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Essay

The Modern Analysis of the Problem of Multisecting an Angle
Temur Z. Kalanov'

ABSTRACT
The work is devoted theoretical and practical asialpf an actual problem — the problem of
multisecting (in particular, trisecting) an angle, the problem of division of a given arbitrary
angle into the given set of equal parts using enompasses and an unmarked straightedge.
General statement of a problem is formulated. Thehematical analysis of the problem
(within the framework of the theories of similarity triangles and of similarity of concentric
circles) and the logical analysis of the problem anoposed. It is proved that practical solution
of the problem of multisecting an arbitrary angléhwonly a compasses and an unmarked
straightedge is impossible because an arc cannttibsformed to the straight line segment
with a compasses and a straightedge.
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1. Introduction

The problem of multisecting an angle (i.e. the peobof division of a given arbitrary angle
into the given set of equal parts using only a cassps and an unmarked straightedge) is a
modern geometrical problem. It arises as genetalizaf the classical problem in ancient
Greek mathematics — the problem of trisecting agleafi.e. the problem of division of a
given arbitrary angle into three equal parts usomdy a compasses and an unmarked
straightedge). As is known, the result of efforterothe centuries on the solution of the
famous problem of trisecting an angle has been saanmp in 19th century. In 1837 Pierre
Wantzel has reduced the problem of trisecting agleato the solution of the equation

x® —=3x-2cosa =0 and has proved that the problem of trisecting ragleahas no solution

except for some special cases. However, the guestity this problem has no general
solution was not analyzed from logical and prat¢tpznts of view. Therefore, the search of
solution is continued till now.

The modern analysis of the works on the problemtriffecting an angle shows that
unsuccessfulness of attempts to solve the probtenpletely, undertaken by mathematicians,
is explained by three circumstances. Firstly, tteniof the general approach to the problem
has not been guessed right. Secondly, the statevhémt problem of trisecting an angle as a
particular case of the problem of multisecting agla has not been proposed. Thirdly, logical
analysis of the problem of multisecting an angle hat been proposed. The purpose of the
present work is to propose: (a) the idea of theeg@napproach to the problem; (b) the
theoretical (mathematical) analysis of the probMithin the framework of the theory of
similarity of triangles and of the theory of sintitg of concentric circles; (c) the practical
analysis of the problem within the framework ofrf@al logic.
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2. The theoretical analysis of the problem of multisecting an angle

As is known, operation of multiplication of the giv angle by an integral number
n=123... — direct operation — is always carried out, andrapon of division of a given
arbitrary angle into the given number of equal artinverse operation — represents known
difficulty. In this connection, following idea ohé approach to a geometrical problem of
division of an angle arises. Operation of multiation of one quantity should be connected
with operation of division of other quantity by $uelation that operation of multiplication of
one quantity would lead to operation of divisionotiier quantity. This idea is embodied, for
example, into the theory and design of the propoai compasses used for practical division
of a straight line segment into some equal pattsisTthe idea of the general approach to the
geometrical problem of multisecting an angle ig tha general solution of this problem must
be based on the theory of proportions and on theryhof similarity of geometrical objects.

Analysis of the theory of similarity of geometricabjects leads to the following general
statement of the problem of multisecting an angg&ing into consideration the theory of
similarity of concentric circles, one should firaetrelation between quantity of radius of a
circle, length of an arc of a circle, and quantitfy the central angle, which describes

multisecting the central angle with multiplicatiof quantity of radius by integral number
n=123....

The theoretical analysis of the problem of multiseran angle is based on following known
geometrical propositions.

1) Definition. The angle formed by two radiuses of the samédecisccalled central angle.

2) Theorem. If two central angles in the same circle are &ghan the arcs corresponding to
them are equal.

3) Theorem. If two arcs in the same circle are equal, thendéntral angles corresponding to
them are equal.

4) Definition. The straight line segment connecting two poifts aircle is called chord.
5) Theorem. Equal arcs are tied by equal chords.
6) Theorem. Equal chords tie equal arcs.

7) Theorem. If diameter is perpendicular to a chord, thedivides this chord and arc tied by
this chord into half.

8) Theorem. Diameter passed through the middle of the chenderpendicular to the chord
and divides the arcs tied by this chord into half.

9) Theorem. Diameter passed through the middle of the arclés/the chord which ties this
arc into half and is perpendicular to this chord.

10) Definition. Triangles are called similar if their angles agrial in pairs and the like sides
are proportional.
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11) The theorems of similarity of triangles and tiheorems of similarity of concentric
circles.

12) Arcs of the given circle are measured by tleeoarwhich central angle is leaned.

13) Definition. The ratio of length of an arc of a circle, foriah given angle is central, to
length of radius of this arc is called radian meas angle.

14) If radius R of circle and radian measure of arc are known, then one can calculate
lengthl of this arc. Really, in accordance with definitioihradian measure,

a=|—, or | =aR.
R

15) Ratio of lengths of arcs of two concentric lgscis ratio of lengths of their radiuses for
the same central angie

. . .
L':51 or Ii':ij, i,j: 123...
I R R R

wherei, j are order numbers of concentric circles. In otherds, the ratio of length of arc of

circle to its radius does not depend on radiusttiersame central angte Quantity of this
ratio is changed if the central angle is changed.

The proof of existence of the solution of the peal of multisecting an arbitrary angle
a=const, based on the theory of similarity of concentriccles, follow from these

propositions. Really, if:
(a) two circles designated by the order numbensdlraare given,

(b) the operation of multisection of an angleis expressed by the ratiagn, |,/n=R a/n,
and R/R =2n where n= 123,..,

then the relationsl,/I, =¥/n, a/n take place for arbitraryR. In other words, if
l.,/n=R.,a/n, R,=nR,, and |, =nl,, then length, of arc and angler are divided inton
equal parts:l,/l,=n and a/n under arbitraryR,. Since the multiplication operation
R, =nR, is always carried out, the multiplication operatig =nl, and, consequently, the
division operatioma/n is always carried out as well .

Thus, the existence of the theoretical solutiothefproblem of multisecting an arbitrary
anglea is proven.
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3. The practical analysis of the problem of multisecting an angle

The practical analysis of the problem of multisggtan arbitrary angler is based on
the above-stated mathematical analysis and on tdogi&. The purpose of the analysis is to
prove that the practical solution of the problentridecting (multisecting) an arbitrary angle
a exists. But this solution is reached with only @pkoperation: namely, transformation of
form of line. Therefore, transforming form of lingith a compasses and an unmarked
straightedge is impossible. The example of the tmacsolution is shown on the figure
below.

4,1

The practical solution of the problem of trisecting
an arbitrary anglé] AOD =a

The practical solution of the problem of trisectengy arbitrary angler consists of following
operational steps:

1) Draw an arbitrary anglel AOD =a , where the poinO is the vertex of the angle.

2) Draw the first (basic) circle of an arbitrandias R, wheren=1 is order number of the
circle, O is the circle centre.

3) Draw the second (concentric) circle of the radiy =3R,, centered in the poir®, where
n=3 is order number of the circle. Radiusé and R, are connected by the relation

R/R =n, n=3.
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4) Designate the points of intersections of cir@ad of sides of anglel AOD by the letters
A,D, and A, D, .

5) Draw the chordsA D, and A,D, . These chords are parallel each other.

6) Find the following proportions from similarityf trianglesA A OD, andA A,OD,:

AO_OD, AD, R,
AO OD, AD, R’

7) In consecutive order, set down three segméqf3, on chord A,D, using compasses.
Designate the formed points by lettd3s andC,.

8) Transform the ar¢JA,D, to the straight line segment A, D, . This operation is called

straightening the ar€]A,D, . The segment] A, D, and the chordA,D, are parallel each
other.

9) Pass the segmen®E, and OF, through the point8, andC, on the chord A,D, . The
obtained segments A E;, O E;F;,, and OF, D, are equal each other.

10) Transform the segment A, D, to the arcOA,D, . This operation is called bending the
straight line to the arc.

11) Pass the segmer@E, andOF, through the point€&, and F, on arcOA,D, .

12) Take into consideration that

D&gzmgazmamzmém.
Then

0 AOE, =0 E,OF, =0 F,0D, = DABOD =%.

Thus, the problem of trisecting an arbitrary anglénas been practically solved. The obtained
practical solution of the problem of trisecting amgle a signifies that operation of
multisection an arbitrary angle exists and is a trivial procedure now. The prattsolution
proves that a solution of the problem of trisect{nqultisecting) an arbitrary angle with
only a compasses and an unmarked straightedge pessible because an arc cannot be
transformed to the straight line segment with agasses and a straightedge.
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4. Discussion

1. The problem of multisecting (in particular, &tsing) an angle, i.e. the problem of division
of a given arbitrary angle into the given set ofi@gparts using only a compasses and an
unmarked straightedge, differs essentially frompitablem of multisecting an straight line. A
straight line (as a simplest form of line) can ledkd into a set of identical and of equal
parts with only a compasses and an unmarked steaigh. However, an angle (as a system of
two intersecting straight lines) and a curve lif@r €xample, an arc of circle) cannot be
divided into a set of identical and of equal pavith only a compasses and an unmarked
straightedge in all cases because: firstly, aeline is not a sum and consequence of set of
straight line segments; secondly, a compassesrasttaightedge determine distance between
points along straight line. (Russian mathematitNahobachevsky was probably the first who
realized this fact). Unsuccessfulness of attengpsotve the problem completely, undertaken
by mathematicians, is explained by that a curve diannot be transform to a straight line with
a compasses and an straightedge.

2. Geometry studies the form of a material objécm is a system of parts (elements).
System (i.e. whole, made of parts) is a set of é¢lements which are in relations and
connections with each other and form certain intggunity. Part (i.e. element, line) is
characterized by a form (i.e. qualitative deterray)aand size (i.e. quantitative determinacy).
Therefore, the problem of dividing the line has taspects: qualitative and quantitative
aspects. The qualitative aspect is decompositioa given form in the set of non-identical
forms (for example, Fourier expansion) or transfation of a given form to another form (for
example, transformation of an arc to a straighe¢ Begment). Quantitative aspect is division
of a given form into a set of identical forms. Fexample, decomposition of an arc in the set
of identical arcs is a quantitative aspect (thentjtetive operation), and decomposition of an
arc in the set of chords or straightening of anisec qualitative aspect (qualitative operation).
In carrying out the operation of division, one shiotake into consideration the following
requirement of formal logic: the arc should be nueed by a unit arc, the angle should be
measured by a unit angle, and the straight linellshoe measured by a unit straight line. But
if one takes into account only the lengths of tmed (for example, if one neglects the
difference between the form of the arc and the fofrthe chord), the discrepancy between
theoretical and practical solutions arise.

3. Discrepancy between theoretical and practicaitisms does not arise if one can carry out
transformation of forms of line.

5. Conclusion

Thus, it has been proved that the problem of magdtiag (in particular, trisecting) an arbitrary
angle has the theoretical and practical solutionali cases. The proposed solution of the
problem is based on known geometrical propositiofaymal logic, and practice.
Consequently, it represents scientific truth.

Scientific and cognitive significance of my worktklgat my work promotes a critical analysis
of classical geometry within the framework of therrect methodological basis — unity of
formal logic and of rational dialectics. In order ainderstand why theoretical geometry is
differs from practical geometry, or, in general,ywtheory differs from practice, one should
analyze the geometry on the base of the philosapldategories “theory and practice”,
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“content and form”, “quality and quantity”, “parind whole”. Then this will lead to the
realization of Einstein’s opinion that theoretigglometry (for example, axiomatic approach)
should contain definitions of concepts and shoefitesent a field of natural sciences.
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