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Abstract 
For the study of zt/  type plane gravitational waves, we have considered the six-dimensional 

space-time with three time axes. We have chosen the plane wave of type 
z

ttt
Z

3
321 +−=  and 

made the essential investigations in the paper [6]. Adopting the same notations and results as in 
above paper, and using the transformations given in the proof of Theorem 1 below, we have 
proved that the co-ordinate system in which 0=αag , 2,1( =a  ; )6,5,4,3=α  can be obtained in 

the six-dimensional space-time, which is our proposed co-ordinate system. In this paper, we have 
proved the three necessary theorems supporting the existence of such a co-ordinate system. The 
whole work is on the lines of H. Takeno (1961). The consequent line element in the form 

nm
mn dxdxgds =2  is also obtained for 6,...,1, =nm . 

 
Keywords:  general relativity; plane gravitational waves; three time axes; line element. 

 
1. Introduction 
 
In general theory of relativity, Takeno (1961) [1] studied rigorously the plane gravitational 
waves )(Zgij  ; 4,3,2,1, =ji  ; ),( tzZZ =  and obtained numerous results, one of which is the co-

ordinate system in which 0=αag , 2,1=a ; 4,3=α ; for )( tzZ −=  and )/( ztZ =  types of 

waves. Thengane and Karade (2000) [2] extended the work for five dimensional space-time with 
two time axes, and obtained the plane wave solutions of the Einstein’s field equation by choosing 
the co-ordinate system in which 0=αag ; for 2,1=a ; 5,4,3=α . Khapekar and Deshmukh [3] 

determined this chosen co-ordinate system. Pawar, Bhaware and Deshmukh [4] obtained the 
plane wave solutions of the Einstein’s field equations in six dimensions with three time axes. 

Bhaware, Pawar and Deshmukh [5] obtained the plane wave solutions for 
z

ttt
Z

3
321 +−=  type 
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waves assuming the co-ordinate system in which 0=αag ; for 2,1=a ; 6,5,4,3=α . Pawar et al 

[6] had obtained the line element for )( tz −  type waves ( )






 +−−= 321
3

1
tttzZ . In the present 

paper we have obtained this assumed co-ordinate system and the line element for the plane 

gravitational waves 
z

ttt
Z

3
321 +−= . 

 If  ijg  satisfies, )(Zgg ijij = , )( ixZZ = , 

   06
3

5
2

43
1 =+++ ωφωφωωφ ,                                                           (1.1) 

   0== i
aia g ωρ , 

  and 
z

ttt
Z

3
321 +−

= ,                                                                                (1.2) 

then by suitable co-ordinate transformation we get 0=αag . 

 
 
2. Preliminaries 
 
H. Takeno (1961) has defined the plane gravitational waves as follows. 
 
A plane gravitational wave ijg  is a non-flat solution of the field equation 

 0=ijR                                                                                     (2.1) 

in an empty region of space time with 
 

)(Zgg ijij = , )( ixZZ = , where ),,,(),,,( 4321 tzyxxxxxxi ==                                         (2.2) 

 
in some suitable co-ordinate system such that, 
 

 0,, =ji
ij ZZg   ,   









∂
∂=

ii
x

Z
Z,                                                                                  (2.3) 

 
and ),( tzZZ =  ,  0,( 3 ≠Z  , )0,4 ≠Z .                                                                                (2.4) 

 
The signature convention adopted was 
 

0<aag  ,  0>
bbba

abaa

gg

gg
 ,  0

333231

232221

131211

<
ggg

ggg

ggg

 ,  044 >g , for 2,1=a ; 4,3=α  (Not summed for 

a and b; 2,1, =ba )                                                                                                          (2.5) 

and accordingly, 0)det( <= ijgg . 
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We extended this definition for six dimensional space time with three time axes as: 
 
A plane gravitational wave ijg  is a non-flat solution of the field equation  

  0=ijR                                                                                                            (2.6) 

in an empty region of space time with 
)(Zgg ijij = ,    )( ixZZ = ,     where  ),,,,,(),...,( 321

61 tttzyxxxxi ≡=                               (2.7) 

in some suitable co-ordinate system such that, 

 0,, =ji
ij ZZg   ,   









∂
∂=

ii
x

Z
Z,                                                                                  (2.8) 

and  ),,,( 321 tttzZZ =   ,   0,( 3 ≠Z  , 0,4 ≠Z  , 0,5 ≠Z  , )0,6 ≠Z .                                      (2.9) 

 
The signature convention adopted is 

0<aag  ,  0>
bbba

abaa

gg

gg
 ,  0

333231

232221

131211

<
ggg

ggg

ggg

 ,  044 >g  ,  055 >g  ,  066 <g  

for 2,1=a ; 6,5,4,3=α  (Not summed for a and b ; 2,1, =ba ) 

and accordingly, 0)det( >= ijgg .                                                                                      (2.10) 

 
 
 
3. Co-ordinate system: 

Theorem 1: If ijg  satisfies (1.1) with 
z

ttt
Z

3
321 +−

=  then we can transform the co-ordinates so 

that ijg  satisfies 

 0261625152414 ====== gggggg                                                                         (3.1) 

and (1.1) is kept invariant. 
 
Proof: We use the following transformations satisfying the conditions in the hypothesis: 

zxx ′+′= α   ,    zyy ′+′= β  ,    zz ′=   ,    11 tt ′=    ,     22 tt ′=  ,    33 tt ′=                             (3.2) 

and hence 1det =








′∂
∂

j

i

x

x
 ,   ZZ ′=  ,                                                                                    (3.3)            

where α, β are the functions of ZZ ′=  satisfying 

 1615141211 333 ggggg −==−=+ βα  , 

 2625242212 333 ggggg −==−=+ βα  .                                                             (3.4) 

With these transformations we obtained  
Zd

d

dZ

d
′

=    and 

 311 αωωω −=′  , 
 322 βωωω −=′  , 
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where  iiiii gggg 6
3

5
2

43
1 φφφω +++= , 

 03 6543 =−+− ωωωωz ,                                                                                      (3.5) 

 αα ωω =′ , )6,5,4,3( =α . 

Using b

n

a

m

mnab x

x

x

x
gg

′∂
∂

′∂
∂=′ , it can be proved that 

 abab gg =′ , 

 34213 3 aaaaa gZgggg +++=′ βα , 

 0654 =′=′=′ aaa ggg ,  )2,1,( =ba  

 33231322
2

1211
2

33 )(2)2( ggggggg +++++=′ βαβαβα  

  ( ) ( )[ ]2313122211 2 gggggZ βαβαβαββαα +++++−  

 ( ) 34231334
3

1
gggg ++=′ βα , 

 ( ) 35231335
3

1
gggg ++−=′ βα ,                                                                                (3.6) 

 ( ) 36231336
3

1
gggg ++=′ βα , 

 ( ) 44241444
3

1
gggg ++=′ βα , 

 ( ) 45241445
3

1
gggg ++−=′ βα , 

 ( ) 46241446
3

1
gggg ++=′ βα , 

 ( ) 55251555
3

1
gggg ++−=′ βα , 

 ( ) 56251556
3

1
gggg ++=′ βα ,                                                                             (3.6) 

 ( ) 66261666
3

1
gggg ++=′ βα  

which proves the theorem. 
 

Theorem 2: If ijg  satisfies (1.1) and (3.1) with 
z

ttt
Z

3
321 +−

=  then 

 12211113 gcgcg += , 22221123 gcgcg +=                                                                     (3.7) 

where cs are constants. 
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Proof: By using theorem 3.1, we have 
 0321 === uuu , 

 0654321 ====== ssssss , 

 3aa gp −= , 

 3aa gq −=  

where 241323141 ggggu −= , 

 251323152 ggggu −= , 

 261323163 ggggu −= , 

 142224121 ggggs −= , 

 141224112 ggggs −= ,                                                                                                 (3.9) 

 152225123 ggggs −= , 

 151225114 ggggs −= , 

 162226125 ggggs −= , 

 161226116 ggggs −= . 

 

From (1.1), 0== i
aia g ωρ , and noting iii ggp 34 −= φ  and iii ggq 34 −= φ  

we get 12
2

11
1

1
3 ggq ωωω += , 

 22
2

12
1

2
3 ggq ωωω += . 

 
Solving equations (3.9) we get 
 12211113 gkgkgm +−= , 

 22212123 gkgkgm +−= , 

where 2
122211 gggm −= , 

 221323121 ggggk −= , 

 131223112 ggggk −= . 

 
From equations (3.7) and (3.10), we have 
 011 =− kmkm , 022 =− kmkm , 

where 1
1 c

m

k
= , 2

2 c
m

k
−=                                                                                          (3.12) 

 
On integrating equation (3.11), we get 
   312211113 cgcgcg ++=  

 422221123 cgcgcg ++= . 

where 4321 ,,, cccc  are integration constants. 

 
Using the definition of k's in (3.11), we get equation (3.7). 
 

(3.8) 

(3.11) 

(3.10) 

(3.13) 
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Hence the theorem is proved. 
 

Theorem 3: If ijg  satisfies (1.1) and (3.1) with 
z

ttt
Z

3
321 +−

=  and theorem 2, then there exists 

a co-ordinate transformation by which 0=αag  , 2,1( =a  ; )6,5,4,3=α . Moreover by this 

transformation, (1.1) is kept invariant. 
 
Proof: If we transform the co-ordinate by 
 zcxx ′−′= 1 , zcyy ′−′= 2 , zz ′= , 11 tt ′= , 22 tt ′= , 33 tt ′= .                                   (3.14) 

where cs are constants as in equation (3.7), 

then 1det =








′∂
∂

j

i

x

x
, ZZ ′= . 

By this transformation 
Zd

d

dZ

d
′

=  and from equation (3.7) we get 

 3
1

11 ωωω c+=′ , 

 3
2

22 ωωω c+=′ , 

 αα ωω =′ , )6,5,4,3( =α , 

where iiiii gggg 6
3

5
2

43
1 φφφω +++= , 

 ii ρρ =′ , )6,...,1( =i . 

 
It can be shown that 
 abab gg =′ , )2,1,( =ba , 

 0=′αag , )2,1( =a , )6,5,4,3( =α  

 )2( 22
2

2122111
2

13333 gcgccgcgg ++−=′ , 

 3434 gg =′ , 3535 gg =′ , 3636 gg =′ , 

 4444 gg =′ , 4545 gg =′ , 4646 gg =′ ,                                                               (3.16) 

 5555 gg =′ , 5656 gg =′ , 6666 gg =′ . 

 
In this new co-ordinate system we have 
 ),,,,,( 654321 ωωωωωωω =i  

      ,  ,  ,0  ,0( 64
3

54
2

4434
1

63
3

53
2

4333
1 gggggggg φφφφφφ ++++++=  

  )  , 66
3

56
2

4636
1

65
3

55
2

4535
1 gggggggg φφφφφφ ++++++                     (3.17) 

which proves that (1.1) is invariant. Hence the theorem is proved. 
 
 
 
 
 
 

(3.15) 
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4. The line element 
 
Considering equations (2.8), (2.9) and noting 431 ,/, ZZ=φ  , 452 ,/, ZZ=φ  and 463 ,/, ZZ=φ  

and using the co-ordinate system, determined in section 3 above in which 0=αag  ,  2,1=a   ,  

6,5,4,3=α   , we get 

0222222 662
3

56
32

552
2

46
3

45
2

4436
31

35
21

34
1

332
1 =+++++++++ gggggggggg φφφφφφφφφφφφ . 

(4.1) 

Noting Z31 −=φ  , 12 −=φ  and 13 =φ  , the matrix )( ijg  can be written as 

 



























+−−+−
−+−+−
+−+−

−+−−+−
−−
−−

=

)()(300

)()(300

)()(300

3)(33)(300

0000

0000

)(
2

TSTUSZU

TTSUUSZ

USUTSZT

ZUUSZZTTSZ

RQ

QP

gij                (4.2) 

 
where UTSRQP ,,,,,  are functions of Z satisfying (2.5), 

i.e.     0, >RP      ,     0>m      ,     TS >      ,     US > .                                                   (4.3) 

 
The corresponding matrix )( ijg  is 









































−−−

−+−−

−−+−

−+−++−

−

−

=

n

TSUS

n

TUS

n

S
n

TUS

n

UTSS

Zn

S
n

S

n

UTSS

Zn

UTS
Zn

S

Zn

UTS

nZ

UTSS
m

P

m

Q
m

Q

m

R

g ij

)(2)(22
000

)(2)(2
0

3

2
00

2
0

)(2

3

)(2
00

0
3

2

3

)(2

3

)(2
00

0000

0000

)(

223

223

322

32

2

2

   (4.4) 

where 02 >−= QPRm  and 4212 SZn = . 
 
Therefore, 012 42 >== mSZmng  , so that the condition (2.5) is satisfied. Also by using the 

ijg s from (4.4), condition (4.1) is satisfied. Hence the line element obtained from (4.2) is 

321
22222 32)(3232)(32 ZUdzdtdzdtSUZZTdzdtdzSTZRdyQdxdyPdxds −−+−−+−−−=

 2
332

2
23121

2
1 )(2)()(22)( dtSTdtTdtdtTSdtdtUSdtUdtdtTS −+−++++−++           (4.5) 

where UTSRQP ,,,,,  are the functions of Z satisfying (2.5), (4.1) and (4.3). 
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5. Conclusion 

Thus if ijg  satisfies (1.1) with 
z

ttt
Z

3
321 +−

= , then there exists a co-ordinate system in which 

0=αag  , 2,1( =a  ; )6,5,4,3=α  ; and (1.1) is kept invariant. Also we have obtained the line 

element for 
z

ttt
Z

3
321 +−=  type plane gravitational waves as given by (4.5). 
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