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Abstract

Cosmological models with viscous media and time-dependent cosmological term Λ have been stud-
ied in the background of Bianchi type I space-time. We examine the cosmological senario assuming
expansion anisotropy σ/θ (the ratio of shear σ to the volume expansion θ) to be suitable function of
spatial volume V . We obtain that models begin with decelerating expansion and enter into acceler-
ating phase at late times. Initial anisotropy of the models dies out asymptotically.
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1 Introduction

The cosmological term Λ, introduced by Einstein in physics through general relativity has come and gone,
only to come back again and again. Observations and theory still disagree on the value of this parameter
by 120 orders of magnitude. The cosmological constant can be considered as new kind of world matter
and it is natural to identify the cosmological constant with a background vacuum energy density. Huge
difference between the observed and calculated values of vacuum energy density constitutes the current
cosmological problem.

A number of attempts has been suggested to explain the cosmological constant problem. Some authors
suggest that the cosmological constant takes on dynamical attributes . The idea of a decreasing vacuum
energy with cosmic expansion has been involved by a number of authors [1-8] in order to understand the
phenomenologically the incredibly small value of the cosmological constant. A time-dependent Λ may
offer an exit window for the dynamical evolution of Λ from its QFT- calculated value to its presently
observed value.

The observed physical phenomena such as large entropy per baryon and remarkable degree of isotropy
of the cosmic background radiation, suggest dissipative effects in cosmology. It has been argued for a
long time that the dissipation process in the early stages of cosmic expansion may well account for the
high degree of isotropy, we observe today. Dissipative effects including coefficients of bulk and shear
viscosity are supposed to play very important role in the origin and structure of the universe. Based
on this approach Weinberg [9] derived general formulae for bulk and shear viscosities and used these
formulae to evaluate the rate of cosmological entropy production. Padmanabhan and Chitre [10] studied
that presence of bulk viscosity leads to inflationary like solutions in general relativity. Another peculiar
characteristic of bulk viscosity is that it acts like a negative energy field in an expanding universe [11].
The nature of cosmological solutions for homogenous Bianchi type I model was studied by Bilinski and
Khalatnikov [12] by taking into account dissipative process due to viscosity. They showed that viscosity
cannot remove cosmological singularity but can cause a qualitatively new behavior of the solution near
singularity. Bianchi type I solutions in the case of stiff matter with shear viscosity being the power
function of energy density were obtained by Banerjee et al.[13] whereas models with bulk viscosity as a
power function of energy density and stiff matter were investigated by Huang [14]. The effect of bulk
viscosity on the cosmological evolution has been studied by number of workers namely Bali and Pradhan
[15], Bali and Kumawat [16], Bali [17], Singh and Baghel [18,19], Peebles [20] and Singh et al.[21].
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In the construction of a cosmological model, assumption of homogeneity and isotropy of the universe
are motivated by the cosmological principle and mathematical tractability of the resulting FRW models.
However, the observed universe is obviously neither homogeneous nor isotropic. So these symmetries
can only be approximate. There are theoretical arguments [22,23] and recent experimental data regard-
ing cosmic background radiation anisotropies which support the existence of an anisotropic phase that
approaches an isotropic one [24]. These observations led us to consider general anisotropic cosmolo-
gies, whilst retaining the assumption of (large scale) spatial homogeneity. Spatially homogeneous and
anisotropic cosmological models which provide a richer structure, both geometrically and physically than
the FRW model play significant role in the description of early universe. Bianchi type I models being
anisotropic generalization of flat FRW models are interesting to study. These models are favoured by
the available evidences for low density universes. Romano and Pavon [25] have studied the evolution of
Bianchi type I universe with viscous fluid. Mak and Harko [26] have studied the dynamics of a causal bulk
viscous fluid cosmological model with constantly decelerating Bianchi type I space-time. Saha [27-29] in
a series of papers discussed Bianchi type I universe with viscous fluid.

In this paper, we investigate Bianchi type I cosmological models with time varying cosmological term
Λ for viscous fluid distribution. Exact solutions have been obtained by assuming expansion anisotropy σ

θ

in the model to be a suitable function of spatial volume, σ and θ being the shear scalar and expansion
scalar of the model. We obtain the cosmological term Λ to be decreasing function of time and the model
isotropizes asymptotically. The presence of shear viscosity accelerates the isotropization.

2 Metric and Field Equations

We consider Bianchi type I space-time in form

ds2 = −dt2 +A2dx2 +B2dy2 + C2dz2 (2.1)

with A, B and C being functions of cosmic time t only. We consider the matter content of source field to
be viscous fluid described by the energy-momentum tensor

TM
ij = (ρ+ p̄)vivj + p̄gij − 2ησij (2.2)

where p̄ is the effective pressure given by
p̄ = p− ζvi;i (2.3)

satisfying linear equation of state
p = ωρ, 0 ≤ ω ≤ 1. (2.4)

Here ρ is the energy density, p, the isotropic pressure, η and ζ are coefficients of shear and bulk viscosity
respectively, vi is the four-velocity vector of the fluid satisfying viv

i = −1.
Expansion scalar θ, shear tensor σij and shear scalar σ are defined by

θ = vi;i, (2.5)

σij =
1

2
(vi;kh

k
j + vj;kh

k
i )−

1

3
θhij , (2.6)

σ2 =
1

2
σijσ

ij , (2.7)

where hij = gij+vivj is the projection tensor and semicolon(;) stands for covariant derivative. We choose
gravitational units such that 8πG = c = 1. Since the vacuum has the symmetry of the background, its
energy momentum tensor has the form TΛ

ij = Λgij , where Λ is a function of time in a homogeneous space.

In comoving coordinate system (vi = δi4), it corresponds to a perfect fluid with energy density ρΛ = Λ
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and pressure pΛ = −Λ. The Einstein’s field equations with viscous matter and vacuum energy are given
by

Rij −
1

2
Rgij = −T total

ij , (2.8)

where T total
ij = TM

ij + TΛ
ij = (ρt + pt)vivj + ptgij with the understanding that ρt = ρ+ Λ and pt = p− Λ

are total density and total pressure respectively. The Bianchi identities require that T total
ij has vanishing

divergence leading to

ρ̇+ (ρ+ p̄)

(

Ȧ

A
+

Ḃ

B
+

Ċ

C

)

+ Λ̇ = 4ησ2 (2.9)

The Einstein’s field equations for the line element (2.1) reduce to

B̈

B
+

C̈

C
+

ḂĊ

BC
− 2η

Ȧ

A
= −p+ (ζ −

2

3
η)θ + Λ, (2.10)

C̈

C
+

Ä

A
+

ĊȦ

CA
− 2η

Ḃ

B
= −p+ (ζ −

2

3
η)θ + Λ, (2.11)

Ä

A
+

B̈

B
+

ȦḂ

AB
− 2η

Ċ

C
= −p+ (ζ −

2

3
η)θ + Λ, (2.12)

ȦḂ

AB
+

ḂĊ

BC
+

ȦĊ

AC
= ρ+ Λ, (2.13)

where an overhead dot (.) denotes ordinary differentiation with respect to t.
We define average scale factor S as

S3 = ABC (2.14)

In analogy with FRW universe, we define a generalized Hubble parameter H and generalized deceleration
parameter q as

H =
Ṡ

S
=

1

3
(H1 +H2 +H3), (2.15)

q = −
Ḣ

H2
− 1 = 2− 3

V V̈

V̇ 2
, (2.16)

where H1 = Ȧ
A
, H2 = Ḃ

B
and H3 = Ċ

C
are directional Hubble’s factors along x, y and z directions

respectively, V is the spatial volume given by

V = S3. (2.17)

Expansion scalar θ and components of shear tensor σj
i for the metric (2.1) are given by

θ = 3H, (2.18)

σ1
1 = H1 −H,σ2

2 = H2 −H,σ3
3 = H3 −H,σ4

4 = 0. (2.19)

Shear scalar σ assumes the form

σ2 =
1

6





(

Ȧ

A
−

Ḃ

B

)2

+

(

Ḃ

B
−

Ċ

C

)2

+

(

Ċ

C
−

Ȧ

A

)2


 . (2.20)

We define the average expansion anisotropy of space by[30]

Ā =
1

3

3
∑

i=1

(

Hi −H

H

)2

. (2.21)
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With the help of equations (2.18) and (2.20), we obtain

Ā = 6
σ2

θ2
. (2.22)

From equations (2.10)-(2.13), we have

Ä

A
−

B̈

B
+

(

Ȧ

A
−

Ḃ

B

)(

Ċ

C
+ 2η

)

= 0, (2.23)

B̈

B
−

C̈

C
+

(

Ḃ

B
−

Ċ

C

)(

Ȧ

A
+ 2η

)

= 0. (2.24)

On integration, equations (2.23) and (2.24) lead to

Ȧ

A
−

Ḃ

B
=

k1
S3

e−2
∫
ηdt, (2.25)

Ḃ

B
−

Ċ

C
=

k2
S3

e−2
∫
ηdt, (2.26)

where k1 and k2 are constants of integration.
From equations (2.15), (2.25) and (2.26), we get

Ȧ

A
=

Ṡ

S
+

k2 + 2k1
3S3

e−2
∫
ηdt, (2.27)

Ḃ

B
=

Ṡ

S
+

k2 − k1
3S3

e−2
∫
ηdt, (2.28)

Ċ

C
=

Ṡ

S
−

2k2 + k1
3S3

e−2
∫
ηdt. (2.29)

We propose the form of shear and bulk viscosity as considered by Saha[31], Mostafapoor and Grφn[32]
as:

η = 3η0
Ṡ

S
(2.30)

and

ζ = ζ0 + ζ1
Ṡ

S
+ ζ2

S̈

S
, (2.31)

where η0, ζ0, ζ1 and ζ2 are constants.
Equations (2.27), (2.28) and (2.29) together with (2.30) reduce to

Ȧ

A
=

Ṡ

S
+

k2 + 2k1
3S3+6η0

, (2.32)

Ḃ

B
=

Ṡ

S
+

k2 − k1
3S3+6η0

, (2.33)

Ċ

C
=

Ṡ

S
−

2k2 + k1
3S3+6η0

. (2.34)

We obtain

σ1
1 =

k2 + 2k1
3S3+6η0

, (2.35)
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σ2
2 =

k2 − k1
3S3+6η0

, (2.36)

σ3
3 = −

2k2 + k1
3S3+6η0

, (2.37)

σ4
4 = 0. (2.38)

Therefore,

σ =
k

S3+6η0
, (2.39)

where 3k2 = k21 + k22 + k1k2.
Equations (2.10)- (2.13) and (2.9) can be written in terms of H, σ and q as

p̄− Λ = (2q − 1)H2 − σ2, (2.40)

ρ+ Λ = 3H2 − σ2, (2.41)

ρ̇+ 3(ρ+ p̄)H + Λ̇ = 12η0Hσ2. (2.42)

From equations (2.40) and (2.41), we get

Ḣ = −3H2 +
1

2
(ρ− p) +

3

2
ζH + Λ, (2.43)

which is the Raychaudhuri equation for the present models. This equation shows that the shear viscosity
does not affect the mean expansion rate but bulk viscosity and positive Λ increase the rate of expansion.
From equations (2.40), (2.41) and (2.43), we get

Ḣ +
3

2
(1 + ω)H2 −

3

2
ζH −

(1 + ω)

2
Λ =

3(ω − 1)

4
ĀH2 (2.44)

Thus, the anisotropy does not influence the mean expansion rate of a flat unverse for Zel’dovich fluid
(ρ = p). Also σ̇ = −(3 + 6η0)σH. Thus the energy density associated with anisotropy σ decays due to
expansion by converting into photons and presence of shear viscosity accelerates this decay.

3 Solution and Discussion

Observations of the temperature of Cosmic Microwave Background Radiation(CMBR) suggest that the
universe is expanding quite isotropically since the epoch in which it became definitively transparent
to radiation. Recent history of our observed universe is well represented by spatially flat Friedmann-
Robertson-Walker models which are both homogeneous and isotropic. The assumption of space isotropy
seems to be very artificial at early stages of the cosmological expansion. Instability of homogeneous
isotropic cosmological models against perturbations near the singularity indicates that FRW models in
some sense are good global approximation of the present day universe but they are not likely to describe
the early universe suitably. Therefore, it would be more appropriate to study cosmological models in
which anisotropy of space existing at the beginning of universe are damped out in the course of evolution
leading to isotropic phase. Average expansion anisotropy of space is given by

Ā = 6
σ2

θ2
. (3.1)

A possible way to obtain a cosmological model described above, we consider σ
θ
to be a function of S so

that anisotropy σ
θ
decreases and eventually goes over to isotropic phase with negligible σ

θ
at late times.

For the Bianchi type I space-time, we obtain from (2.18) and (2.39)

σ

θ
=

k

V 2η0 V̇
= f(V ). (3.2)
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We observe that when σ
θ
is constant, equation (3.2) becomes

k

V 2η0 V̇
= b(constant), (3.3)

which integrates to yield

S3 = V = (k0t+ k1)
1

(2η0+1) . (3.4)

where k0 = (2η0+1)k
b

and k1 is constant of integration.
For this assumption θ ∝ t−1 and q = 2. In this case, the model does not approach isotropy and represents
decelerating expansion throughout the evolution of the universe.
Integrating equation (3.2), we obtain

k(t+ t0) =

∫

V 2η0f(V )dV , (3.5)

where t0 is a constant of integration.
The choice of the function f(V ) is quite arbitrary. To obtain a mathematically tractable and physically

viable model of the universe consistent with observations, we consider two simple cases. We propose the
function f(V ) as

f(V ) =

{

1
V 2η0 (a+V )m

;
1

V 2η0 (a2+V 2)
1
2
, (3.6)

where a(> 0) and m(> 0) are constants. For these choices, we obtain σ
θ
6= 0 in the beginning of universe

(i.e.S ≈ 0) whereas at late times (i.e.S → ∞), σ
θ
→ 0.

3.1 Case 1

f(V ) =
1

V 2η0(a+ V )m
; a(> 0),m(> 0). (3.7)

For this choice of f(V ), the Hubble parameter H and deceleration parameter q come out to be

H =
k(a+ S3)m

3S3
, (3.8)

q = 2−
3mS3

a+ S3
. (3.9)

We assume that S = 0 for t = 0. We observe that, when S ≈ 0, q ≈ 2; q = 0 for S3 = 2a
3m−2 and for

S3 > 2a
2m−2 , q < 0. Therefore, the range of q is 2− 3m ≤ q ≤ 2. For m > 2

3 , q may attain negative
value and for m = 1, −1 ≤ q ≤ 2. Thus universe begins with a decelerating expansion and the expansion
changes from decelerating phase to an accelerating one. This cosmological scenario is in agreement with
SNeIa astronomical observations [33-37] and it presents a unified description of the evolution of the
universe.

From (2.40), (2.41), (3.8) and (3.9), we obtain expressions for pressure p and matter density ρ as:

p =
k2(a+ S3)2m−1

3S6
{a+ S3(1− 2m)} −

k2

S6+12η0
+ 3ζH + Λ (3.10)

i.e.

p =
k2(a+ S3)2m−1

3S6
{a+ S3(1− 2m)} −

k2

S6+12η0

+
ζ0k(a+ S3)m

S3
+

ζ1k
2(a+ S3)2m

3S6

+
ζ2k

3(a+ S3)2m−1

9S9
[(3m− 2)S3 − 2a] + Λ

(3.11)
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and

ρ =
k2(a+ S3)2m

3S6
−

k2

S6+12η0
− Λ. (3.12)

We observe that the model has singularity at t = 0 (i.e.S = 0). For m < 1 and large values of S, we get
p = −ρ = Λ, i.e. the universe is dominated by vacuum energy at late times. For m = 1, equations (3.8)
and (3.9) give H−1 = 2−q

k
. Thus H−1 increases as q decreases being maximum (= 3

k
) for qmin = −1.

From equations (3.5) and (3.7), we get

k(t+ t0) =

∫

1

(a+ V )m
dV. (3.13)

We discuss the solution of (3.13) for m = 1 and m 6= 1.

3.1.1 Subcase-I

For m = 1, equation (3.13) integrates to give

V = ek(t+t0) − a. (3.14)

Assuming S = 0 for t = 0, we get t0 = 1
k
log(a).

Therefore
V = S3 = {a(ekt − 1)}. (3.15)

Matter density ρ and cosmological term Λ for the model are given by

ρ =
1

ω + 1

[

2k2e−kt

3(1− e−kt)2
−

2k2

{a(ekt − 1)}4η0+2

]

+
1

ω + 1

[

ζ0k

(1− e−kt)
+

ζ1k
2

3(1− e−kt)2
+

ζ2k
3(1− 3e−kt)

9(1− e−kt)3

]

,

(3.16)

Λ =
(ω − 2e−kt + 1)k2

3(ω + 1)(1− e−kt)2
+

(1− ω)k2

(ω + 1){a(ekt − 1)}4η0+2

−
1

ω + 1

[

ζ0k

(1− e−kt)
+

ζ1k
2

3(1− e−kt)2
+

ζ2k
3(1− 3e−kt)

9(1− e−kt)3

]

.

(3.17)

Expansion scaler θ, shear scalar σ, deceleration parameter q, coefficients of shear viscosity η and bulk
viscosity ζ for the model are obtained as

θ =
k

1− e−kt
, (3.18)

σ =
k

{a(ekt − 1)}2η0+1
, (3.19)

q = 3e−kt − 1, (3.20)

η =
η0k

1− e−kt
, (3.21)

ζ = ζ0 +
ζ1k

3(1− e−kt)
+

ζ2k
2(1− 3e−kt)

9(1− e−kt)2
. (3.22)

We observe that the model has singularity at t = 0. The model starts with big-bang from its singular state
at t = 0. Expansion in the model decreases and spatial volume of the model increases as time increases.
For large t (i.e. t → ∞), expansion in the model becomes finite. The physical quantities ρ, σ, Λ, η and ζ

are infinite and q = 2 for t = 0. In limit of large times (i.e.t → ∞), ρ → 1
ω+1

[

ζ0k + ζ1k
2

3 + ζ2k
3

9

]

, σ → 0,

ISSN: 2153-8301 Prespacetime Journal www.prespacetime.com

Published by QuantumDream, Inc.



Prespacetime Journal | August 2014 | Volume 5 | Issue 8 | pp. 785-803 792

Singh, J. P., Baghel, P. S. and Singh, A., Bianchi Type I Cosmological Models with Viscous Fluid and Decaying

Vacuum Energy

Λ → k2

3 − 1
ω+1

[

ζ0k + ζ1k
2

3 + ζ2k
3

9

]

, η → η0k, ζ → ζ0 +
ζ1k
3 + ζ2k

2

9 and q → −1. From (3.20) we conclude

that the time tq = 1
k
ln 3, when the expansion changes from the decelerating phase to an accelerating

one. We observe that the presence of bulk viscosity does not allow the matter density to become zero in
infinitely far future. Also, at late times cosmological term Λ tends to a genuine cosmological constant. The
nature of decaying vacuum energy density Λ(t) in our derived model is supported by recent cosmological
observations. Coefficients of shear and bulk viscosity tend to genuine constants for large values of t. We
also find that the presence of bulk viscosity is to increase the value of matter density ρ and to decrease
the value of vacuum energy density Λ. In the absence of bulk viscosity, the model results in a de Sitter

universe for large values of t with H =
√

Λ
3 = k

3 and matter density becomes negligible asymptotically.

Presence of bulk viscosity prevents the model to reduce to de Sitter universe asymptotically.
For the model expansion anisotropy

σ

θ
=

1− e−kt

{a(ekt − 1)}2η0+1
(3.23)

We observe that in the absence of shear viscosity (i.e.η0 = 0), σ
θ
is non-zero finite at t = 0 whereas in the

presence of shear viscosity, σ
θ
becomes infinite at t = 0. For large values of t, σ

θ
tends to zero. Therefore,

the model approaches isotropy at late times. The shear viscosity is found to be responsible for faster
removal of initial anisotrpies in the universe. Variation of ρ, Λ, σ/θ and q with cosmic time t are shown
in Figs. [1-4].

3.1.2 Subcase-II

When m 6= 1, integrating equation (3.13), we obtain

V = {a1−m + (1−m)kt}
1

1−m − a (3.24)

Therefore
S = [{a1−m + (1−m)kt}

1
1−m − a]

1
3 (3.25)

Thus scale factor S is increasing function of time for 0 < m < 1. The expressions for matter density ρ
and cosmological term Λ for the model are obtained as

ρ =
2k2

[

a1−m + (1−m)kt
]

2m
1−m

3(ω + 1)
[

{a1−m + (1−m)kt}
1

1−m − a
]2 ·

[

1−m{1− a(a1−m + (1−m)kt)
−1

1−m }
]

−
2k2

(ω + 1)
[

{a1−m + (1−m)kt}
1

1−m − a
]4η0+2

+
ζ0k{a

1−m + (1−m)kt}
m

(1−m)

(ω + 1)
[

{a1−m + (1−m)kt}
1

(1−m) − a
]

+
ζ1k

2{a1−m + (1−m)kt}
2m

1−m

3(ω + 1)
[

{a1−m + (1−m)kt}
1

1−m − a
]2

+
ζ2k

3{a1−m + (1−m)kt}
3m

1−m

9(ω + 1)
[

{a1−m + (1−m)kt}
1

(1−m) − a
]3 ·

[

(3ω − 2)− 3ma{a1−m + (1−m)kt}
−1

1−m

]

,

(3.26)
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Λ =
k2{a1−m + (1−m)kt}

2m
1−m

3(ω + 1)
[

{a1−m + (1−m)kt}
1

1−m − a
]2 ·

[

ω − 1 + 2m{1− a(a1−m + (1−m)kt)
−1

1−m }
]

+
(1− ω)k2

(1 + ω)
[

{a1−m + (1−m)kt}
1

1−m − a
]4η0+2

−
ζ0k{a

1−m + (1−m)kt}
m

1−m

(ω + 1)
[

{a1−m + (1−m)kt}
1

1−m − a
]

−
ζ1k

2{a1−m + (1−m)kt}
2m

1−m

3(ω + 1)
[

{a1−m + (1−m)kt}
1

1−m − a
]2

−
ζ2k

3{a1−m + (1−m)kt}
3m

1−m

9(ω + 1)
[

{a1−m + (1−m)kt}
1

1−m − a
]3 ·

[

(3ω − 2)− 3ma{a1−m + (1−m)kt}
−1

1−m

]

.

(3.27)

Expansion scalar θ, shear scalar σ, deceleration parameter q, coefficients of shear viscosity η and bulk
viscosity ζ of the model are given by

θ =
k{a1−m + (1−m)kt}

m

1−m

[

{a1−m + (1−m)kt}
1

1−m − a
] , (3.28)

σ =
k

[

{a1−m + (1−m)kt}
1

1−m − a
]2η0+1 , (3.29)

q = 2− 3m
[

1− a{a1−m + (1−m)kt}
−1

1−m

]

, (3.30)

η =
η0k{a

1−m + (1−m)kt}
m

1−m

[

{a1−m + (1−m)kt}
1

1−m − a
] , (3.31)

ζ =ζ0 +
kζ1{a

1−m + (1−m)kt}
m

1−m

3
[

{a1−m + (1−m)kt}
1

1−m − a
]

+
ζ2k

2{a1−m + (1−m)kt}
2m

1−m

[

{a1−m + (1−m)kt}
1

(1−m) − a
]2 ·

[

(3m− 2)− 3am{a1−m + (1−m)kt}
−1

1−m

]

.

(3.32)

We observe that the model starts with big-bang from its singular state at t = 0 and the expansion in the
model decreases with increase of time whereas spatial volume of the model increases as time increases.
At t = 0, ρ, Λ, θ, σ, η and ζ all diverge for 0 < m < 1. These quantities become negligible for large values
of t but ζ → ζ0 for t → ∞. At t = 0, q = 2 and for t → ∞, q = 2− 3m. Thus model represents initially
decelerating and late time accelerating expansion for 2

3 < m < 1.
For the model

σ

θ
=

1
[

{a1−m + (1−m)kt}
m

1−m

]

[

{a1−m + (1−m)kt}
1

1−m − a
]2η0

(3.33)
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We notice that σ
θ
is a non-zero finite quantity at t = 0 in the absence of shear viscosity and presence of

shear viscosity makes σ
θ
infinite at t = 0. For large t, σ

θ
→ 0 implying that the model approaches isotropy.

We observe that the presence of shear viscosity accelerates the process of isotropization. Variation of ρ,
Λ, σ/θ and q with cosmic time t are shown in Figs. [5-8].

3.2 Case 2

f(V ) =
1

V 2η0(a2 + V 2)
1
2

. (3.34)

For this assumption of f(V ), the Hubble parameter H and deceleration parameter q turn out to be

H =
k(a2 + S6)

1
2

3S3
, (3.35)

q = 2−
3S6

(a2 + S6)
. (3.36)

We observe that at S = 0, q = 2 and for S ≥ (2a2)
1
6 , q ≤ 0. Therefore model starts with decelerating

expansion at S = 0. For S = (2a2)
1
6 , expansion in the model changes from decelerating phase to an

accelerating one.
From equations (2.40), (2.41), (3.35) and (3.36), pressure p and matter density ρ are given by

p =
k2(a2 − S6)

3S6
−

k2

S6+12η0
+ 3ζH + Λ (3.37)

i.e.

p =
k2(a2 − S6)

3S6
−

k2

S6+12η0

+
ζ0k(a

2 + S6)
1
2

S3
+

ζ1k
2(a2 + S6)

3S6

+
ζ2k

3(a2 + S6)
1
2 (S8 + S2a2 − 3a2)

9S11
+ Λ,

(3.38)

ρ =
k2(a2 + S6)

3S6
−

k2

S6+12η0
− Λ. (3.39)

We observe that model has singularity at S = 0. For S → ∞, p = −ρ + kζ0 +
k2

3 ζ1 +
k3

9 ζ2. Equation
(3.5) together with (3.34) gives

k(t+ t0) =

∫

dV

(a2 + V 2)
1
2

. (3.40)

Integrating (3.40), we get
V = a sinh kt (3.41)

Therefore
S = (a sinh kt)

1
3 (3.42)

The expressions for matter density ρ and cosmological term Λ are given by

ρ =
1

ω + 1

[

6

cosh2 kt
−

2k2

(a sinh kt)4η0+2
−

]

+
k

ω + 1
·

[

ζ0 coth kt+
ζ1k coth

2 kt

3
+

ζ2k
2 coth kt csch2kt(cosh2 kt− 3)

9

]

,

(3.43)

ISSN: 2153-8301 Prespacetime Journal www.prespacetime.com

Published by QuantumDream, Inc.



Prespacetime Journal | August 2014 | Volume 5 | Issue 8 | pp. 785-803 795

Singh, J. P., Baghel, P. S. and Singh, A., Bianchi Type I Cosmological Models with Viscous Fluid and Decaying

Vacuum Energy

Λ =

(

ω + 1−
2

cosh2 kt

)

k2 coth2 kt

3(ω + 1)

+
(1− ω)k2

(1 + ω)(a sinh kt)4η0+2
−

k

ω + 1
·

[

ζ0 coth kt+
ζ1k

3
coth2 kt+

ζ2k
2

9
coth kt csch2kt(cosh2 kt− 3)

]

.

(3.44)

Expansion scalar θ, shear scalar σ, deceleration parameter q, coefficients of shear viscosity and bulk
viscosity of the model are given by

θ = k coth kt, (3.45)

σ =
k

(a sinh kt)2η0+1
, (3.46)

q =
3

cosh2 kt
− 1, (3.47)

η = η0k coth kt, (3.48)

ζ = ζ0 +
ζ1k

3
coth kt+

ζ2k
2

9
csch2kt(cosh2 kt− 3). (3.49)

We observe that model has singularity at t = 0. The model begins with big-bang start from its singular
state. Spatial volume of model increases with increase in time. At t = 0, ρ, Λ, θ, σ, η and ζ all diverge.

In the limit of large times (i.e.t → ∞), ρ → 1
ω+1 [ζ0k+

ζ1k
2

3 + ζ2k
3

9 ], Λ = k2

3 − 1
ω+1 [ζ0+

ζ1k
3 + ζ2k

3

9 ], θ → k,

σ → 0, η = η0k and ζ → ζ0 +
ζ1k
3 + ζ2k

2

9 . At t = 0, q = 2 and q = −1 for t = ∞. We observe that the
presence of bulk viscosity increases the value of ρ and decreases the value of Λ. In the absence of bulk
viscosity, we recover de Sitter universe at late times. Thus the presence of bulk viscosity prevents the
model to tend to a de Sitter universe asymptotically.
For the model

σ

θ
=

1

a cosh t(a sinh t)2η0
. (3.50)

We observe that in the absence of shear viscosity i.e. η0 = 0, σ
θ
= 1

a
at t = 0 whereas in presence of shear

viscosity, σ
θ
becomes infinite at t = 0. For t → ∞, σ

θ
→ 0. Therefore, the model approaches isotropy at

late times. We also observe that the presence of shear viscosity accelerates the process of isotropization.
The evolution of cosmological parameters against cosmic time t are shown in the Figs. [9-12].

4 Conclusion

In this article, Bianchi type I cosmological models are investigated in the presence of viscous fluid source
and time dependent cosmological term Λ. Exact solutions of Einstein field equations have been obtained
by assuming expansion anisotropy σ

θ
in the models to be a suitable function of spatial volume V . The

resulting models begin with a decelerating expansion and the expansion changes from decelerating phase
to an accelerating one. This cosmological scenario is in agreement with SNeIa astronomical observations
and it presents a unified description of the evolution of the universe. We have found that cosmological
term Λ being very large at initial times relaxes to a genuine cosmological constant at late times which is
in agreement with observations. The presence of bulk viscosity is to increase the value of matter density
ρ and to decrease the value of vacuum energy density Λ. Presence of bulk viscosity prevents the model to
reduce to a de Sitter universe asymptotically except in one subcase m 6= 1. The models being anisotropic
initially reduce to isotropic universe for large values of t. The shear viscosity is found to be responsible
for the faster removal of initial anisotropies in the universe. We observe that the proposed variation law
for expansion anisotropy σ

θ
provides an alternative approach to obtain exact solutions of Einstein’s field

equations. It may remove the discrepancies of the models obtained by assuming σ
θ
to be constant.
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Figure 1: Variation of matter energy density ρ with cosmic time t in subcase m=1.
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Figure 2: Variation of vacuum energy density Λ with cosmic time t in subcase m=1.
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Figure 3: Variation of expansion scalar θ and deceleration parameter q with cosmic time t in subcase
m=1.
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Figure 4: Variation of expansion anisotropy σ
θ
with cosmic time t in subcase m=1.
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Figure 5: Variation of matter energy density ρ with cosmic time t in subcase m 6= 1 .
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Figure 6: Variation of vacuum energy density Λ with cosmic time t in subcase m 6= 1 .
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Figure 7: Variation of expansion scalar θ and deceleration parameter q with cosmic time t in subcase
m 6= 1.
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Figure 8: Variation of expansion anisotropy σ
θ
with cosmic time t in subcase m 6= 1 .
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Figure 9: Variation of matter energy density ρ with cosmic time t in case 2.
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Figure 10: Variation of vacuum energy density Λ with cosmic time t in case 2.
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Figure 11: Variation of expansion scalar θ and deceleration parameter q with cosmic time t in case 2.
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Figure 12: Variation of expansion anisotropy σ
θ
with cosmic time t in case 2.
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