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Abstract

In this paper, we study parallel curves of general helices in Sol®. We characterize parallel curves
of general helices in terms of their curvature and torsion. Finally, we find out their explicit
parametric equations of this new curve in Sol®.
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1. General Helices in Sol Space Sol®

Assume that {T,N,B} be the Frenet frame field along 7. Then, the Frenet frame satisfies the
following Frenet--Serret equations:

VT =xN,
VN = —«T + 1B, (1.2)
VB =—N\,
where x is the curvature of ¥ and 7 its torsion and
gSoﬁ(T’ T):1’gSoF(N’N):]-’gSoF(B’B):l’ (1'2)

gSop (T’ N) = gSoF3 (T' B) = gSol3 (N’ B) = 0

With respect to the orthonormal basis {e,,e,,e,}, we can write
T=Te +T,e,+Te,,
N=N,e, +N,e, +N,e,, (1.3)
B=TxN=Bg, +B,e, +Bg,.

Theorem 1.1. ([14]) Let y:| —Sol® be a unit speed non-geodesic general helix. Then, the

parametric equations of y are
—cosPs—CS

x(s)— sinPe

=————[-cosPcogC.s+C, |+C,sin[Cs+C, [|+C,,
C12+COSZP [ S[ 1 2] 1 [ 1 2]] 4
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cos F’s+C3

y(s)— sinPe

=2 ————[-C,codC,s+C,]+cosPsin[C;s +C, ]| + C;,3.4 (1.4)
C] +cosP

2(s)=cosPs+C;,
where C,,C,,C;,C,,C, are constants of integration .

The obtained parametric equations for Eq.(1.4) is illustrated in Fig.1:

Fig.1

2. Parallel Curves of General Helices in Sol Space Sol®

We introduce a new curve as parallel curve. Firstly, a spherical wave consisting of points R at
the distance r from the moving point }/(S), we have

g,,¢ (1(s)-R.¥(s)-R)=r". (2.1)

Then above equation implies
7(s)-R=aN+bB
for appropriate coefficients a,b.

Theorem 2.1. Let y:| —Sol® be a unit speed non-geodesic general helix and Ry its parallel

curve on Sol*. Then,
_ sinP . cosPs+Cq
R, =[———=[-cosPcodC;s+C,]+C,sin[C;s+C,]l+C,e
C; +cos’P
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+i2[—CisinPsin[Cls+C2]+ cosPsinPcodC,s+C, ||
K

1

1
(r _%)2[%sinPsin[Cls+CzlsinZPsinz[Cls+Cz]—Sin2PCOSZ[C13+C2]

- 1cosP[CisinPcos[Cls +C, |- cosPsinPsin[C,s + C, [ITle, (2.2)
K

1

sinP . —cosPs—-C
—————[-C,c09C,s+C, [+cosPsin|C,s+C, [|+C.e 3
& roapl CieodCis+CucosPsinC:s +C. 4,

+i2[CisinPcos[Cls+C2]—cosPsinPsin[Cls+Cz]]
K

1
151 .
_(r2_F)Z[;smPcos[Cls+Czlsin2Psin2[C13+C2]—Sin2PCOSZ[Cls+C2]

—icosP[—CisinPsin[Cls +C,|+cosPsinPcodC,s+C, l]le,
K

1

1
+[cosPs +C, +F[sin2Psin2[C15+C2]—Sin2PCOSZ [Cis+C, ]l

1
+(r? —%)2[%sinPcos[Cls+C21CisinPcos[Cls+C2]—cosPsinPsin[Cls+C2]
1
—isinPsin[Cls+CZI—CisinPsin[Cls+C2]+ cosPsinP coqC,s+C, [[lle..
K 1

where C,,C,,C;,C,,C, are constants of integration .
Proof. Assume that y be a unit speed non-geodesic general helix.

From (2.1), we have
ax+1=0anda® +b* =r?
Since
a=—Landb = (r’ —iz) :
K K

1
2

Thus we easily obtain that

1 1.2
R;/ = ]/+;N+(r2 —F)ZB.
On the other hand, from Theorem 1.1, we get
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T=sinPcodC,s+C, k, +sinPsin[C;s+C, e, +cosPe,.
Using first equation of Eq.(1.3), we have

V,T=(T +TT R+ -T,T, R, +(Ts -T2 +T2 ks
Here, V is covariant derivative.

By the use of Frenet formulas and above equation, we get

N = 1[—CisinPsin[ClerCZ]Jr cosPsinPcogC,s+C, le,
K

1

+1[CisinPcos[Cls +C, |-cosPsinPsin[C,s +C, Jle, (2.3)
K

1

1
+;[sin2F’sin2 [Cls+C2]—sin2F>cos2 [ClS+C2]]es.

Also, we immediately arrive at
B:[lsinPsin[Cls+Czlsin2Psin2[Cls+cz]—sin2Pcosz[cls+cz]
K

—icosP[CisinPcoicls +C,|-cosPsinPsin[C,s+C,]lle,
K

1
1.
—[;smPcos[ClsJrCZIsinzPs,in2 [C;s+C,]-sin?Pcos’[C,s+C, ]
—lcosP[—CisinPsin[Cls +C, |+ cosPsinPcodC,s +C, [lle, (2.4)
K

1

+[£sinPcos[Cls+CZICisinPcos[Cls+C2]—cosPsinPsin[Cls+C2]
K

1
—isinPsin[Cls+CZI—CisinPsin[Cls+Cz]+ cosPsinPcodC,s+C, [[e,.
K 1

Combining Eq.(2.3) and Eq.(2.1), we obtain Eq.(2.2). Hence the proof is completed.

Theorem 2.2. Let y:| —Sol® be a unit speed non-geodesic general helix and Ry its parallel

curve on SoI°. Then, the parametric equations of R , are

1
Xs, = exp[-[cosPs +C; +F[sin2F’sin2 [Cis+C,]-sin’Pcos?[Cs+C, ]

1
+(r? —%)ﬂ%sinpcos[cls+C21CisinPcos[Cls+C2]—cosPsinPsin[Cls+C2]

1
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—isinPsin[Cls+C?_I—CisinPsin[Cls+C2]+ cosPsinPcodC,s+C, [[1I]

K 1
sinP P S[C C] C.si [C C]] C CosPs+Cg
[m[—cos co 1S+C, [+ 1S|n S+ I+ 49
+%[—CisinPsin[Cls+C2]+cosPsinPcos[Cls+C2]] (2.5)
1

1
+(r? _%)2[%sinPsin[Cls+CZIsin2F’sin2 [Cis+C,]=sin’Pcog[Cis+C,]

—icosP[CisinPcos[ClﬁCZ]—cosPsinPsin[Cls+CZ]]]],
K

1

1
Ve, = exp[-{cosPs +C; JrF[sinzPsin2 [C;s+C,]-sin?Pcod[Cis+C, ]l

1
+(r? —%)2[%sinPcos[Cls+C21CisinPcos[Cls+C2]—cosPsinPsin[Cls+C2]

1

—isinPsin[Cls+C?_I—CisinPsin[Cls+C2]+ cosPsinP coqC,s+C, [[1I]
K

1
ZS’LPZ [-C, codC,s+C, ]+ cosPsin[C,s+C, J]l+ C.e ™7
Ci +cosP
+i2[CisinPcos[Cls +C,|-cosPsinPsin[C,s +C, ]|
K

1
151 .
_(r2_F)Z[;smPcos[Cls+Czlsin2Psin2[C13+C2]—Sin2PCOSZ[Cls+C2]

—icosP[—isinPsin[Cls+C2]+ cosPsinPcodC,s+C, [I1l.

K C,

1
2, =[cosPs+C; +F[sin2Psin2 [C;s+C,]-sin?Pcog[C,s+C, ]l

1
+(r? —iz)z[lsinPcos[Cls+C21CisinPcos[Cls+C2]—cosPsinPsin[Cls+C2]
Kk K L
—isinPsin[Cls+CZI—CisinPsin[Cls+C2]+ cosPsinPcogC,s+C, [[l],
K 1
where C,,C,,C;,C,,C, are constants of integration .
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Similarly, the obtained parametric equations for Eq.(2.5) is illustrated in Fig.2:
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