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 Abstract  

In this paper, we obtain and present a five-dimensional LRS Bianchi type-I cosmological model 

with wet dark fluid (WDF) in Saez-Ballester theory of gravitation with the matter field described 

as bulk viscosity. Some physical and geometrical properties of the model are also discussed. 
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1. Introduction 

It is well known that a gravitational scalar field, beside the metric of the space - time, must exist in 

the frame work of the present unified theories. Hence, there has been much interest in scalar tensor 

theories of gravitation. Several theories are proposed as alternatives to Einstein’s theory to reveal the 

nature of the universe in the early stage of evolution. The most important among them are scalar-

tensor theories proposed by Lyra (1951), Brans-Dicke (1961), Nordtvedt (1970), Wagoner (1970) 

and Saez and Ballester (1985). 

Saez and Ballester (1986) formulated a scalar-tensor theory of gravitation in which the metric is 

coupled with a dimensionless scalar field in a simple manner. This coupling gives a satisfactory 

description of the weak fields. In spite of the dimensionless character of the scalar field an 

antigravity regime appears. This theory also suggests a possible way to solve missing matter 

problem in non flat FRW cosmologies.  

The field equations given by Saez- Ballester (1986) for the combined scalar and tensor fields 

(using geometrized units with c = 1, 8πG = 1) are 
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and the scalar field   satisfies the equation 

02 '

,

1
,   k

k

n
i

in r                                                  (1.2)         

where ijijij gRRG
2

1
  is an Einstein tensor, R  the scalar curvature,   and      

n  are constants, 
ijT  is the stress energy tensor of the matter. The energy conservation equation 

is 

 0, j
ijT                                                               (1.3) 

The study of cosmological models in the framework of scalar–tensor theories has been the active 

area of research for the last few decades. In particular, Rao et al. (2008a, 2008b) have investigated 

several aspects of the cosmological models in Saez-Ballester (1986) scalar-tensor theory. Rao et al. 

(2013a) have discussed Bianchi type - II, VIII & IX perfect fluid dark energy cosmological models 

in Saez - Ballester and general theory of gravitation. Also Rao et al. (2013b) have obtained perfect 

fluid dark energy cosmological models in this theory and Einstein’s theory of gravitation. 

The possibility that space - time has more than four dimensions has attracted many researchers to the 

field of higher dimension. Study of higher-dimensional space - time is also important because of the 

underlying idea that the cosmos at its early stage of evolution might have had a higher - dimensional 

era Witten (1984). The extra space reduced to a volume with the passage of time which is beyond 

the ability of experimental observation at the moment. Attempts have been made to explain why the 

universe presently appears to have only four space-time dimensions, if it is dynamically evolving (4 

+ k) dimensional manifolds (k being the number of extra dimensions). It has been claimed that the 

solutions to Einstein's equation for (4+k) dimension indicate that there is an expansion of four-

dimensional space - time while fifth dimension contracts or remain constant [Freund (1982); 

Appelquist and Chodos (1983); Daemi et al. (1984)]. Further, it has been reported that during 

contraction process, extra dimensions produce large amount of entropy which provides an alternative 

resolution to the flatness and horizon problem, as compared to usual inflationary scenario[ Guth  

(1981);  Alvax and  Gavela (1983)]. Marciano (1984) has suggested that the experimental 

observation of fundamental constant with varying time could produce the evidence of extra 

dimensions. 

One of the outstanding problems of standard cosmology is that of large entropy per baryon ratio. It 

has been widely discussed in the literature that during the evolution of the universe, bulk viscosity 

could arise in many circumstances and could lead to an effective mechanism of galaxy formation 

[Misner (1968); Ellis (1979); B L Hu (1983)]. The possibility of bulk viscosity leading to 

inflationary-like solutions in general relativistic FRW models is discussed by Padmanabhan and 
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Chitre (1987). Johri and Sudharsan (1989) have pointed out that the bulk viscosity leads to 

inflationary solution in Brans-Dicke theory. Many more efforts [Pimentel and Theor (1994); Besham 

(1996); Banerjee and Beesham (1996)] have been made to obtain cosmological solutions for a fluid 

with bulk viscosity in Brans-Dicke theory, because of the inflationary solutions due to the presence 

of bulk viscosity. Singh et al (1997) have studied all the FRW (flat, open and closed) cosmological 

models with viscous fluid in Brans - Dicke theory. In the context of open thermodynamic systems, 

Bianchi-type cosmological models with bulk viscosity and particle production have been studied by 

Krori and Mukherjee (2000). 

Riess et al. (1998), perlmutter et al. (1998), sahni (2004) studied the nature of dark energy 

component of the universe as one of the deepest mysteries of cosmology. Holman and Naidu 

(2005) studied the homogeneous, isotropic Friedman-Robertson-Walker case by using the Wet 

dark fluid (WDF) as dark energy (DE). This model was in the spirit of Generalized Chaplygin 

Gas (GCG) (Gorini et al. 2004), where a physically motivated equation of state was offered with 

properties relevant for the dark energy problem. We are motivated to use the Wet Dark Fluid 

(WDF) as a model for dark energy which stems from the empirical equation of state to treat 

water and aqueous solution. 

 
In this paper we will investigate a five dimensional LRS Bianchi type-I anisotropic string 

cosmological model with wet dark fluid in Saez - Ballester (1986) scalar-tensor theory of 

gravitation with the matter field described as bulk viscosity. 

 

2. Metric and Energy Momentum Tensor 

We consider a five dimensional LRS Bianchi type-I metric of the form  

222222222 )( dmCdzdyBdxAdtds 
                                      (2.1) 

where A, B, C are functions of time ‘t’ only. 

The equation of state for WDF is given by 

)( *  WDFWDFP                                                               (2.2) 

It is motivated by the fact that it is a good approximation for many fluids including water, in 

which the internal attraction of the molecules makes negative pressure possible. The parameters 

  and 
*  are taken to be positive and we restrict ourselves to 10   . Note that if sC denotes 

the adiabatic sound speed in WDF, then 
2

sC (Babichev et al. 2004). 
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To find the WDF energy density, we use the energy conservation equation  

0)(3  WDFWDFWDF PH                                                (2.3) 

From the equation of state (2.2) and using 
v

vH 3  in Eq. (2.3), we get 

)1(1

*

vv

k
PWDF










                                                         (2.4) 

where k is the integration constant and v  is the volume expansion.  

 

WDF naturally includes two components, a piece that behaves as a cosmological constant as well 

as pieces those red shifts as a standard fluid with an equation of state P . 

We can show that if we take k >0, this fluid will not violate the strong energy condition 

.0 P  Thus, we get  

0)1()1(
1

* 



v

k
P WDFWDFWDF                                   (2.5) 

Holman and Naidu (2005) observed that their model is consistent with the most recent SNIa data, 

the WMAP results as well as the constraints coming from measurements of the power spectrum. 

Hence, they considered both, the case where the dark fluid is smooth (i.e. only the CDM 

components cluster gravitationally) as well as the case where the dark fluid also clusters. 

The energy momentum tensor ijT is given by 

)()( ; jiij

a

aijWDFjiWDFWDFij uugugPuuPT  
                        (2.6) 

together with the co-moving coordinates 

1ji

ij uug
                                                                    (2.7)     

In a commoving coordinate system, we get 

WDFWDF TPTTT  4

4

3

3

2

2

1

1 ,                                                                (2.8) 

where WDFWDFP &  are functions of cosmic time only. 
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3. Solutions of Field equations 

Now with the help of (2.6) & (2.8), the field equations (1.1) for the metric (2.1) can be written as 

  WDF

n P
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                                                                (3.5) 

0








WDFWDF

WDF

P


                                                                          (3.6)  

Here the over head dot denotes differentiation with respect to ’t’. 

By taking the transformation A e , &B e C e   and 2dt AB CdT , the above field 

equations (3.1) to (3.6) can be written as 

2 (2 4 2 )1
2 2 2 ( )

2
WDFk P e                               

     
(3.7) 

2 (2 4 2 )1
2 2 ( )

2
WDFk P e                                  

   
(3.8) 
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2 (2 4 2 )1
2 2

2
k e                       
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0
2

2










n

                                                         (3.11) 

2 2( )( 2 ) ( 2 ) 0WDF P e                           
           (3.12) 

Here the over head dash denotes differentiation with respect to ’T’. 

The field equations (3.7) to (3.11) are only four independent equations with four 

unknowns , ,   , , WDF , WDFP and  .  

From the field equations (3.8) & (3.9), we get  

1 2k T k   
                           (3.13)                                                                       

where  k1 & k2 are integrating constants.  

 

Using equation (3.13), the field equations (3.7)  -  (3.10) are solvable for any arbitrary function. 

For the sake of simplicity here we consider 

3 4( )sk T k  
                                                      (3.14) 

where  k3 & k4 are arbitrary constants. 

Using equation (3.14) in (3.13), we 

get  

                                                           

(3.15) 

From the field equations (3.7) & (3.8), we get 

 

(3.16) 

where  k7=k1 + k5, k8 =k2 +k6 are constants of integration. 

The proper energy density is given by 

 3 4 1 2

s
k T k k T k    

3 4 7 8( ) ( )sk T k k T k    
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                  (3.17)                                                                                          

The isotropic pressure is given by 
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              (3.18)    

where  k9=2k1 + k7,  k10 =k8+2k2,  k11=k1
2
+2k1k7, k12=sk3,  and  k13=(s-1) k3 are constants  of 

integration . 

The metric (2.1), in this case can be written as  

     

   

3 4 9 10 3 4 7 8

3 43 4 1 2

4 2 2( )2 2 2

22( ) 2( ) 2 2 2

s s

ss

k T k k T k k T k k T k

k T kk T k k T k

ds e dT e dx

e dy dz e dm

     

  

  

      (3.19) 

Thus the metric (3.19) together with (3.17) and (3.18) constitutes a five dimensional LRS 

Bianchi type-I cosmological model with wet dark fluid (WDF) in Saez - Ballester theory of 

gravitation. 

 

 

4. Some physical and kinematical properties of the model 

The spatial volume for the model (3.19) is 

       

 4
3 4 9 10

s
k T k k T k

eV
  


                                                        (4.1) 

The expression for expansion scalar   calculated for the flow vector iu is given by 
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and the shear scalar   is given by 
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The deceleration parameter q  is given by
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                                           (4.4) 

where k15 = s(s-1)k3
2
. 

The Hubble parameter is one of the most important numbers in cosmology as it is used to 

estimate the size and age of the universe. It indicates the rate at which the universe is expanding.  

The components of Hubble parameter in three directions zyx HHH &,  are given by 

 

 

 

 

Therefore the generalized mean Hubble parameter (H) is 
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The average anisotropy parameter is given by 
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where  k14 = k1+2k7, )3,2,1(  iHHH ii
.                                                            

The average scale factor  
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Red shift  
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The Hubble parameter H is used to estimate the size and age of the universe. It indicates the rate 

at which the universe is expanding. From equation (4.5), the Hubble parameter is given by 
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Hence                      
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     (4.11)                                                                                                                                  

where 0H  is the present value of Hubble parameter. 
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The red shift we measure for a distant source is directly related to the scale factor of the universe 

at the time of the photons emitted from the source. The scale factor a and red shift z are related 

through the equation  

 
0

1

a
a

z



                                                                 (4.12) 

where 0a is the present value of scale factor. 

Using equation (4.8), the above equation (4.12) can be rewritten as 

0 1
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z
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3 4 9 104

s
k T k k T k

e

 
 
 


  

                                        (4.13) 

The distance modulus (D) is given by 

 

( ) 5log 25LD z d                                                                 (4.14) 

where Ld stands for the luminosity distance. 

 

Luminosity distance is defined as the distance which will preserve the validity of the inverse law 

for the fall of intensity and given by  

1 0(1 )Ld r z a                                                                    (4.15) 

where 1r is the radial coordinate distance of the object at light emission and, is given by 
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                                    (4.16) 

The tensor of rotation 

ijjiij uuw ,,  is identically zero and hence this universe is non-rotational. 

 

5. Discussion and Conclusions 
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In this paper, we have presented a five dimensional LRS Bianchi type-I cosmological model with 

wet dark fluid (WDF) in Saez - Ballester theory of gravitation with the matter field described as 

bulk viscosity.

 
The following are the observations and conclusions: 

 

 For the model (3.17), we observe that the spatial volume, the expansion scalar  and the 

shear scalar  increase continuously with time. This shows that the universe expands 

continuously approaching to infinite volume. 

 From (4.1) & (4.2), we can see that matter pressure and density increases with the 

increase of time.  

 From (4.6), we observe that the deceleration parameter appears with negative sign 

implies accelerating expansion of the universe, which is consistent with the present day 

observations. 

  From (4.8), we can observe that 0mA , which indicates that this model is always 

anisotropic. Thus the model presented here is expanding, non-rotating and accelerating in 

a standard way. 
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