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1. Introduction 

 

In computer vision, the exponential map is the natural generalisation of the ordinary 
exponential function to matrix elements. The technique is based on generating a manifold 
embedding of the geometric features of the scene on which to estimate trajectories primarily 
of motion or invariance. An advantage of using the exponential map is the existence of a closed 
form time-update equation for the state. 

 

 

2. Lorentzian Heisenberg Group 12 nH  

 

We begin with a well-known description of the Heisenberg group of dimension 12 n . Let nR  

RR n  be the Euclidean space with coordinates ),,( tyx  where ),...,(= 1 nxxx    nR ; =y  

),...,( 1 nyy    nR ; t  R . Then the Heisenberg group 12 nH  is this space with the following 

multiplication rule: 

   ,,,,,=),,(),,( yxyxttyyxxtyxtyx ''''''''   

where ,  is a scalar product in nR . The element zero, 0 = (0,...,0), is the unit of this group 

structure. 
 

Let ),(= 12

12 gn

n



 RH  be the Lorentzian Heisenberg group endowed with the Lorentzian metric g 

which is defined by 
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   2

1=

2

1=

2

1=

)
2

1
(= iiii

n

i

i

n

i

i

n

i

dyxdxydtdydxg    (2.1) 

 

Note that the metric g  is left invariant. 

 
The vector fields 

 
tt

x
yt

y
x

i

i

ii

i

i





















=,

2

1
=,

2

1
= TYX  (2.2) 

are then left-invariant vector fields. We define the left-invariant metric on 12 nH  by taking 

 T,Y,X ii  as the orthonormal frame. 

 
The bracket relations for our left-invariant fields 

         .0,===,2= jiiijiii T,YT,XY,XTY,X  (2.2) 

 

 

3.  Exponential maps in 12 nH  

 

The mapping 

 
X

n
X
n

exp
1212:exp 


 Hh  

is called exponential mapping and for R ts, , 

   .expexp=exp sXtXXst   

 

Let 12  np H  and  12 

 nCf H . Since the homomorphism   tXt exp=  satisfies   ,=0 X'  

we obtain 

     .exp==
~

0=t

pp tXpf
dt

d
LfXfX









  

, [20]. 
 

It follows that the value of fX
~

 at  uXpexp  is 

       .exp=expexp=exp
~

0=

uXpf
du

d
tXuXpf

dt

d
uXpfX

t







 

 

By induction 

     uXpf
du

d
uXpfX

m

m
m exp=exp

~
. 

 
The Taylor formula is given by 

     .~

!

1
=exp

0=

gfX
m

tXpf m

m




 (3.1) 
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Theorem 3.2.  

           TYXKE   iiiiii

n

i

ttt
1=

{exp=expexp  

     Π}TξTTT
222

222 ttt
   (3.2) 

where E  and K  are arbitrary vector field and  ,,,,,, 12 

 niiii C H   

       iijjiiiijjjjii

n

ji

XYTXXXX=Π   [[
1=1,=

 

         iijjjjiiiiiiii YXXYTXTTX    

         iiiiiijjjjii YTTYYYYY    

          T].YYXYTTXXT  jjjjiijjjjjj   

 

 

Proof. Assume that 

 T,YXE   iiii

n

i 1=

=  

 TYXK   jjjj

n

j 1=

=  

where  12,,,,, 

 niiii C H . 

 
Then we can write 
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

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
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  .,,
1=1=

TTYTXT,  







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
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

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Using (2.2), we get 

       iijj

n

ji

jjii

n

ji

jiji

n

ji

jj

n

j

ii

n

i

XXXXXXXX   








1=1,=1=1,=1=1,=1=1=

,=,  

     ,=
1=1,=1=1,=

iijj

n

ji

jjii

n

ji

XXXX     
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By straightforward calculation we have 
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Since 12 nH  have 2-step nilpotent, we have  

   0.=3tO  (3.4) 

 

Using (3.3) and (3.4) we get (3.2). This completes the proof. 
 

By applying Theorem 3.2. we get 
 

Corollary 3.3 

i)       ,
2
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






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ii)      ,exp=expexp TXTX ii ttt  

iii)      .exp=expexp TYTY ii ttt  

 

Theorem 3.4 
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where E  and K  are arbitrary vector field and  ,,,,,, 12 
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Proof. Applying  Etexp  ve  Ktexp  in (3.2), we have 
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is called commutator curve in 12 nH , [27]. 

 

Theorem 4.2 If we use basis vectors iX  and ,iY  we have   

     TT, =0exp= 'tt   

 

 

Proof Combining (3.1), (3.2) and (4.1), we have  

   
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







































 iiii ttttt YXYX 2

1

2

1

2

1

2

1

expexpexpexp=  

 

Then, we have  

    .exp= Ttt  

 

Using Definition 4.1, we obtain 

   T.=0'  

 

We can give the following theorem: 
 

Theorem 4.3 In general, the commutator curve is given by 

       },{exp=  tttt TTTT   

 where E  and K  are arbitrary vector field and  ,,,,,, 12 

 niiii C H   

       iijjiiiijjjjii

n

ji

XYTXXXX=Π   [[
1=1,=

 

         iijjjjiiiiiiii YXXYTXTTX    

         iiiiiijjjjii YTTYYYYY    

          T].YYXYTTXXT  jjjjiijjjjjj   

 

 

Proof. Using Theorem 3.4 ve Definition 4.1 we have theorem. W  

 

Corollary 4.4 In general, tangent vector of the commutator curve at 0 is given by 

       .=0  TTTT  '  
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