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Abstract
In this paper, we have investigated five-dimensional static spherically symmetric non-vacuum
solution of the field equation in metric gravity using dust matter and constant Ricci scalar
curvature on the lines of Sharif and Kausar (2011). The density of dust matter and the function of
the Ricci scalar curvature will also be evaluated at constant scalar curvature. It has been observed
that the work of Sharif and Kausar (2011) regarding the four dimensional static spherically
symmetric non-vacuum solution can be obtained by reducing the dimension.
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1. Introduction

The f(R) gravity theory is modified by replacing R with f(R) in the standard Einstein’s Hilbert
action and f (R) is a general function of the Ricci scalar. If we consider R in place of f(R)then
the action of standard Einstein’s Hilbert can be obtained. Thus the f(R) theory of gravity is the

modification of general theory of relativity proposed by Einstein. The study of the solutions in
f (R) theory of gravity is an important source of inspiration for all researchers in the field of

general theory of relativity. In the f(R) theory of gravity there are two approaches to find out

the solutions of modified Einstein’s field equations. The first approach is called metric approach
and second one is known as Palatini formalism.

Many authors have shown keen interest in exploring different issues in f (R) theories of gravity.

Recently, S. N. Pandey (2008) has developed a higher order theory of gravitation based on a
Lagrangian density consisting of a polynomial of scalar curvature R to obtain gravitational wave
equations conformally flat. We observe that the many authors have obtained the vacuum
solutions of the field equations in metric f(R) gravity using the concept of spherical symmetry.

The static spherically symmetric vacuum solutions of the field equation in f(R) theory of
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gravity have been obtained by Multamaki and Vilja (2006). Carames and Bezeera (2009) have
obtained spherically symmetric vacuum solutions in higher dimension. Using Noether symmetry
Capozziello et. al. (2007) have investigated spherically symmetric solutions.

Recently Sharif and Kausar (2011) have studied non vacuum static spherically symmetric
solutions of the field equations in f(R) theory of gravity in the presence of dust fluid in four

dimensional space-time. In recent years superstring and other field theories provoked great
interest among theoretical physicists in studying physics of higher dimension. We observed that
the four dimensional work regarding the solutions of the field equation in various theories has
been extended to higher five dimension by many authors [ Adhao (1994), Thengane (2000),
Ambatkar (2002), Kadhao (2002), Warade (2006) Jumale (2006) and Mohurley (2008) etc.].
With this motivation, the four dimensional work of Sharif and Kausar (2011) can further be
extended to higher five dimension and therefore an attempt has been made in the present paper.
Thus in the present paper we propose to solve five dimensional field equations in f(R) theory of

gravity using metric approach with constant scalar curvature and obtain non-vacuum static
spherically symmetric solutions in the presence of dust fluid. The density p of dust matter and

the Ricci scalar curvature function f (R) will also be evaluated at constant scalar curvature
R=R,.

The corresponding field equations in f (R) theory of gravity in V. are given by:
1 -
F(R)R; —5 f(R)g; -V, V, F(R)+g,;0F(R)=kT;, (i,j=12345) (1)
df (R) i . . — : .
where F(R)zd—R, O=V'V, , V. isthe covariant derivative , k(=8m) is the coupling

constant in gravitational units and T, is the standard matter energy momentum tensor.

Contracting the above field equations, we have
F(R)R—gf(R)+4DF(R):8nT. o)

The Ricci scalar curvature function f (R) can be expressed in terms of its derivative as under
f(R)=2[-8nT + F(R)IR+4 O F(R)]/5. 3)
Using this equation in (1), we obtain

[F(R)R-OF(R)-8zT]/5=[F(R)R; -V,;V, F(R)-8rT;]/g; 4
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In the above equation, the expression on the left hand side is independent of the index i and
therefore, the field equation (4) can be written as

A =[F(R)R; -V, V, F(R)-8rT;1/g;. (5)

The paper is organized as under : In the section-2, we have presented non-vacuum static
spherically symmetric field equations in five dimension. The section-3 is devoted to discuss
solution of the field equations by assuming constant scalar curvature. In the last section we
summarize and discuss the results.

2. Non-vacuum Static Spherically Symmetric field equations in five-dimension

In this section, we present non-vacuum static spherically symmetric field equations in V. For
this purpose, We consider the five dimensional static spherically symmetric space-time

ds® = A(r)dt® — B(r)dr? —r?(de? +sin*0,d0% +sin® 0, sin* 0,d02) . (6)
where Aand B are the functions of radial coordinate r only.

Using equation (6) the non-vanishing components of second kind of Christoffel symbol are
calculated as under

B’ r —rsin’é :
1 1 1 1 2

—_— r,,=—, Ip=——"1, I';; =-sing,cosd,,
11 ZB 22 B 33 B 33 1 1
., —rsin®@sin’o ) . 5 .
I, = 1 2, I,,=-sin“6,sing cosé, I, =-sind,cosb,,

B

A 1 A
F515:£1 rlzzzrlaszrlt:Fv Flsszﬂ’ F233=1"2‘2=CO'[6’1, F;‘:CO'[HZ. (7)

The components of the Ricci tensor are calculated as

~ A!! A!Z ArBr 3Br

= + + + , 8
Y 2A  4A% 4AB  2Br ®
A'r Br 2
=——++ -—+2, 9
2MAB 2B? B ©)
Ry =sin® 0,R,,, (10)
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R, =sin?0,R,,, (11)
A" AIZ AIB! 3A!
=—= - + : 12
® 2B 4AB 4B® 2Br (12)
The corresponding Ricci scalar is
" 12 o’ ' '
=A_A2 —ABz—3?+3A+62 % (13)
AB 2A°B 2AB Br ABr Br° r
where prime denotes derivative with respect to the radial coordinate r . The dust energy
momentum tensor is defined as
T, =puu; (14)
where u, =&’ is the five —velocity in co-moving coordinates and p is the density of dust
matter.
From the equation (5), AA-A =0, A -A,=0, A -A,=0, and AA-A,=0
respectively imply that
F” F'" A" B’ 3A 3B’ 8n
—) Floo o+ )-=F=0 (15)
B ZB A 2ABr 2B°r A
’ InT " 12 o’ ’ ’
_i+FA+F(A_A _AB+A+B_2 __@ (16)
Br 2AB 2AB 4A’B 4AB? ABr 2B’r Br? r
' TN\ " 12 N ’ ’
_E+FA+|:(A A _AB+A+ B _2+g_@:0’ (17)
Br 2AB 2AB  4A°B 4AB? ABr 2B’r Br? r° A
’ InY " ’2 o ’ ’
_i+FA+F(A_A _AB A B 2 _)_871:p 0. (19)
Br 2AB 2AB 4A°B 4AB* ABr 2B°r Br?

It is interesting to note that, in five dimensional case, we have only two independent non-linear
differential equations with four unknown functions F(r), p(r), A(r)and B(r) as that of the four

dimensional case of Sharif and Kausar (2011)
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3. Solution of the field equations by assuming constant scalar curvature

This section is devoted to study the non-trivial solution of the field equations in V; by assuming
constant scalar curvature. The conservation law of energy-momentum tensor, T‘ =0, for dust

matter implies that A = constant = A, (say) . Thus the system of field equations (15), (16), (17)
and (18) is reduced to three unknowns F(r), p(r)and B(r)with the following two non-linear
differential equations

_F +FBZ+F(3B2 )—8np:0, (19)
B 2B 2B’ A
PR 22y B (20)

Br 2B’r Br’® r A,
Thus we get only two independent non-linear differential equations in three unknown.

Here we discuss the solution of the field equations by assuming constant scalar curvature
(R=R,), ie., F(R,) = constant . Therefore, above field equations become

8np
F(R o)(282 ) - A =0, (21)
2 2y 8mp_

In this way we have two differential equations with two unknown, B(r) and p(r) as the case in
V, of Sharif and Kausar (2011). From equation (21) and (22), we have an ordinary differential
equation in terms of B(r) such that

B'r+2B-2B%=0. (23)

After solving the equation (23), we have a solution

B(r) = (24)

1-cyr
where c, is a constant.

It is interesting to note that equation (24) is identical to the corresponding in four dimensional
case of Sharif and Kausar (2011).
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Putting this value of B in any of the above equations, we have density of dust matter

oo PR _ (25)
8n

which is nothing but a constant.

Hence the space-time for constant curvature solution becomes

ds® = A (r)dt® - (r)dr® —r?(de? +sin*0,d0> +sin” 0, sin* 0,d03) (26)

1-c,r?
which is required solution.

This solution corresponds to the well-known Tolman-Oppenheimer-Volkoff (TOV) space-time
when density is constant and pressure is neglected.

The scalar curvature becomes R, = —12c, and therefore, equation (3), yields
1 —8np
f(Ro):g[To"'F(Ro)Ro]- (27)

Putting the value of p, and R, in (27), we have Ricci scalar curvature function f(R) such that

f(R,) =-12¢,f'(R,) . (28)

4. Concluding Remark

In this paper, we have investigated five dimensional dust static spherically symmetric non-
vacuum solutions in f (R) theory of gravity with the assumption of constant scalar curvature.
The scalar curvature for this solution obtained as non-zero constant. Therefore, this leads to
constant density of dust matter and corresponds to well known Tolman-Oppenheimer-Volkoff
space-time when density is constant and pressure is neglected.

The work presented here is the generalization of the four dimensional work presented by Sharif
and Kausar (2011). It is noted that the work of Sharif and Kausar (2011) can be obtained by
reducing the dimension. It is interesting to investigate solutions for non-static space-times with
energy -momentum tensor of other types of fluid.
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