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Abstract 

In the paper [2], we have obtained  five dimensional static plane symmetric vacuum solutions of 
the field equations of modified theory of gravity i.e., f(R) theory of gravity using the metric 
approach and solved the field equations with  the  assumption of constant scalar curvature which 
may be zero or non zero on the lines of Sharif and Farasat (2009). In the present paper, we have 
extended this work to higher six dimensional plane symmetric space-time. Thus here we have 
obtained three static plane symmetric solutions in V6 which are corresponding to the well known 
solutions in Einstein’s general theory of relativity. The work of Sharif and Farasat (2009) in V4 
and our earlier five dimensional work explained in [2] can be reproduced from our work carried 
out in the present paper by reducing the dimensions. 
 
Keywords: static plane symmetric vacuum solutions, modified theory of gravity, gravity, six 
dimensional plane symmetric space-time. 
 
 
1. Introduction 
 
The )(Rf   theory of gravity is the modification of general theory of relativity proposed by 
Einstein. The study of the solutions in )(Rf  theory of gravity is an important source of 
inspiration for research in general theory of relativity regarding the problem of singularity. In the 

)(Rf   theory of gravity there are two approaches to find out the solutions of modified Einstein’s 
field equations. The first approach is called metric approach and second one is known as Palatini 
formalism. The )(Rf gravity theory is modified by replacing R  with )(Rf  in the standard 
Einstein’s Hilbert action and )(Rf  is a general function of the Ricci scalar. If we consider R  in 
place of )(Rf then the action of standard Einstein’s Hilbert can be obtained. 
 
Many authors have shown keen interest in exploring different issues in )(Rf  theories of gravity 
[Weyl, and Eddington in (1919 and 1922), Buchdahl (1970), Sotiriou (2006), S. N. Pandey 
(2008), etc.]. Recently in the paper [1], Sharif and Farasat Shamir (2009) have solved the field 
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equations of modified )(Rf  theory of gravity and obtained vacuum solutions of four 
dimensional static plane symmetric space-time using metric approach with the assumption of 
constant scalar curvature. 
 
In the recent years there has been considerable interest in theories with higher dimensional 
space-time. In this direction many researchers have solved higher dimensional Einstein’s field 
equations in general theory of relativity and investigated their wave solutions using different 
higher dimensional space-times [Wesson (1983,84) and Reddy D.R.K. (1999), Adhao (1994), 
Thengane (2000), Patil (2003), Khadekar (2002), Ambatkar (2002),  Jumale (2006)]. Inspired by 
work in string theory and other field theories, we have extended the work of M. Sharif and  M. 
Farasat Shamir (2009), to higher five dimensional space-time in the paper [2] and obtained 
similar exact plane symmetric vacuum solutions. It has been observed that the five dimensional 
work regarding vacuum solutions of Einstein’s modified theory of gravity can further be 
extended to higher six dimensional space-time to obtain a total of three static plane symmetric 
vacuum solutions with the assumption of constant scalar curvature which may be zero or non-
zero in )(Rf  gravity and therefore an attempt has been made in the present paper. Thus, in this 
paper, we propose to solve the Einstein’s modified field equations of )(Rf   theory of gravity 
using the metric approach with constant scalar curvature in six dimensional space-time. The 
corresponding field equations of )(Rf   gravity theory in 6V  are given by 
 

ijjiijij gRFgRfRRF +∇∇−− )(  )(
2

1
)( □ ijkTRF =)( ,   )6,5,4,3,2,1,( =ji             (1)  

 

where    
dR

Rdf
RF

)(
)( ≡ ,         □ i

i ∇∇≡                                                                                        (2)      

 
with i∇  the covariant derivative  and  ijT  is the standard matter energy momentum tensor. These 

are the fourth order partial differential equations in the metric tensor. The fourth order  is due to 
the last two terms on the left hand side of the equation. If we consider RRf =)( , these equations 
of  )(Rf  theory of gravity reduce to the field equations of Einstein’s general theory of relativity 

in 6V . 

 
After contraction of the field equation  (1), we get 

 
5)(3)( +− RfRRF □ .)( kTRF =                                                                               (3) 

 
In vacuum this field equation (3)  reduces to  
 

5)(3)( +− RfRRF □ .0)( =RF                                                                         (4)  
 
This gives a relationship between )(Rf  and )(RF  which can be used to simplify the field 
equations and to evaluate )(Rf . 



Prespacetime Journal| March 2012 | Vol. 3 | Issue 5 | pp. 495-503 

Teltumbade, D. P., Jumale, J. K. & Thengane, K. D., Six-dimensional Static Plane Symmetric Vacuum Solutions in f(R) Gravity 

 
ISSN: 2153-8301  Prespacetime Journal 

Published by  QuantumDream, Inc. 

www.prespacetime.com 

 

497 

 
From the equation (4), we observe that any metric with constant scalar curvature is a solution of 
the contracted equation (4), say 0RR = . Therefore, we have  

  
     .0)(3)( 000 =− RfRRF                                                                            (5) 

 
is called constant curvature condition. Differentiating equation (4) with respect toR , we obtain 
 

5)('')(2 ++− RRFRRF [□ 0])( =′RF                                                           (6) 
 
which gives a consistency relation for )(RF . 
The paper is organized as follows: In the section-2, we have obtained two non-linear differential 
equations with three unknowns. Section-3 is dealt with the plane symmetric static solutions of 
the vacuum field equations in )(Rf  gravity using constant scalar curvature and in the section-4, 
we summarize and conclude the result. 
 
 
2. Six dimensional plane symmetric space-time  
 
We consider the six dimensional general static plane symmetric space-time given by  
 

))(()()( 2222222 dvdudzdyxBdxxCdtxAds +++−−=                                   (7) 
 
For the sake of simplicity, we take 1)( =xC  therefore, the space-time (7) becomes  
 

))(()( 2222222 dvdudzdyxBdxdtxAds +++−−= .                                          (8) 
  
The corresponding Ricci scalar becomes 
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'
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= ,                                                   (9)    

 
where prime represents derivative with respect to x . Using equation (4), it follows that  
 

5{
3

1
)( =Rf □ )(RF })( RRF+ .                                                                     (10) 

 
Inserting this value of )(Rf  in the vacuum field equations, we obtain 
 

−=
∇∇−

RRF
g

RFRRF

ij

jiij )([
6

1)( )(
□ )](RF .                                                (11) 



Prespacetime Journal| March 2012 | Vol. 3 | Issue 5 | pp. 495-503 

Teltumbade, D. P., Jumale, J. K. & Thengane, K. D., Six-dimensional Static Plane Symmetric Vacuum Solutions in f(R) Gravity 

 
ISSN: 2153-8301  Prespacetime Journal 

Published by  QuantumDream, Inc. 

www.prespacetime.com 

 

498 

 
Since the metric (8) depends only on x , we have equation (11) as the set of differential equations 
for )(xF , A  and B . Therefore, from equation (11) we consider   
 

ii

iiii
i g

RFRRF
A

)()( ∇∇−
= ,                                                                              (12)     

 is independent of the index i  and hence 0=− ji AA  for all i  and j . Thus 016 =− AA  gives 
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0   ,0   ,0 463626 =−=−=− AAAAAA  and 056 =− AA  yield 
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In this way we have obtained two non-linear differential equations with three unknowns 
namely BA,  and F . The solution of these equations could not be found straight forwardly. 
However, we can find a solution using the assumption of constant curvature. 
 
 
3. Constant Curvature solutions in  6V  
 
For  constant curvature solution, we consider  0RR =  therefore, we have 
 

)(0)( 00 RFRF ′′==′ .                                                                                      (15) 
 
With this condition  equations (13) and (14) reduce to 
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Equation (16) and (17) can be solved by the power law assumption, i.e., axA   α  and bxB   α , 
where a  and b  are any real numbers. Thus we use axkA   1=  and bxkB   2= , where 1k  and 2k  are 
constants of proportionality. Therefore, we have  

 

5

6−=a ,     
5

4=b                                                                                                       (18) 
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and hence the solution becomes 
 

][ 22225

4

2
225

6

1
2 dvdudzdyxkdxdtxkds +++−−=

−

.                                         (19) 
 
It can be shown that these values of a  and b  lead to 0=R .  
 

We re-define the parameters, i.e., Ttk → 1 , Yyk → 2 , Zzk → 2  and , 2 Uuk →  
Vvk → 2  the above metric takes the form 

 

][ 22225

4
225

6
2 dVdUdZdYxdXdTxds +++−−=

−

                                         (20) 
 
which is exactly the same as the well-known Taub’s metric. 
 
Now we assume )(2)( xexA µ=  and )(2)( xexB λ=  so that the space-time (8) takes the form  
 

][ 2222)(222)(22 dvdudzdyedxdteds xx +++−−= λµ .                                                (21) 
 
The corresponding Ricci scalar is given by  
 

22 208282 λ′+λ′µ′+µ′+λ ′′+µ ′′=R .                                                                       (22) 
 
Using equation (12), 016 =− AA  gives 

 
0]2[ 4 2 =′′−µ′′+λ′µ′+λ′−λ ′′− FFF                                                                      (23) 

 
and  0   ,0   ,0 463626 =−=−=− AAAAAA  and 056 =− AA   yield 

 
0]34[ 22 =λ′′−µ′′+λ′µ′+λ′−µ′+λ ′′−µ ′′ FFF .                                                     (24) 

 
For constant curvature solutions, the above equations reduce to  
 

02 =λ′µ′−λ′+λ ′′ .                                                                                                     (25) 
 

0]34[ 22 =λ′µ′+λ′−µ′+λ ′′−µ ′′ .                                                                               (26) 
 
Equation (25) can be written as 
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0)( =µ′−λ′+
λ′
λ ′′

λ′                                                                                                    (27) 

 
which leads to the following two cases : 
 

I: 0=λ′           II : 0)( =µ′−λ′+
λ′
λ ′′

.  

 
Now we solve the field equations for these two cases. 
 
Case I : 0=λ′    which implies after integration with respect to x   that 
 

c=λ ,                                                                                                                        (28) 
 
where c  is an integration constant.  
 
Inserting this value in equation  (26) and integrating the resulting equation, we obtain 
 

)(ln hehx+=µ ,                                                                                                         (29) 
where h  and e are constants of  integration. Thus the metric (21) becomes  
 

][)( 222222222 dvdudzdyedxdthehxds c +++−−+= .                                          (30)  
 

The corresponding scalar curvature is  
 

0=R .                                                                                                                        (31)              
 
It is to be noted that the metric (30) is a solution corresponds to the self-similar solution of the 
infinite kind for the parallel dust case. 
 

Case II:  0)( =µ′−λ′+
λ′
λ ′′

 which implies that  

 

λ′+
λ′
λ ′′

=µ′ .                                                                                                              (32) 

 
After integration with respect to x , we get  
 

  .ln d+λ′+λ=µ                                                                                                      (33) 
 
Using the assumption of constant scalar curvature, it follows that 
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constant3022
2 2 =λ′+λ ′′+
λ′
λ ′′′

=R                                                                           (34) 

 
which is a third order non-linear differential equation. The general solution of this equation 
seems to be difficult. However, a special choice, out of a large set of possible solutions is that 

gfxx +=λ )( , where f and g  are arbitrary constants. Consequently, the metric (21) takes the 
form 
 

][ 2222)(222)(22 dvdudzdyedxdteds gfxgfx +++−−= ++                                             (35) 
 
where dfgg ++= ln . The corresponding Ricci scalar reduces to  
 

230 fR = .                                                                                                                 (36) 
 

Now re-defining Tteg → ,    Yyeg → ,   Zzeg → ,  Uueg →    and   Vveg →   it follows that 

 
22222222 ][ dxdVdUdZdYdTeds fx −−−−−= .                                                   (37) 

 
This corresponds to the well-known anti-de Sitter space-time  in general relativity.  
 
 
4. Concluding Remark  
 
In the paper [1], M. Sharif and M. Farasat Shamir (2009) have solved the field equations of 
modified )(Rf   theory of gravity and obtained vacuum solutions of static plane symmetric 
space-time using metric approach with the assumption of constant scalar curvature in four 
dimensional space-time. This work regarding vacuum solutions of Einstein’s modified theory of 
gravity has further been extended to five dimensional space-time in our paper refer it to [2]. 
 
In this paper, we have extended the study regarding vacuum solutions in )(Rf  theory of gravity 
to six dimensional space-time and obtained a total of three static plane symmetric vacuum 
solutions with the assumption of constant scalar curvature which may be zero or non-zero in 

)(Rf   gravity using metric approach. 
 
We observed that out of these three solutions two are exactly similar to Taub’s solution and anti 
deSitter space time while the third solution corresponds to the self-similar solution already 
available in the literature.  
 
The solution obtained here is more general to that of earlier static plane symmetric vacuum 
solutions obtained in 4V and 5V . 
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It is shown that results of static plane symmetric vacuum solutions obtained in six dimensional 
plane symmetric space time are similar to those of 4V  and 5V , essentially retaining their 
mathematical format. 
 
It is pointed out that the work of Sharif and Farasat (2009) in 4V  and our work in  5V  regarding 
static plane symmetric vacuum solutions emerge as special cases of our work carried out in the 
present paper. 
 
It has been observed that, plane symmetric solutions in )(Rf theory of gravity concerning the 
non-static plane symmetric space-time and non-vacuum Einstein’s modified field equations 
in )(Rf theory of gravity in six dimension can further be investigated.   
 
Acknowledgement:  We are thankful to Professor S N Pandey from India for his constant 
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