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Abstract 

Minimization theorem in generating space and fixed point is studied. A non-convex 

minimization theorem has been established for generating space of quasi 2-metric family for 

sequence of mappings with non-commuting weak compatible condition. Also minimization 

theorem is explained in detail with illustrative example. 
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1. Introduction 

An important area of fixed point theory is the generating space of quasi 2-metric family, because 

of its involvement and application to fuzzy and probabilistic 2-metric space and a minimization 

theorem [1], [3] is to obtain fixed point theorem. In 2008 V. B. Dhagat and V. S. Thakur [2] 

proved non convex minimization theorem for generating space of quasi 2-metric family. In this 

paper we prove a minimization theorem for sequence of mappings �� for � ∈ � and further we 

prove fixed point theorem as an application of minimization theorem with non commuting 

condition known as weak compatible. 

 

2. Generating Space of Quasi 2-Metric Family 

Generating space of quasi 2-metric family already defined[1] and [2] as follows: 

Let � be a non empty set and ��	: � ∈ (0,1]� be family of mapping �	 from � × � × � into ��. ��, �	� is called generating space of quasi 2-metric family if it satisfy following axioms: 

(GM 1) – For any two distinct points � and � there exit � in � such that 

�	(�, �, �) ≠ � ∈ (0,1] 
(GM 2) – �	(�, �, �) = 0 if at least two �, �, � are equal and � ∈ (0,1] 
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(GM 3) –  �	(�, �, �) = �	(�, �, �)�	(�, �, �) = ⋯ … … … for all �, �, � in � and � ∈ (0,1] 
(GM 4) – for any � ∈ (0,1] there exists ��, ��, � , ∈ (0, �] such that �� + �� + � , ≤ (0, �] and 

so �	(�, �, �) ≤ �	#(�, �, $) + �	%(�, $, �) + �	&($, �, �) 

 (GM 5) –   �	(�, �, �) is non increasing and left continuous in � and ∀ �, �, � )* �. Throught 

this paper, we assume that +: (0,1] → (0, ∞) is non decreasing function satisfying the condition                        

 . = /$0 +(�) 

Let 1 and 2 be mappings from generating space of quasi 2-metric family ��, �	� into itself. The 

mapping  1 and 2 are said to be weak compatible if it commute at convergent point. i.e. for 

sequence �3 in � such that  

lim3→7 1�3 = lim3→7 2�3 = 8 for some 8 in � then 128 = 218. 
 

3. Main Results 

Theorem 3.1. Let ��, �	: � ∈ (0,1]� and �9, �´	: � ∈ (0,1]� be two complete generating space 

of quasi 2-metric family. ;: � → 9 be a closed and ��: � → � be continuous mapping satisfying 

for all � ∈ � 

(i) �	(���, ���, �) ≤ max��	(���, �, �). (�, ���, �). (�, �, ���)� and  

(ii) �´	>;(���). ;(���). ;(�)? 

≤ @��A�´	>;(���). ;(�). ;(�)?, �´	>;(�). ;(���). ;(�)?, �´	>;(�). ;(�). ;(���)?B, 
∀  �, �, � ∈ � and � ∈ (0,1] 
(iii) Ψ: ℜ → ℜ be non decreasing continuous and bounded below function, 

(iv) ∅: ;(�) → ℜ be a lower semi continuous and bounded below function, 

(v) ;FG �*� 0 ∈ � with  inf Ψ J∅>f(�)?K < Ψ J∅>f(0)?K there exists M with 0 ≠ �M and  

maxN@����	(�� , M, 0, �), �	(M, ��0, �), �	(M, 0, ���)�], 
O. @��A�´	>;(��M). ;(0). ;(�)?, �´	>;(M). ;(��0). ;(�)?, �´	>;(M). ;(0). ;(���)?B 

≤ .(�) PΨ J∅>f(0)?K − Ψ J∅>f(M)?KR ∀  �, �, � ∈ � and � ∈ (0,1] 
and O  is any constant. 

Then there exists an �S in� such that with  inf Ψ J∅>f(�)?K = Ψ J∅>f(0)?K. 



Prespacetime Journal| May 2026 | Volume 17| Issue 3 | pp. 329-335 

Parashar, G. K., & Singh, A., Minimization in Generating Space & Fixed Point 

 

ISSN: 2153-8301 Prespacetime Journal 

Published by QuantumDream, Inc. 

www.prespacetime.com 

 

331 

Proof:   Let us suppose inf Ψ J∅>f(�)?K < Ψ J∅>f(0)?K for every � in � and choose G ∈ � 

For which inf Ψ J∅>f(G)?K is defined then inductively we define a sequence �G3� ⊂ � with  G� = G. suppose G3 is know is consider  

U3
= VWX ∈ �: max Y @����	(��X, G3 , �), �	(X, ��G3 , �), �	(X, G3 , ���)�,O. @��A�´	>;(��X). ;(G3). ;(�)?, �´	>;(X). ;(��G3). ;(�)?, �´	>;(X). ;(G3). ;(���)?BZ[\ 

≤ .(�) PΨ ]∅ Jf(G*)K^ − Ψ ]∅ Jf(X)K^R ∀ �, �, � ∈ � and � ∈ (0,1] 
U3 is non empty set and there exists X ∈ U3 such that G3 ≠ �X. We can choose G3�� ∈ U3  

such that  

G3 ≠ �(G3��) and  

Ψ J∅>f(G3)?K ≤ )*;Ψ J∅>f(�)?K + 1 3⁄ PΨ J∅>f(G3)?K − )*;Ψ J∅>f(�)?KR. 
Clearly  Ψ J∅>f(G3��)?K is a non increasing lower bounded sequence. Hence it is a convergent 

sequence. 

Now we prove �G3� and �(G3)�are Cauchy sequences:  

@��A��(��G3 , ��G3��, X), �´	>;(��G3). ;(G3��). ;(X)?B 

≤ @�� Y @����	(;(��G3), G3��, X), �	(G3 , ��G3��, X), �	(G3 , G3��, ��X)�,O. @��A�´	>;(��G3). ;(G3��). ;(X)?, �´	>;(G3). ;(��G3��). ;(X)?, �´	>;(G3). ;(G3��). ;(��X)?BZ 

≤ .(�) PΨ J∅>f(G3)?K ≤ )*;Ψ J∅>f(G3��)?KR 
∀*, @ ∈ �, * < @ ⟹ there exists �b = �b(*, @); ∑ �b ≤ �, such that 

@�� e @�� f�	g(��G*, G@ , X), �	g(G*, ��G@ , X), �	g(G*, G@, ��X)h ,
O. @�� f�´	g>;(��G*). ;(G@). ;(X)?, �´	g>;(G*). ;(��G@). ;(X)?, �´	g >;(G*). ;(G@). ;(��X)?hi 

≤ j @�� e @�� f�	g(��G3 , Gk, X), �	g>Gb , ��Gb�� , X?, �	g>Gb , Gb�� , ��X?h ,
O. @�� f�´	g J;>��Gb?. ;>Gb��?. ;(X)K , �´	g J;>Gb?. ;>��Gb��?. ;(X)K , �´	g J;>Gb?. ;>Gb��?. ;(��X)Khibl3  

Hence, ∀ *, @ ∈ �, * < @; 
≤ @�� Y @����	(��G3 , Gk , X), �	(G3 , ��Gk , X), �	(G3 , Gk , ��X)�,O. @��A�´	>;(��G3). ;(Gk). ;(X)?, �´	>;(G3). ;(��Gk). ;(X)?, �´	>;(G3). ;(Gk). ;(��X)?BZ 
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≤ .(m) j PΨ ]∅ Jf>Gb?K^ − )*;Ψ ]∅ Jf>Gb��?K^Rkn�
bl3  

≤ .(�) j PΨ J∅>f(G3)?K − )*;Ψ J∅>f(Gk)?KRkn�
bl3  

For some �b with 0 < �b�� < �o ≤ �p = * … … … … . @ − 1 

�	(G*, G*+1, X) ≤ ��1(G*, G*+1, ��G*+1) + ��2(G*, ��G*+1, X) + ��3(��G*+1, G*+1, X) 

≤ �	#(G3, G3��, ��G3��) + �	%(G3 , ��G3��, X) + �	&(��G3��, G3��, ��G3) + �	r(��G3��, ��G3 , X) + �	s(��G3��, G3��, X) 

For �� + �� + � + �t + �u ≤ � 

≤ 3 Y @��A��>(��G*), G*+1, X?, ��(G*, ��G*+1, X), ��(G*, G*+1, ��X)B,O. @��A�´�>(��G*). ;(G*+1). ;(X)?, �´�>;(G*). ;(��G*+1). ;(X)?, �´�>;(G*). ;(G*+1). ;(��X)?BZ 

≤ 3.(�) PΨ J∅>f(G3)?K − )*;Ψ J∅>f(G3��)?KR 
Then also we get  

�	(G*, G*+1, X) ≤ 3.(�) PΨ ]∅ Jf(G*)K^ − )*;Ψ ]∅ Jf(G@)K^R 
where * < @ 

In the manner we obtain 

�´	>;(G3). ;(G3��). ;(X)? ≤ 3.(�) PΨ ]∅ Jf(G*)K^ − )*;Ψ ]∅ Jf(G@)K^R 
where * < @ 

Hence �G3� and �;(G3)� are Cauchy sequences.  

Assume that lim3→7 G3 = v  and lim3→7;( G3) = w. 
Since ; is closed therefore ;(v) = w. 
By the continuity of Ψ and lower semi  continuity of ∅ we have  

Ψ J∅>f(x)?K ≤ lim3→7 Ψ J∅>f(G3)?K = lim3→7 Ψ J∅>f(G3��)?K 

Let  y = )*;Ψ J∅>f(�)?K ∈ R 
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Ψ J∅>f(G3��)?K ≤ )*;Ψ J∅>f(�)?K + 1 3⁄ PΨ J∅>f(G3)?K − )*;Ψ J∅>f(�)?KR, we have  

lim3→7 Ψ J∅>f(G3��)?K ≤ >2 3{ ?y + 13 lim3→7 Ψ J∅>f(G3)?K = >2 3{ ?y + 1/3 lim3→7 Ψ J∅>f(G3��)?K 

Which is contraction, therefore there exists �S in � such that  

)*;Ψ J∅>f(�)?K = ∅>f(�S)? 

  Now we give a fixed point theorem as an application of the above theorem under 

non commuting condition known as weak compatible.  

Theorem 3.2 Let ��, �	: � ∈ (0,1]� and �9, �´	: � ∈ (0,1]� be two complete generating space of 

quasi 2-metric family. ;: � → 9 be a closed and �� , /�: � → � be continuous mapping satisfying  

(i) �	(���, ���, �) ≤ max��	(���, �, �). (�, ���, �). (�, �, ���)� and  

(ii) �´	>;(���). ;(���), ;(�)? 

≤ @��A�´	>;(���). ;(�). ;(�)?, �´	>;(�). ;(���). ;(�)?, �´	>;(�). ;(�). ;(���)?B, 
∀  �, �, � ∈ � and � ∈ (0,1] 

(iii) Ψ: ℜ → ℜ be non decreasing continuous and bounded below function, 

(iv) ∅: ;(�) → ℜ be a lower semi continuous and bounded below function, 

(v) /� and �� are weak compatible and  maxN@����	(�� , ��/��, �), �	(�, ��/��, �), �	(�, /��, ���)�], 
O. @��A�´	>;(���). ;(��/��). ;(�)?, �´	>;(�). ;(��/��). ;(�)?, �´	>;(�). ;(/��). ;(���)?B 
≤ .(�) PΨ J∅>f(�)?K − Ψ J∅>f(/��)?KR ∀  �, �, � ∈ � and � ∈ (0,1] 
And O is any constant. Then there exists unique common fixed point �S in �. 

Proof: If �S ∈ � such that )*;Ψ J∅>f(�)?K = Ψ J∅>f(�S)?K 

then �S = ��/��S./��S = ���S therefore some � ∈ (0,1] 
0 < @����	(�� , ��/��, �), �	(�, ��/��, �), �	(�, /��, ���)� 

≤ .(�) PΨ J∅>f(�S)?K = Ψ J∅>f(/��S)?KR ≤ 0 

Xℎ)Oℎ )~ OF*8G�O8)F*. then  /�S = ��S. 
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Now by weak compatible of ���*� /� 

/��S=��/��S = /����S = ���S.  

Also for some ��, ��, � ∈ (0,1] such that �� + �� + � ≤ � 

�	(�S, ���S, �) ≤ �	#(�S, ���S, ��/��S) + �	%(�S, ��/��S, �) + �	&(��/��S, ���S, ���S, �) 

≤ �	&(��/��S, ���S, ���S, �) = 0. hence  ���S = /��S = �S 

����������: Let us assume there exists another fixed point �S such that 

/��S = ���S = �Sand by theorem 3.1 we have )*;Ψ J∅>f(�)?K = ∅>f(�S)?. 

But )*;Ψ J∅>f(�)?K = ∅>f(�S)? hence by uniqueness of infima we get �S = �S 

Remark: Theorem 3.1 and 3.2 can be proved easily for convergent sequence of mappings.  

Corollary: Let ��, �	: � ∈ (0,1]� and �9, �´	: � ∈ (0,1]� be two complete generating space of 

quasi 2-metric family. ;: � → 9 be a closed, ∅: ;(�) → ℜ be a lower semi continuous and 

bounded below function. Let /�: � → � be a mapping such that ∀ �, �, � ∈ � and O is any 

continuous mapping satisfying 

maxA�	(/��, �, �). �´	>;(/��), ;(�), ;(�)?B 

≤ .(�)N∅(x) = ∅(/��)] 
�����:Consider � = 1 and Ψ = 1 we get required result.  

�������: 

Let � = N0,1]9 = N0, ∞], �	 = �´	 = �� defined by ��(�, �, �) = �(�,�,�)���(�,�,�) 
And �(�, �, �) = @���|� − �| + |� − �| + |� − �|�, 
The mapping defined as follows: 

��: � → � as ��� = ���;: � → � as ;� = �, ∅: ;(�) → � as ∅(�) = 1/(1 − �) 

�*� Ψ: R → RΨ(x) = ��/2 and .(�) = 3 satisfy the all conditions of theorem 3.1. 

��~F /� : � → � is defined /�� = �%�
�� ,  then (/, �) is weak compatible which satisfying the 

condition of theorem 3.2, hence 0 is a unique fixed point. 
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