Prespacetime Journal| November 2011 | Vol. 2 | Issue 11 | pp. 1845-1851 1845
Chirde, V. R., Metkar, A. M., Bhoyar, S. R. & Deshmukh, [z-t]-Type Plane Wave Solutions of Weakened Field Equations

Article
[z-t]-Type Plane Wave Solutions of Weakened Field Equations
Vilas R. Chirde” A. M. Metkar ", S. R. Bhoyar” & A. G. Deshmukh
Dept. of Math., Govt.Vidarbha Inst. of Science & Humanities Amravati-444604, India
*Dept. of Math., Gopikabai Sitaram Gawande College,Umerkhed- 445206, India

**Dept. of Math., Shri Shivaji Arts, Commerce & Science College, Akola-444004, India
#Dept. of Mathematics, College of Agriculture, Darwha-445202, India

Abstract
In this paper we have proved that the purely plane gravitational wave g;; be the solutions
of the Weakened Field Equations (WFE), in general relativity.
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1. INTRODUCTION

The plane gravitational waves g;; are mathematically exposed by H.Takeno [1], in
general relativity. S.N.Pandey [3] has proved that, the space-time,

ds® = — A dx’— 2 D dx dy — B dy? — dz° + dt*, (1.1)
where A,B,D are the functions of Z = (z —t), be the solutions of the five WFE (1) — (V).
lik =R%ijka = 0, )
()" [g" Ryin— " Rijxn + (1/6) Ry — (1/6) gk 0" Riin— R™ Cihix
+ (R/6)g" Cjnix] =0, (I
-9)" 19" ¢ { 2Rjim R™ + g™ Rijam — R i} (1/2) g™ (R'm R™1— g™ Rum)] =0, (111)
9L g - (12) g" g~ (12) g ) Ru+ R(R" = (U4) g"R)] =0,  (IV)
e =R, =0, (V)

where Cjhik is Weyl curvature tensor & semicolon (;) denotes the covariant derivative.
These field equations are solved by Lovelock [2] & they are originally suggested by
Kilmister and Newman, Pirani, Rund, Eddington & Rund respectively.
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In this paper we have proved that the plane waves g;; given by the space-time
ds® = — A dx*— 2D dx dy — B dy? — (C— E) dz® —2E dz dt + (C+E ) dt?, (1.2)

where A,B,C,D,E are the functions of Z = (z —t) satisfying A,B >0, C > |E|, be the
solutions of the WFE (1) — (V).

2. DEFINITION

The plane gravitational waves gj; are defined as the non-flat solutions of the field
equation

Rij=0; ij=1--4, (2.1)
in an empty region of the space-time with
9i =0ij (D) Z=2(xY,z1), (2.2)

in some suitable coordinates system such that
0Z

¢"z,z;=0, Zz,= o (2.3)
such that Z,; # 0.
The signature convention adopted is as follows,

911 912 Ois (2.4)
. gll glk . .
g9y <0; g g >0; 9, G2 U5 <O 94, > 0.
“ . gSl 932 933
(No summation for I,k = 1,2,3).
And accordingly g = det (g;;) <O. (2.5)
3. SOLUTIONS OF THE WFE
From (1.2), we have,
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B D 0 0
m m
b _A 0
g’ = rg rg C-E E (3.1)
C? C?
0 0 —C—Ez CC2E

where m = AB — D?> 0.

From (1.2) & (3.1), the non-vanishing components of the Christoffel’s symbols are as
follow,

ri=-r =% (BA—DD), Ik =-r, :—(85 -DB), )

A =-TZ%= % (AD - DA), 2 =-TZ%= zi (AB-DD),

M =Tii = _%’ My =Tz = _%’ > (3.2)
Iy, =I,,= —%,

I =—T% =T = 2—(1:2[256 LCC-FY,

T4 =T =T = 2—(1:2[256 _C(C+E). )

Using (1.2), (3.1) and (3.2), the non-vanishing components of the curvature tensor

Rij and Ricci tensor R;; are obtained as follow,
A AC )

Riz13=—Ruiu =R :——— BA AD —2DAD——:u,

1313 1314 1414 2 [ ] 2C
R R Ris23 =R 5— [BAD+ABD DAB- DD]—CD

1323 = — R1324 = — R1423 = R1424 = E . E > (33)

=W,
B 1. —2 —2 —— CB

R2323 =— R34 =R = ——-—[AB +BD -2DBD]-——=v, and

2323 2324 2424 5 4m[ ] 2C J
R33:fR34:R44:P=i(AV*‘BU*ZDW). 3

> (3.4
Also, R®= R% = R% = 12 G4
C J
By using (3.1), (3.3) and (3.4), we deduced,
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a)R=0, b)g=-C*(AB-D?, c)R'wR™=0,d)Rjim R™=0. (3.5)
Also,by (3.4), Rs3;11 = Ras;12 = R332 = Ragj11 = Ras;12 = Rag2 = Ragyn = )
= Raa;12= Ras:22= 0,
\ (3.6)
and Ras;33=— Ra3;34 = R334 = —Ras;33= Ras;34 = —Ragas =
= —2
= 2PC 5PC 8PC
=Ru22=-Ruu=Ruuwmu=0=P— — + .
44;33 4434 = Rag:04=Q c c 2 )

Now we shall prove the gravitational plane waves gj; given by (1.2) be the solutions of
the WFE (1) — (V) in the form of theorems as follow.

Theorem 1: Prove that the plane wave gj; given by (1.2) be the solutions of WFE
(1), (1) and (1V).

Proof: The curvature tensor R%j satisfies the Bianchi identity

Rijkm + Rfikm;j + R%imjk = 0. (3.7)
Contracting a with m, we get,

R%jca * Rikj — Rijx = 0. (3.8)
But from (3.4), we get, Rixj— Rijk =0, (3.9)
hence from (3.8), we get, R%j.a =0.
So, WFE (1) is satisfied.
Also, from (3.9), it follows that,

Rik;jh = Rijikn | (3.10)
using (3.10) & (3.5), WFE (I1) reduces to,

-g)"[g" Ryjiin — g" Rijkn — R" Cinik ] =0, (3.11)
which on simplification, becomes

9)" R"Cjx =0, (3.12)

by the virtue of (3.5), (3.12) is identically satisfied.
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Also, WFE (1V) is satisfied by a) in (3.5). Hence the theorem.
Theorem 2: A necessary and sufficient condition that g;; given by (1.2) be a

solutions of WFE (I11) isQ =0,

= —— —2
where QZE_ZPC_SPCJFSP(ZS |
C C ¢C

[ Bar (-) over a letter denotes the derivative with respect to Z.]
Proof: Let g given by (1.2) be the solutions of WFE (l11).
By the virtue of (3.5), (I11) reduces to
-9)"¢" ¢ g™ Rijm =0, (3.13)
(3.13) is identically satisfied for all values of h,k expect for h,k = 3,4.
When h,k = 3,4, equation (3.13), on simplication gives,
5 _2PC_5PC_8PC’

Q=P-= "t o =0 by34&(36)

= == —2
Conversely, if Q =P — 2PC _ SFC):C + 82(2:

=0.

= (-g)"g" ¢" g™ Rijm =0, by (3.4) & (3.6). (3.14)
LHS of (111) = 0, by (3.5) and (3.14).

So, WFE (1) is identically satisfied. Hence the theorem.

Theorem 3: A necessary and sufficient condition that gj; given by (1.2) be the
solutions of WFE (V), is [P/C?]=0.
Proof: Let g; given by (1.2) be the solutions of WFE (V).
Equation (V), implies R? ., =0
oR ! i osj i pis
= ax—k+l“skRJ+1“s’kR =0. (3.15)
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Equation (3.15) is identically satisfied for all values of i, j, k, except for i,j,k = 3,4,
by using the components of R & Christoffel’s symbols T, .
Equation (3.15) for i, j, k = 3,4 gives

[P/C?]=0, by (3.4). (3.16)

Conversely, if [P/C?]=0,

~ 9Yp/cry-0
dz

= Lprc1% 2o, forallk=1,234.
dz oxk

0

= [P/C?],, =0. (3.17)
oR"

ij i sj j is
Hence, R% = o +I R +T,R

=[P/C?], +TLRY+TJR" by(3.4),
=0, by (3.2),(3.4) &(3.17).
= RV =0,

Implies gij be the solutions of WFE (V). This proves the theorem.

CONCLUSION
The plane waves g;; given by (1.2) be the solutions of the WFE (I) — (V). Also we note
that, [3] is the special case (when E =0, C = 1) of this paper.
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