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Abstract
For the study oft/ z type plane gravitational waves, we have considénedsix-dimensional
-t +
space-time with three time axes. We have choserpldree wave of typeZ :tl\;_—;% and
z

made the essential investigations in the paper4éppting the same notations and results as in
above paper, and using the transformations givetmenproof of Theorem 1 below, we have
proved that the co-ordinate system in whigh, = , (8=212 ; a = 3456) can be obtained in

the six-dimensional space-time, which is our preposo-ordinate system. In this paper, we have
proved the three necessary theorems supportingxiseence of such a co-ordinate system. The
whole work is on the lines of H. Takeno (1961). Té¢ensequent line element in the form

ds’ =g, dx"dx" is also obtained fomn=1,...6.
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1. Introduction

In general theory of relativity, Takeno (1961) [d4fudied rigorously the plane gravitational
wavesg;(Z) ;i,j=1234; Z=2Z(zt) and obtained numerous results, one of which is the co-

ordinate system in whicly,, = ,0a=12; a=34; for Z=(z-t) and Z=(t/z) types of

waves. Thengane and Karade (2000) [2] extended the work for fiengiamal space-time with
two time axes, and obtained the plane wave solutions of the Einstein’s field equattoyobing

the co-ordinate system in whiofp,, = ; br a=12; a = 345. Khapekar and Deshmukh [3]

determined this chosen co-ordinate system. Pawar, Bhaware and ubésf#h obtained the
plane wave solutions of the Einstein’s field equations in six dimesswvith three time axes.

-t +
Bhaware, Pawar and Deshmukh [5] obtained the plane wave solutioﬁs:f&l% type
z

NE
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waves assuming the co-ordinate system in wigch= ; foba=12; a = 3456. Pawar et al

[6] had obtained the line element fz—t) type wavesZ {z—%(tl -t, +t3)] In the present
paper we have obtained this assumed co-ordinate system andethedeiment for the plane
o -t +t
ravitational waveZ =232
g Jaz
If g, satisfies,g; =g,(Z ) Z=2Z(x"),
pw’ +o* +pw +@pa’ =0, (1.1)
IOa = gaiaj = O’
t,—t, +t
and zZz=21-2_3 1.2
T3z (1.2)
then by suitable co-ordinate transformation weggt= . 0O

2. Preliminaries
H. Takeno (1961) has defined the plane gravitational waves as follows.

A plane gravitational wave; is a non-flat solution of the field equation

R, =0 (2.1)

in an empty region of space time with
0; =9;(2), Z=Z(x"), wherex' =(x',x*,x>,x*) = K yzt) (2.2)

in some suitable co-ordinate system such that,

gijzli Z!J :O ’ (Z!i :a_Z|\J (23)
0X
andZ=27(zt), (Z,,#20,Z7,,%20). (2.4)

The signature convention adopted was

g g gll ng ng
0..<0, |7 >0, lg,, 0,, 0,<0, g, >0,fora=12; a =34 (Not summed for
Oba b
931 gSZ 933
aandb; a,b=12) (2.5)

and accordinglyg =det(g; )< 0O
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We extended this definition for six dimensional@éme with three time axes as:

A plane gravitational wave; is a non-flat solution of the field equation

R, =0 (2.6)
in an empty region of space time with
9; =9;(2), Z=Z(x'), wherex =(x',...x°)= (X Y.zt t,t; ) (2.7)
in some suitable co-ordinate system such that,
9'2,2,,=0 , (z,i :a_zij (2.8)
0X
and Z=Z¢t,t,1,), (Z,,%20,2,,#0,2Z,,#20, Z,,#0). (2.9)

The signature convention adopted is

gaa gab gll gl2 gl3
gaa<0’ gba gbb>0! 921 922 923<0’ g44>07 g55>0’ g66<0
gSl 932 933
fora=12; a = 3456 (Not summed foaandb; ab=12)
and accordinglyg =det(g;) > 0O (2.10)
3. Co-ordinate system:
t, -, +i

Theorem 1: If g; satisfies (1.1) withZ = then we can transform the co-ordinates so

J3z
that g; satisfies

014 =924 =015 =05 = 015 = Uy =0 (3.1)
and (1.1) is kept invariant.

Proof: We use the following transformations satrsfythe conditions in the hypothesis:
x=xX+aqz , y=y'+pz, z=2", t =t , t,=t,, t;=t (3.2)

and hencede(%] =1, 2=27", (3.3)
X

whereq, 8 are the functions o =Z' satisfying
010 *+ 9,8 = _\/5914 = \/5915 = _\/5916 '

0,0 + gZZE = _\/5924 = \/5925 = _\/5926 . (3.4)
With these transformations we obtain%gzr = % and
W= -ad®
W?=u - L,
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Where (Aj :qg3i +g4i +%95i +¢396i,
V32 - + &P - =0,
J=af, (a=3458).

ox™ ox"

O = Jap» \

Ohs = G + GapB+ 320, + Uss.

Oas = 0is =05 =0, (ab=12)

O3 = (@°9y; +2089,, + £°92,) + 2(a0s5 + £955) + Uss
- Z|a@g,, + £Ba,, + (@B + aB)a,, + 29.; + B

[ 1 = n
O34 = ﬁ(glsa + 923:8)"' O34

Using 9., = 9 it can be proved that

O35 = _%(gmﬁ + 9233)4' Oss» > (3.6)

1

O3 = —= (00 + 028+ Use.

=)

] 1 — )
944 :—3(9140’ + 924:3)"' 944,
1

«l

(9145 + 9243)"' Uas

[
g45_

@

Q46 = i(gmﬁ + 9243)"' U6

@

)N

[ 1 a n
Os5 = _ﬁ(glsa + 925:8)"' Oss)

[ 1 — n
Ose = ﬁ(glsa + 925:3)+ Os6 >3.6)
[ 1 — n
Oe6 = ﬁ(glaa + 926:8)"' Jes D
which proves the theorem.
. . . t,—t, +1;
Theorem 2: If g; satisfies (1.1) and (3.1) with = ———=—— then
J3z
U153 = €011 1 C,015, Up3 = G0, +C0,,
wherecs are constants.
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Proof: By using theorem 3.1, we have
u =u, =u; =0,
S =8,=8=5,=5=5,=0,
Pa =~0as>
Qs = ~0as
where U, =0,,0,;3 = 013924,
U; = 015923 = 01309555
U3 = 016923 ~ 913926+
Si = 012924 = 9229145
S; = 011924 ~ 912014,
S3 = 012925 ~ 922015
Sy = 011925 ~ 912915
S5 = 012926 ~ 922916
S6 = 911926 ~ 912916 -

From (1.1),p, = gaia) =0, and notingp, =@, — g5 andgq, :§0§4i —§3i

we get C‘)Bch = Cdlgll + C‘nglz '
C‘)B% = C‘Jlglz + wzgzz-

Solving equations (3.9) we get
Mg, = —k Gy, + K05,
Mg, = kG, +K,0,,
where m=g,,9,, - 9122 s
K = 01,955~ 01592,
Kz = 0110925~ 912915

From equations (3.7) and (3.10), we have
mk, -k, =0, mk, — Tk, =0,
where L =c,, ke =-C,
m m
On integrating equation (3.11), we get
g13 = 1gll + C2g12 + CS
g23 = 1921 + C2g22 + C4 -

wherec,,c,,C,,C, are integration constants.

Using the definition ok's in (3.11), we get equation (3.7).
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Hence the theorem is proved.

-t, +
Theorem 3: If g; satisfies (1.1) and (3.1) witd :tlx/t_—ék and theorem 2, then there exists
z
a co-ordinate transformation by which,, = ,0(@=12 ; a = 3456). Moreover by this
transformation, (1.1) is kept invariant.
Proof: If we transform the co-ordinate by
x=xX-qZ,y=y-¢7,z=2,t, =t, t, =t,, t; =t;. (3.14)

wherecs are constants as in equation (3.7),

thendel 2% |=1, z=27".
ox'!

By this transformationdd—Z = % and from equation (3.7) we get

W' =W +cw’,
W? = +e,,
W =af, (o= 3458),
Where C()‘ :ﬂgm +g4i +%95i +%g6i,
ol =p, (i=1..8). } (3.15)

It can be shown that
Jab = Yab (ab=12),
0., =0, (@a=12), (a= 3456)
O3z = a3 ~ (012911 +2CC,0;, + szgzz)a
U4 = G4, U35 = O35 U6 = U6
Jaa = Gaas Uas = Uus» U6 = Yse (3.16)
Uss = Jss» Uss = Use> Uss = Jeo-

In this new co-ordinate system we have
w = (o, o, WP, )
= (0' O, ﬂ933+g43+¢2953+¢§,963, ﬂ934+g44+(02954+¢5964,
@a9” +9” +00” +@9”, g™ +9* +©9” +1g") (3.17)
which proves that (1.1) is invariant. Hence theotken is proved.
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4. Theline dement

Considering equations (2.8), (2.9) and notpo-2,,/2,, ,  =2,,1Z,, and @ =2,,1Z,,
and using the co-ordinate system, determined iticse8 above in whichg,, = Q a=12 |,
a = 3456 , we get

¢?L2933+2ﬂ_934+2¢_[¢2935+2@_%936+g44+2¢zg45+2%g46+¢22955+2¢2%956+%de6 :0.
(4.2)
Noting @ =—/3Z , @ =-1 andg = 1, the matrix(g; )can be written as
-P -Q 0 0 0 0 |
-Q -R 0 0 0 0
@)= 0 0 3Z%-S+T) -+/3ZT +32(-S+U) -+3zU
W0 0o —vEmT (s+T)  -U (S+U) (4.2)
0 0 +3z(-S+U) -U (S+T) -T
0 0 -yJ3ZU  (S+U) -T (-S+T)
where P,Q,R,S,T,U are functions oZ satisfying (2.5),
ie. PR>0 , m>0 , S>T| , S>U|. (4.3)
The corresponding matrigg’ s
R Q 0 0 0 0
m m
Q -P 0 0 0 0
m m
o 0 -2S%(S+T+U) -2S°(T +U) -2s® 0
(gij ) — 3Z%n \/§Zn \/§Zn (44)
-2S¥(T+U)  2S%(S-T-U) 2s°
0 0 0 —_—
\3Zn n n
_9c3 2(Q_ 2 -
o o 2S 0 2S%(S-T+U) 282U -T)
\3Zn n n
3 2 _ 2 Y <
o o 0 28° 252U -T)  2S*(U -S-T)
n n n ]

wherem=PR-Q? > Oandn=127°S".

Therefore,g = mn=12Z°mS' > 0, so that the condition (2.5) is satisfied. Alsp using the

g"s from (4.4), condition (4.1) is satisfied. Henbe tine element obtained from (4.2) is

ds? =-Pdx - 2Qdxdy- Rdy’ +3Z(T — §dz? - 2/3ZTdzdf + 2/3Z(U - S)dzdt, - 2/3ZUdzd
+(S+T)dt,” - 2Udt,dt, + 2(S+U)dt,dt, + (S+T)dt,” - 2Tdt,dt, + (T - S)dt,” (4.5)

where P,Q,R,S,T,U are the functions d satisfying (2.5), (4.1) and (4.3).
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5. Conclusion
t1 _tz + t3
J3z

0., =0, (@=22 ; a= 3456) ; and (1.1) is kept invariant. Also we have oblgdirthe line

Thus if g; satisfies (1.1) withZ = , then there exists a co-ordinate system in which

t,—t, +t L .
element forz =-1—2—2 type plane gravitational waves as given by (4.5).

VJ3z
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