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Abstract
In this paper, we study comutator curves in terms of exponential maps in the generalized
Lorentzian Heisenberg group.
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1. Introduction

In computer vision, the exponential map is the natural generalisation of the ordinary
exponential function to matrix elements. The technique is based on generating a manifold
embedding of the geometric features of the scene on which to estimate trajectories primarily
of motion or invariance. An advantage of using the exponential map is the existence of a closed
form time-update equation for the state.

2. Lorentzian Heisenberg Group H,, ,

We begin with a well-known description of the Heisenberg group of dimension 2n+1. Let R" x
R"xR be the Euclidean space with coordinates (X,Y,t) where x=(X,..,X,) € R"; y=

(Yys- Y,) € R"; te R. Then the Heisenberg group H, , is this space with the following
multiplication rule:

Y00y 1) = (XX, y+y tt +(<x, y'>—<x',y>»
where <,> is a scalar product in R". The element zero, 0 = (0,...,0), is the unit of this group

structure.

Let H, ., = (R*™",g) be the Lorentzian Heisenberg group endowed with the Lorentzian metric g
which is defined by

*
Correspondence: Essin Turhan, Firat University, Department of Mathematics 23119, Elazig, Turkey. E-Mail: essin.turhan@gmail.com

Prespacetime Journal Www.prespacetime.com
Published by QuantumDream, Inc.


mailto:essin.turhan@gmail.com

Prespacetime Journal| October 2013 | Volume 4 | Issue 9 | pp. 851-858 852
Kérpinar, T. & Turhan, E., Commutator Curves & Exponential Maps on Generalized Heisenberg Group

n

g= def +Zdyi2 —(dt+%2(yidxi —x,dy, ))? (2.1)

i=1
Note that the metric ¢ is left invariant.

The vector fields

FESNC (2.2)
27t

_0
o
are then left-invariant vector fields. We define the left-invariant metric on H, ., by taking
{Xi Y, ,T} as the orthonormal frame.

The bracket relations for our left-invariant fields
X Y]=2T, [X.Y, =[x, T]=[¥, T]=0, i+ 2.2

3. Exponential mapsin H,, ,

The mapping

EXp :h2n+1 _)H2n+1
X — expX

is called exponential mapping and for Vs,t eR,
exp(t +5)X = exptX expsX.

Llet peH, ., and f eC”(H,,,,). Since the homomorphism &(t)=exptX satisfies 6(0)=X,
we obtain

- d
X f=Xx(f ol_p):{a f(pexptx)}

t=0

, [20].

It follows that the value of Xf at (pexpuX) is

[)kapexpux):{%f(pexpuXexth)} —: f (pexpuX ).

t=0 u

By induction
m

[)mekpexpux): (;jum f(pexpuX).

The Taylor formula is given by

f(pexth):Zﬁ[X fkg). (3.1)
m=0 i
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Theorem 3.2.
exp(tE )exp(tK ) exp{tZ[ o+ )X+ (B + 1Y, +(y +&)T]
t2
Lgr-Letretm
where E and K are arbitrary vector field and o, 5., A4, 14,7, & € C°°(H2n+l),
m=| z [ X (/1] )Xj _ljxj(ai )Xi +a s T— 1Y, (ai )Xi

X (T T )X = BAT+BY 4 X, =4 (B)Y,
+ B )Y = 1Y, (B)Y: + BY(ET-ET(B)Y,
+7T(ﬂj)xj ‘ﬂjxj(7/)T+7T(/“j )Yj +0‘ixi(ﬂj)YJ —,u,-Y,-(}/)ﬂ-

Proof. Assume that

E= Za BY,+ T,

K :Z/ljxj +,uJ-YJ- +§T
j=1
Where O!i,ﬂi,&,ﬂn]/;é:ecw(HZnﬂ)'

Then we can write

[E.K]= [za ﬁimﬂ,gzjxﬁﬂjvjm}
= %, 30 1| S, S, |+ S o7
580, | S

Using (2.2), we get
{Zn:aixi,zn‘ﬂjxj}
= Z“.X.( ) /Ijxj(ai)xii

i=1,j=1 i=1,j=1
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{iaixwium} = Zn: aiH; [Xi’Yj]Jr i %X (ﬂj )Yj B i Y (e )X

i=1,j=1 i=1,j=1 i=1,j=1

S St~ $ vt
LGllaiXi ) ﬂ} = iznl:aif[xi T+ Zl:aixi (&)T- Zﬂ(% )X
= > X (€T Y eTler X

i=1

[iﬂmiﬁjxj} S AN X Y AN X - Y A, (R)Y,

i=1,j=1 i=1,j=1 i=1,j=1

—ZMT+ S ALK - D AX(B)Y

i=1,j=1 i=1,j=1

{Zﬂvzu } DA WA WA

i=1,j=1 i=1,j=1 i=1,j=1
= DAY= 2 Y (A,
i=1,j= i=1,j=

{ZHY&T} =S el Th AV ET- DTN

i Zﬁv (T- Z&T(ﬂi )Y,

[yT, gzjx ,} = gﬁj [T %, ]+ iﬂ(zj )X, —szx )T
= i:lﬂ(/lj )X, —Z‘ﬂjx )T

[VT' JZ:/UJ'YJ' } = JZ:WJ [T’ Y; ]+ JZ:]T(#J )Y,- - Jzn;/uj Y ()T
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:JZ:]/T(#J' )Yj _J_Zil;“ij(ﬂf)T

[T &T] =y T /T(E)T - T()T
By straightforward calculation we have

[E K ZaIXI( ) j_ iﬂ“ixj +Za,u,T+ ZOCIXI(,UJ)Y

i=1,j=1 i=1,j=1 i=1,j=1
__i :quj(ai)Xi +iaixi(‘§)T_i§T ai Xi _ZﬂiﬂiT
i=1,j=1 i i ;
+ iﬁlYl(ﬂ’J) zﬂ“x ﬂl Y+ iﬂ| |(IUJ)Y (3.3)
- Z/UJ j ﬂ. Y +ZB| T_Zﬂﬂi Yi"‘Z‘]’T(/lJXj

—;ﬂujx J( T+Z;]T(ﬂ,- ), —Zl}th,- ()T +7T(ET-ET()T.

Since H,,,; have 2-step nilpotent, we have

oft®)=0. (3.4)
Using (3.3) and (3.4) we get (3.2). This completes the proof.
By applying Theorem 3.2. we get

Corollary 3.3
2
i) exp(tX; )exp(tY;)= exp{t(xi +Y, )+ % T},

ii) exp(tX; )exp(tT)=expt(X, +T),
iii) exp(tY, )exp(tT)=expt(Y, +T).

Theorem 3.4
exp(—tE )exp(—tK )exp(tE)exp(tK ) = expf{t*yT(&)T —t*&T(y )T +tIT}
where E and K are arbitrary vector field and o, 5., A, 14,7, & € C°°(H2n+l),
=[ Z [ X (/11' )Xj -4 X; (ai )Xi +oiuT—uY, (ai )Xi

i=1,j=1

+aixi(§)T é:T( )X -BAT+BY, ( )Xj_ﬂ’jxj(ﬂi)Yi
+BY e Y = 1Y (B)Y, + BY(ET-ET(B)Y,
+7T(/1j )Xj _}“JXJ(7)T+7T(/JJ' )YJ +ap X (ﬂj )Yj 1Y, ()]

Prespacetime Journal Www.prespacetime.com
Published by QuantumDream, Inc.



Prespacetime Journal| October 2013 | Volume 4 | Issue 9 | pp. 851-858 856
Kérpinar, T. & Turhan, E., Commutator Curves & Exponential Maps on Generalized Heisenberg Group

Proof. Applying exp(—tE) ve exp(—tK) in (3.2), we have
exp(—tE )exp(—ti)exp(tE )expltic) = exoft 3 (e + 4 )%, + (4 + ¥, + (r + ET]

n

e+ )%+ (8 + 1) +(7+5)T]+§[E. K]+§[E, N2

Corollary 3.5
i) exp(—tX; Jexp(~tY; Jexp(tX; Jexp(tY; )= expit*T},

ii) exp(—tX; Jexp(—tT)exp(tX, Jexp(tT)=1,,

n+1

iii) exp(—tY; )exp(—tT)exp(tY, )exp(tT)=1

Hona'
Similarly, we may prove

Theorem 3.6
exp(tE)exp(tK )exp(~tE) = exp{tg[ﬂ,jx YT +§ yT(E) —%ﬂ (» )T+%H}
where E and K are arbitrary vector fielg and o, B, A i, 7, E € C* (Hyn )
=0 [ (2,)X, 2, (@ )X + o T — Y (@)X,

X (ET—ET(a )%, - BAT+ AV, X, ~ 4., (B)Y,
+BY (1, Y, = 1Y (B + BY(ET-ET(B)Y,
+7/T(ﬂ,j)Xj —ﬂ,ij(;/)T+yT(,uj )Yj +“ixi(ﬂj)YJ _f“JYi(?/)TJ-

Corollary 3.7
2
i) exp(tX, )exp(tY, Jexp(—tX;)= exp{tYi +%T},

ii) exp(tX; )exp(tT)exp(—tX; )= exp(tY; Jexp(tT)exp(-tY; )= exp{tT}

4 Commutator Curvesin H, ,

Definition 4.1 The curve
yl—=>Hy, (4.1)

t = ()= 1 1 1 1
exp| —t2X lexp| —t2Y |exp| t2X |exp| t2Y |t=0
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is called commutator curve in H,,,,, [27].

Theorem 4.2 [f we use basis vectors X, and Y;, we have
7(t)=exptT, 7 (0)=T

Proof Combining (3.1), (3.2) and (4.1), we have

1 1 1 1
y(t)= exp(—tZXi jexp(—tZYi ] exp(tzxi ] exp[tZYi J

7(t)= expltT}:

Then, we have

Using Definition 4.1, we obtain
y(0)=T.

We can give the following theorem:

Theorem 4.3 In general, the commutator curve is given by
y(t) = expltyT(E )T —t&T ()T +t13,
where E and K are arbitrary vector field and o, 5, A, 14,7, & € C°°(H2n+1),
Im=[ Z [ X (/11' )Xj _ﬂ’jxj(ai )Xi toiuT—1Y, (ai )Xi

X (T ET(a X, AT+ Ay ), -4, ()
+ By )Y, = 1Y, (B + BY(ET-ET(R)Y,

+7T(’1J)XJ _ﬂjxj(7)T+7T(/v‘j )Yj +aixi(luj)Yj —#J—Yj(ﬂf)ﬂ-

Proof. Using Theorem 3.4 ve Definition 4.1 we have theorem. W

Corollary 4.4 In general, tangent vector of the commutator curve at 0 is given by

¥ (0)= yT(E)T—ET(y)T+11.
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