝑖

2
(𝛼�̅� + �̅�𝛿) +  𝑐𝑐 , 

 

  𝐿30 = 
1

2
(𝛼�̅� + 𝛽�̅� − 𝛾�̅� − 𝛿𝛿̅),          𝐿31 = 

1

2
(�̅�𝛽 − �̅�𝛿) +  𝑐𝑐,         𝐿32 = 

𝑖

2
(�̅�𝛽 − �̅�𝛿) +  𝑐𝑐 , 

 

  𝐿33 = 
1

2
(𝛼�̅� − 𝛽�̅� − 𝛾�̅� +  𝛿𝛿̅),           𝛼𝛿 − 𝛽𝛾 = 1, 
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where cc means the complex conjugate of all the previous terms. The components (30) verify the 

property: 

           𝐿𝜏𝜇 𝑔𝜏𝜆 𝐿
𝜆
𝜈 = 𝑔𝜇𝜈 ,             �̃� = 𝐷𝑖𝑎𝑔(1,−1,−1,−1).                                (31) 

 

   If in (30) we make the changes [𝜏 =  
1

√1−Γ̅Ω̅
]: 

   

𝛼 = −𝜏 exp (−
𝐴+𝑖𝐵

2
)  ,    𝛽 =  𝜏 exp (−

𝐴+𝑖𝐵

2
) Γ̅ ,     𝛾 =  𝜏 exp (

𝐴+𝑖𝐵

2
) Ω̅ ,     𝛿 = −𝜏 exp (

𝐴+𝑖𝐵

2
) ,         

(32) 

 

such that A, B are real and Γ, Ω are complex with ΓΩ ≠ 1 (it is simple to see that (32) respects 

the requirement  αδ – βγ = 1), we obtain [25-27] [Q =  
1

2|1−ΓΩ|
]: 

 

  𝐿00 = Q [𝑒
A(1 + ΩΩ̅) + 𝑒−A(1 +  ΓΓ̅)],        𝐿10 = −Q [𝑒

𝑖B(Γ + Ω̅) + 𝑐𝑐],    

 

  𝐿20 = −𝑖Q [𝑒
−𝑖B(Ω + Γ̅) − 𝑐𝑐],                     𝐿01 = −Q [𝑒

A(Ω + Ω̅) + 𝑒−A(Γ + Γ̅)],      

 

  𝐿11 = Q [𝑒
𝑖B(1 + Ω̅Γ) + 𝑐𝑐],                              𝐿21 = 𝑖Q [𝑒

−𝑖B(1 + ΩΓ̅) − 𝑐𝑐],  

 

  𝐿02 = 𝑖Q [𝑒
A(Ω̅ − Ω) + 𝑒−A(Γ − Γ̅)],             𝐿12 = 𝑖Q [𝑒

𝑖B(1 − Ω̅Γ) − 𝑐𝑐],    

 

  𝐿22 = −Q [𝑒
−𝑖B(ΩΓ̅ − 1) +  𝑐𝑐],                    𝐿03 = Q [𝑒

A(ΩΩ̅ − 1) + 𝑒−A(1 − ΓΓ̅)],    

                                                                                                                                      (33) 

 𝐿13 = Q [𝑒
𝑖B(Γ − Ω̅) +  𝑐𝑐],       𝐿23 = 𝑖Q [𝑒

−𝑖B(Γ̅ − Ω) −  𝑐𝑐], 

 

  𝐿30 = Q [−𝑒
A(1 + ΩΩ̅) + 𝑒−A(1 + ΓΓ̅)],      𝐿31 = Q [𝑒

A(Ω + Ω̅ ) − 𝑒−A(Γ + Γ̅)],   

 

  𝐿32 = 𝑖Q [𝑒
A(Ω − Ω̅) + 𝑒−A(Γ − Γ̅)],             𝐿33 = Q [𝑒

A(1 − ΩΩ̅) + 𝑒−A(1 − ΓΓ̅)], 

 

whose application in (26) gives the most general rotation of the null tetrad and spin frame [3, 4, 

8, 28, 29]: 

 

      𝑙𝜇 = 2Q 𝑒A(𝑙𝜇 +  ΩΩ̅ 𝑛𝜇 + Ω̅ 𝑚𝜇 +  Ω �̅�𝜇),     �̃�𝜇 = 2Q 𝑒−A(𝑛𝜇 +  ΓΓ̅ 𝑙𝜇 +  Γ 𝑚𝜇 + Γ̅ �̅�𝜇), 

                                                                                                                                                                        

    �̃�𝜇 = 2Q 𝑒−𝑖B(Γ̅ 𝑙𝜇 +  Ω 𝑛𝜇 + 𝑚𝜇 + Γ̅Ω �̅�𝜇), �̃̅�𝜇 = 2Q 𝑒𝑖B (Γ 𝑙𝜇 + Ω̅ 𝑛𝜇 + �̅�𝜇 +  ΓΩ̅ 𝑚𝜇)      

                                                                                                                                        (34) 

                                �̃�𝐶 =
1

√1−ΓΩ
𝑒
A−iB

2 (𝜊𝐶 + Ω 𝜄𝐶),            𝜄 ̃𝐶 =
1

√1−ΓΩ
𝑒
−A+iB

2 (𝜄𝐶 + Γ 𝜊𝐶), 
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hence in the literature it is natural to employ three types of rotations: 

 

Class I:      Ω = 0.            𝑙𝜇 preserves its direction. 

 

                         𝑙𝜇 = 𝑒A 𝑙𝜇,           �̃�𝜇 = 𝑒−A(𝑛𝜇 +  ΓΓ̅ 𝑙𝜇 +  Γ 𝑚𝜇 + Γ̅ �̅�𝜇),    

                                                                                                                

                       �̃�𝜇 = 𝑒−𝑖B(Γ̅ 𝑙𝜇 + 𝑚𝜇),           �̃̅�𝜇 = 𝑒𝑖B(Γ 𝑙𝜇 + �̅�𝜇),   

                                                                                                                                                                          

Class II:     Γ = 0.           𝑛𝜈  maintains its direction.                                                                  (35)                

    

                         𝑙𝜈 = 𝑒A(𝑙𝜈 +  ΩΩ̅ 𝑛𝜈 + Ω̅ 𝑚𝜈 +  Ω �̅�𝜈),         �̃�𝜈 = 𝑒−A 𝑛𝜈,   

 

�̃�𝜈 = 𝑒−𝑖B(Ω 𝑛𝜈 + 𝑚𝜈), �̃̅�𝜈 = 𝑒𝑖B(Ω̅ 𝑛𝜈 + �̅�𝜈), 

                                                                                                                                                                        

Class III:    Ω = Γ = 0. 

 

                         𝑙𝜇 = 𝑒A 𝑙𝜇 ,         �̃�𝜇 = 𝑒−A 𝑛𝜇 ,         �̃�𝜇 = 𝑒−𝑖B 𝑚𝜇 ,         �̃̅�𝜇 = 𝑒𝑖B �̅�𝜇 ,      

 

which are important because it is usual to realize rotations to align 𝑙𝜇 or/and 𝑛𝜇 with the 

principal directions for the conformal tensor [8, 30-32] or for the Faraday electromagnetic tensor 

[33], this generates great simplification in many relativistic calculations. 

   It is useful to indicate the changes of diverse quantities when the null tetrad experiments these 

special rotations: 

 

NP components of the Faraday tensor:    

 

  Class I:          �̃�0 = 𝑒
𝐴−𝑖𝐵𝜙0 ,         �̃�1 = 𝜙1 + Γ𝜙0 ,           �̃�2 = 𝑒

−𝐴+𝑖𝐵(𝜙2 + 2Γ𝜙1 + Γ
2𝜙0).      

 

Class II:           �̃�0 = 𝑒
𝐴−𝑖𝐵(𝜙0 + 2Ω𝜙1 + Ω

2𝜙2),   �̃�1 = 𝜙1 + Ω𝜙2 ,      �̃�2 = 𝑒
−𝐴+𝑖𝐵𝜙2.     (36)              

 

Class III:          �̃�0 = 𝑒
𝐴−𝑖𝐵𝜙0 ,              �̃�1 = 𝜙1 ,            �̃�2 = 𝑒

−𝐴+𝑖𝐵𝜙2. 

 

NP projections of the Ricci tensor without trace: 

 

Class I:     �̃�00 = 𝑒
2𝐴𝜙00 ,   �̃�01 = 𝑒

𝐴−𝑖𝐵(𝜙01 + Γ̅𝜙00),      �̃�02 = 𝑒
−2𝑖𝐵(𝜙02 + 2Γ̅𝜙01 + Γ̅

2𝜙00), 

 

�̃�11 = 𝜙11 + ΓΓ̅𝜙00 + Γ𝜙01 + Γ̅𝜙10,  

 

 �̃�12 = 𝑒
−𝐴−𝑖𝐵(𝜙12 + Γ𝜙02 + 2Γ̅𝜙11 + 2ΓΓ̅𝜙01 + Γ̅

2𝜙10 + ΓΓ̅
2𝜙00), 
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 �̃�22 = 𝑒
−2𝐴(𝜙22 + 2Γ𝜙12 + 2Γ̅𝜙21 + 4ΓΓ̅𝜙11 + Γ

2𝜙02 + Γ̅
2𝜙20 + 2Γ

2Γ̅𝜙01 + 2ΓΓ̅
2𝜙10 +

              Γ2Γ̅2𝜙00). 

 

Class II:       �̃�22 = 𝑒
−2𝐴𝜙22, �̃�12 = 𝑒

−𝐴−𝑖𝐵(𝜙12 + Ω𝜙22), �̃�02 = 𝑒
−2𝑖𝐵(𝜙02 + 2Ω𝜙12 + Ω

2𝜙22)  

 

                                             �̃�11 = 𝜙11 + Ω̅𝜙12 + Ω𝜙21 + ΩΩ̅𝜙22                                           (37)                                                                                                               

 

   �̃�01 = 𝑒
𝐴−𝑖𝐵(𝜙01 + 2Ω𝜙11 + Ω̅𝜙02 + Ω

2𝜙21 + 2ΩΩ̅𝜙12 + Ω
2Ω̅𝜙22) 

 

�̃�00 = 𝑒
2𝐴(𝜙00 + 2Ω̅𝜙01 + 2Ω𝜙10 + Ω

2𝜙20 + Ω̅
2𝜙02 + 4ΩΩ̅𝜙11 + Ω

2Ω̅2𝜙22 + 2Ω
2Ω̅𝜙21

+ 2ΩΩ̅2𝜙12). 

 

Class III:        �̃�00 = 𝑒
2𝐴𝜙00,          �̃�01 = 𝑒

𝐴−𝑖𝐵𝜙01,           �̃�02 = 𝑒
−2𝑖𝐵𝜙02, 

 

                       �̃�11 = 𝜙11,                �̃�12 = 𝑒
−𝐴−𝑖𝐵𝜙12 ,         �̃�22 = 𝑒

−2𝐴𝜙22. 

 

NP components of the conformal tensor: 

 

Class I: �̃�0 = 𝑒
2(𝐴−𝑖𝐵)𝜓0, �̃�1 = 𝑒

𝐴−𝑖𝐵(𝜓1 + Γ𝜓0), �̃�3 = 𝑒
−𝐴+𝑖𝐵(𝜓3 + 3Γ𝜓2 + 3Γ

2𝜓1 + Γ
3𝜓0) 

 

             �̃�2 = 𝜓2 + 2Γ𝜓1 + Γ
2𝜓0 ,        �̃�4 = 𝑒

2(−𝐴+𝑖𝐵)(𝜓4 + 4Γ𝜓3 + 6Γ
2𝜓2 + 4Γ

3𝜓1 + Γ
4𝜓0). 

 

 Class II:         �̃�1 = 𝑒
𝐴−𝑖𝐵(𝜓1 + 3Ω𝜓2 + 3Ω

2𝜓3 + Ω
3𝜓4),       �̃�3 = 𝑒

−𝐴+𝑖𝐵(𝜓3 + Ω𝜓4),      (38) 

   

                        �̃�2 = 𝜓2 + 2Ω𝜓3 + Ω
2𝜓4,                            �̃�4 = 𝑒

2(−𝐴+𝑖𝐵)𝜓4,                 

 

�̃�0 = 𝑒
2(𝐴−𝑖𝐵)(𝜓0 + 4Ω𝜓1 + 6Ω

2𝜓2 + 4Ω
3𝜓3 + Ω

4𝜓4). 

 

Class III:                               �̃�0 = 𝑒
2(𝐴−𝑖𝐵)𝜓0,      �̃�1 = 𝑒

𝐴−𝑖𝐵𝜓1,       �̃�2 = 𝜓2 ,      

 

 �̃�3 = 𝑒
−𝐴+𝑖𝐵𝜓3 ,       �̃�4 = 𝑒

2(−𝐴+𝑖𝐵)𝜓4 , 

 

and in their deduction are useful the relations: 

 

  𝐶(1)(4)(1)(2) + 𝐶(1)(4)(4)(3) = 𝐶(2)(4)(2)(3) = 𝐶(1)(4)(1)(3) = 𝐶(4)(2)(4)(1) = 0,    𝜓1 = 𝐶(4)(3)(1)(3) , 

                                                                                                                                      (39)                                                                                          

   𝜓3 = 𝐶(3)(4)(2)(4) ,            𝜓2 + �̅�2 = 𝐶(1)(2)(1)(2) = 𝐶(3)(4)(3)(4) ,            �̅�2 − 𝜓2 = 𝐶(1)(2)(3)(4) . 
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NP projections of the Lanczos tensor: 

 

 Class I:  Ω̃0 = 𝑒
2𝐴−𝑖𝐵Ω0,   Ω̃1 = 𝑒

𝐴(ΓΩ0 + Ω1), Ω̃2 = 𝑒
𝑖𝐵(Ω2 + 2ΓΩ1 + Γ

2Ω0),   

 

Ω̃4 = 𝑒
𝐴−2𝑖𝐵(Ω4 + Γ̅Ω0),    Ω̃3 = 𝑒

−𝐴+2𝑖𝐵(Ω3 + 3ΓΩ2 + 3Γ
2Ω1 + Γ

3Ω0),           

 

 Ω̃5 = 𝑒
−𝑖𝐵(Ω5 + ΓΩ4 + Γ̅Ω1 + ΓΓ̅Ω0), 

 

Ω̃6 = 𝑒
−𝐴(Ω6 + 2ΓΩ5 + Γ

2Ω4 + Γ̅Ω2 + 2ΓΓ̅Ω1 + Γ
2Γ̅Ω0) 

 

               Ω̃7 = 𝑒
−2𝐴+𝑖𝐵(Ω7 + 3ΓΩ6 + 3Γ

2Ω5 + Γ
3Ω4 + Γ̅Ω3 + 3ΓΓ̅Ω2 + 3Γ

2Γ̅Ω1 + Γ
3Γ̅Ω0). 

 

 Class II: Ω̃3 = 𝑒
−𝐴+2𝑖𝐵(Ω3 + Ω̅Ω7),   Ω̃5 = 𝑒

−𝑖𝐵(Ω5 + 2ΩΩ6 + Ω
2Ω7),     Ω̃6 = 𝑒

−𝐴(Ω6 + ΩΩ7)      

                                                                                                                                       (40) 

           Ω̃2 = 𝑒
𝑖𝐵(Ω2 + ΩΩ3 + Ω̅Ω6 + ΩΩ̅Ω7),          Ω̃4 = 𝑒

𝐴−2𝑖𝐵(Ω4 + 3ΩΩ5 + 3Ω
2Ω6 + Ω

3Ω7), 

 

                Ω̃1 = 𝑒
𝐴(Ω1 + 2ΩΩ2 + Ω

2Ω3 + Ω̅Ω5 + 2ΩΩ̅Ω6 + Ω̅Ω
2Ω7),               Ω̃7 = 𝑒

−2𝐴+𝑖𝐵Ω7, 

 

                Ω̃0 = 𝑒
2𝐴−𝑖𝐵(Ω0 + 3ΩΩ1 + 3Ω

2Ω2 + Ω
3Ω3 + Ω̅Ω4 + 3ΩΩ̅Ω5 + 3Ω

2Ω̅Ω6 + Ω
3Ω̅Ω7). 

 

Class III:       Ω̃0 = 𝑒
2𝐴−𝑖𝐵Ω0,          Ω̃1 = 𝑒

𝐴Ω1,           Ω̃2 = 𝑒
𝑖𝐵Ω2,           Ω̃3 = 𝑒

−𝐴+2𝑖𝐵Ω3, 

 

                      Ω̃4 = 𝑒
𝐴−2𝑖𝐵Ω4,           Ω̃5 = 𝑒

−𝑖𝐵Ω5,        Ω̃6 = 𝑒
−𝐴Ω6,         Ω̃7 = 𝑒

−2𝐴+𝑖𝐵Ω7, 

 

where we used the expressions: 

 

                𝐾(1)(2)(1) = Ω1 + Ω̅1 ,             𝐾(1)(4)(4) = Ω6 + Ω̅6 ,              𝐾(1)(2)(4) = Ω2 + Ω̅5 , 

                                                                                                                                                              

(41) 

                𝐾(4)(3)(1) = Ω1 − Ω̅1 ,             𝐾(4)(3)(2) = Ω6 − Ω̅6 ,              𝐾(4)(3)(4) = Ω2 − Ω̅5 . 

 

Spin coefficients [27, 34]: 

 

   Class I: �̃� = 𝑒2𝐴−𝑖𝐵𝜅 , �̃� = 𝑒𝐴(𝜌 + Γ𝜅), �̃� = 𝑒−𝑖𝐵(𝜏 + Γ𝜎 + Γ̅𝜚 + ΓΓ̅𝜅), �̃� = 𝑒𝐴−2𝑖𝐵(𝜎 + Γ̅𝜅) 

 

         �̃� = 𝑒𝑖𝐵 [
1

2
(Γ𝐷 + 𝛿̅)(𝐴 − 𝑖𝐵) + 𝛼 + Γ(𝜀 + 𝜌 + Γ𝜅)],       �̃� = 𝑒𝑖𝐵(𝐷Γ + 𝜋 + 2Γ𝜀 + Γ2𝜅), 

 

         𝛽 = 𝑒−𝑖𝐵 [
1

2
(Γ̅𝐷 + 𝛿)(𝐴 − 𝑖𝐵) + 𝛽 + Γ(𝜎 + Γ̅𝜅) + Γ̅𝜀] , 𝜀̃ = 𝑒𝐴 [

1

2
𝐷(𝐴 − 𝑖𝐵) + 𝜀 + Γ𝜅]      
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                 �̃� = 𝑒−𝐴+2𝑖𝐵[𝛿̅Γ + Γ(𝐷Γ + 𝜋 + 2𝛼) + 𝜆 + Γ2(𝜌 + 2𝜀 + Γ𝜅)],  

 

                 𝜇 = 𝑒−𝐴[𝛿Γ + Γ̅(𝐷Γ + 𝜋 + 2Γ𝜀 + Γ2𝜅) + 𝜇 + Γ(2𝛽 + Γ𝜎)], 

 

   �̃� = 𝑒−𝐴 [
1

2
(Δ + Γ𝛿 + Γ̅𝛿̅ + ΓΓ̅𝐷)(𝐴 − 𝑖𝐵) + 𝛾 + Γ(𝜏 + 𝛽 + Γ𝜎) + Γ̅(𝛼 + Γ2𝜅) + ΓΓ̅(𝜀 + 𝜌)], 

 

   𝜈 = 𝑒−2𝐴+𝑖𝐵[ΔΓ + Γ(𝛿Γ + Γ̅𝐷Γ + 2𝛾 + 𝜇) + Γ̅(𝛿̅Γ + 𝜆) + 𝜈 + Γ2(2𝛽 + 𝜏 + Γ𝜎) + 

                                                                                                  +ΓΓ̅(2𝛼 + 𝜋 + Γ(2𝜀 + 𝜌) + Γ2𝜅)] . 

                                                                                                                                                              

(42) 

Class II:                 𝜈 = 𝑒−2𝐴+𝑖𝐵𝜈,         �̃� = 𝑒−𝐴(𝜇 + Ω𝜈),        �̃� = 𝑒−𝐴+2𝑖𝐵(𝜆 + Ω̅𝜈),   

 

 �̃� = 𝑒𝑖𝐵(𝜋 + Ω𝜆 + Ω̅𝜇 + ΩΩ̅𝜈), 

 

    �̃� = 𝑒𝑖𝐵 [
1

2
(Ω̅Δ + 𝛿̅)(𝐴 − 𝑖𝐵) + 𝛼 + Ωλ + Ω̅(γ + Ων)],        τ̃ = e𝑖𝐵(−ΔΩ + τ + 2Ωγ + Ω2ν), 

 

    𝛽 = 𝑒−𝑖𝐵 [
1

2
(ΩΔ + 𝛿)(𝐴 − 𝑖𝐵) + 𝛽 + Ω(𝛾 + 𝜇) + Ω2𝜈],      �̃� = 𝑒−𝐴 [

1

2
Δ(𝐴 − 𝑖𝐵) + 𝛾 + Ω𝜈], 

 

               �̃� = 𝑒𝐴[−𝛿̅Ω + Ω̅(−ΔΩ + 𝜏 + 2Ω𝛾) + 𝜌 + Ω2(𝜆 + Ω̅𝜈)], 

 

               �̃� = 𝑒𝐴−2𝑖𝐵[−𝛿Ω + Ω(−ΔΩ + 𝜏 + 2𝛽) + 𝜎 + Ω2(𝜇 + 2𝛾 + Ων)], 

 

               𝜀̃ = 𝑒𝐴 [
1

2
(𝐷 + Ω𝛿̅ + Ω̅𝛿 + ΩΩ̅Δ)(𝐴 − 𝑖𝐵) + 𝜀 + Ω(𝜋 + 𝛼 − Ω𝜆) + ΩΩ̅(𝛾 + 𝜇 + Ω𝜈)], 

 

 �̃� = 𝑒2𝐴−𝑖𝐵[−𝐷Ω + Ω(−𝛿̅Ω − Ω̅ΔΩ + 2𝜀 + 𝜌) + Ω̅(−𝛿Ω + 𝜎) + 𝜅 + Ω2(2𝛼 + 𝜋 + Ω𝜆) + 

                                                                                                +ΩΩ̅(2𝛽 + 𝜏 + Ω(2𝛾 + 𝜇) + Ω2𝜈)]. 

 

Class III:             �̃� = 𝑒2𝐴−𝑖𝐵𝜅,       �̃� = 𝑒𝐴𝜌,       �̃� = 𝑒𝐴−2𝑖𝐵𝜎,       �̃� = 𝑒−𝑖𝐵𝜏,       �̃� = 𝑒𝑖𝐵𝜋,   

 

  𝜈 = 𝑒−2𝐴+𝑖𝐵𝜈,    𝜇 = 𝑒−𝐴𝜇,  

 

                �̃� = 𝑒−𝐴+2𝑖𝐵𝜆,   𝜀̃ = 𝑒𝐴 [
1

2
𝐷(𝐴 − 𝑖𝐵) + 𝜀] , �̃� = 𝑒−𝐴 [

1

2
Δ(𝐴 − 𝑖𝐵) + 𝛾],    

 

                �̃� = 𝑒𝑖𝐵 [
1

2
𝛿̅(𝐴 − 𝑖𝐵) + 𝛼],      𝛽 = 𝑒−𝑖𝐵 [

1

2
𝛿(𝐴 − 𝑖𝐵) + 𝛽]. 
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In other work we will apply the material of this paper and from [1, 2] to obtain the NP equations, 

and the spinor and NP versions of the Bianchi identities and Weyl-Lanczos equations. 
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