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Abstract

This article is the first part of of overall view of Topological Geometrodynamics (T'GD) as it is
towards the end of 2024. Various views about TGD and their relationship are discussed at the general
level.

The first view generalizes Einstein’s program for the geometrization of physics:

1. Space-time surfaces are 4-surfaces in H = M* x CP, and general coordinate invariance leads
to their identification as preferred extremals of an action principle satisfying holography. This
implies zero energy ontology (ZEO) allowing to solve the basic paradox of quantum measurement
theory.

2. Holography = holomorphy principle makes it possible to construct the general solution of field
equations in terms of generalized analytic functions. This leads to two different views of the
construction of space-time surfaces in H, which seem to be mutually consistent.

3. The entire quantum physics is geometrized in terms of the notion of ”world of classical worlds”
(WCW), which by its infinite dimension has a unique Kéhler geometry. Holography = holo-
morphy vision leads to an explicit general solution of field equations in terms of generalized
holomorphy and has induced a dramatic progress in the understanding of TGD.

Second vision reduces physics to number theory:

1. Classical number fields (reals, complex numbers, quaternions, and octonions) are central as also
p-adic number fields and extensions of rationals. Octonions with number theoretic norm RFE(o?)
is metrically Minkowski space, having an interpretation as an analog of momentum space M®
for particles identified as 3-surfaces of H, serving as the arena of number theoretical physics.

2. Classical physics is coded either by the space-time surfaces of H or by 4-surfaces of M® with

Euclidean signature having associative normal space, which is metrically M*. M® — H duality
as analog of momentum-position duality relates these views. The pre-image of CD at the level
of M8 is a pair of half-light-cones. M® — H duality maps the points of cognitive representations
as momenta of fermions with fixed mass m in M® to hyperboloids of CD C H with light-cone
proper time a = hefy/m.
Holography can be realized in terms of 3-D data in both cases. In H the holographic dynamics is
determined by generalized holomorphy leading to an explicit general expression for the preferred
extremals, which are analogs of Bohr orbits for particles interpreted as 3-surfaces. At the level of
M?® the dynamics is determined by associativity. The 4-D analog of holomorphy implies a deep
analogy with analytic functions of complex variables for which holography means that analytic
function can be constructed using the data associated with its poles and cuts. Cuts are replaced
by fermion lines defining the boundaries of string world sheets as counterparts of cuts.

3. Number theoretical physics means also p-adicization and adelization. This is possible in the
number theoretical discretization of both the space-time surface and WCW implying an evo-
lutionary hierarchy in which effective Planck constant identifiable in terms of the dimension of
algebraic extension of the base field appearing in the coefficients of polynomials is central.

This summary was motivated by a progress in several aspects of TGD:
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1. The notion of causal diamond (CD), central to zero energy ontology (ZEO), emerges as a pre-
diction at the level of H. The moduli space of CDs has emerged as a new notion.
2. Galois confinement at the level of M® is understood at the level of momentum space and is found
to be necessary. Galois confinement implies that fermion momenta in suitable units are algebraic
integers but integers for Galois singlets just as in the ordinary quantization for a particle in a
box replaced by CD. Galois confinement could provide a universal mechanism for the formation
of all bound states.
3. There has been progress in the understanding of the quantum measurement theory based on
ZEO. From the point of view of cognition BSFRs would be like heureka moments and the
sequence of SSFRs could correspond to an analysis, possibly having the decay of 3-surface to
smaller 3-surfaces as a correlate.
In the first part of the article the two visions of TGD: physics as geometry and physics as number
theory are discussed. The second part is devoted to M® — H duality relating these two visions, to
zero energy ontology (ZEO), and to a general view about scattering amplitudes.
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1 Introduction

The purpose of this article is to give a rough overall view of the basic ideas of Topological Geometro-
dynamics (TGD) as it is now (2024). I wrote a similar summary 3 years ago. Several new ideas have
emerged during these years, the realization of some ideas has simplified dramatically, and some ideas have
turned out to be obsolete.

It must be emphasized that TGD is only a vision, not a theory able to provide precise rules for
calculating scattering amplitudes although also in this respect dramatic progress has taken place during
the last years. A collective theoretical and experimental effort would be needed to achieve the analogs of
Feynman rules if this is possible at all.

Applications have played a key role in the development of TGD. TGD replaces the length scale
reductionism of the standard model and string theories with fractality so that the applications range over
all scales from QCD type physics, via nuclear and hadron physics, to atomic and molecular physics and
biology and eventually to astrophysics and cosmology. In all scales the basic concepts which are new from
the perspective of the standard model physics play a key role and lead to non-trivial predictions.

Furthermore, the new view of quantum measurement theory together with number theoretic vision
leads to a TGD inspired theory of consciousness as a generalization of quantum measurement theory
solving the basic problem of the standard quantum measurement theory and also predicts the possibility
of quantum coherence in arbitrarily long scales. Applications are not discussed in this article but there
are numerous articles and quite a number of books at my homepage as also articles published in the
journals founded by Huping Hu, which are devoted to various applications.

It is perhaps good to explain what TGD is not and what it is or hoped to be. The article [46] gives a
slighly out-of-date overview of various aspects of TGD and is warmly recommended.
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1.1 What does the attribute ” Geometro-” mean?

”Geometro-” refers to the idea about the geometrization of physics. The geometrization program of
FEinstein is extended to gauge fields allowing realization in terms of the geometry of surfaces so that
Einsteinian space-time as abstract Riemann geometry is replaced with sub-manifold geometry. The basic
motivation is the loss of classical conservation laws in General Relativity Theory (GRT)(see Fig. [1). Also
the interpretation as a generalization of string models by replacing string with a 3-D surface is natural.

Standard model symmetries uniquely fix the choice of 8-D space in which space-time surfaces live to
H = M* x CP, [80]. Also the notion of twistor is geometrized in terms of surface geometry and the
existence of twistor lift fixes the choice of H completely [2] so that TGD is unique [31], 33} [60} [61] (see
Fig. @ Practically any GCI action has the same universal basic extremals: C'P, type extremals serving
basic building bricks of elementary particles, cosmic strings and their thickenings to flux tubes defining a
fractal hierarchy of structure extending from CP, scale to cosmic scales, and massless extremals (MEs)
define space-time correlates for massless particles. World as a set or particles is replaced with a network
having 3-D particles as nodes and flux tubes as bonds between them serving as correlates of quantum
entanglement.

During last years it has become clear that holography reduces to the notion of generalized complex
structure for both imbedding space and the space-time surface [76] and space-time surfaces correspond
to roots of two functions f; and f analytic with respect to the 4 generalized complex coordinates, one
of which is hypercomplex coordinate varying along light-like curves. This means a general solution of
field equations which is universal in the sense that it the same for any general coordinate invariant action
constructible in terms of the induced geometry. The dependence on action comes only from, presumably
2-D, singularities at which the generalized holomorphy and the associated minimal surface property fail.
There are good reasons to believe that the singularities contain the information needed to construct the
scattering amplitudes.

The geometrization applies even to the quantum theory itself and the space of space-time surfaces
- "the world of classical worlds” (WCW) - becomes the basic object endowed with a Kéhler geometry
(see Fig. [7). General Coordinate Invariance (GCI) for space-time surfaces has dramatic implications.
A Given 3-surface fixes the space-time surface almost completely as an analog of Bohr orbit (preferred
extremal [7]). This implies holography and leads to zero energy ontology (ZEO) in which quantum states
are superpositions of space-time surfaces. Quantum TGD reduces to wave mechanics in the space of these
Bohr orbits, the WCW.

1.2 What does the attribute ”Topological” mean?

Consider next the attribute ” Topological”. In condensed matter physical topological physics has become
a standard topic. Typically one has fields having values in compact spaces, which are topologically
non-trivial. In the TGD framework space-time topology itself is non-trivial as also the topology of
H=M*xCP,.

1. The space-time as 4-surface X% C H has a non-trivial topology in all scales and this together with
the notion of many-sheeted space-time brings in something completely new. Topologically trivial
FEinsteinian space-time emerges only at the QFT limit in which all information about topology is
lost (see Fig. [3).

”Topological” could refer also to p-adic number fields obeying p-adic local topology differing radi-
cally from the real topology (see Fig. [10]).

2. Adelic physics fusing real and various p-adic physics are part of the number theoretic vision, which
provides a kind of dual description for the description based on space-time geometry and the ge-
ometry of "world of classical worlds”. Adelic physics predicts two fractal length scale hierarchies:
p-adic length scale hierarchy and the hierarchy of dark length scales labelled by heyf = nhg, where
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n is the dimension of extension of rational. The interpretation of the latter hierarchy is as phases
of ordinary matter behaving like dark matter. Quantum coherence is possible in all scales.

3. The concrete realization of the number theoretic vision is based on M®— H duality (see Fig. . One
motivation for writing this summary is that quite recently the realization of the M® — H duality
has simplified dramatically [83]. M?® can be regarded as octonions with the Minkowskian norm
identified as the octonionic real part RE(0?). As in H, the physics in M? is based on holography.

An integrable distribution of the normal spaces N(y), y € Y* C M?®, which is Euclidean with
respect to the number theoretical metric is assumed to be quaternionic and thus associative and to
contain an integrable sub-distribution of commutative and complex sub-spaces. This kind of normal
space is parametrized by a point of C'P,. Associative holography determines a 4-surface Y4 c M8
in terms of 3-D holographic data assigned to 3-spheres S3.

At the first step, M® — H duality maps the point y € Y* to a point of its normal space N(y)
isomorphic to M* by a multiplication by an octonionic imaginary unit e, fixed apart from a local
U(2) rotation. The interpretation is in terms of a number theoretic counterpart of the electroweak
gauge invariance, realized as holonomies at the level of H whereas olor symmetries correspond to
the SU(3) subgroup of octonionic automorphisms at the level of M® and isometries of C'P, at the
level of H. At the second step, the point in N(y) is mapped to a point M* C M* x C'P, by inversion.
This realization avoids the shortcomings of the earlier proposal [40, [4T], [7§].

M?® — H duality provides two complementary visions about physics (see Fig. , and can be seen
as a generalization of the g-p duality of wave mechanics, which fails to generalize to quantum field
theories (QFTs).

4. The earlier formulation of M8 — H duality led to number theoretical universality justifying adelic
and p-adic physics. In the recent formulation, the realization requires that the analytic functions
f1 and f> reduce to polynomials with integer (or even algebraic) coefficients at the 2-D singularities
of the surfaces X2 at which the holomorphy and the minimal surface property fail. This realization
for the quantum criticality of TGD would select rationals and their algebraic extensions from the
ocean of complex continuum.

The hierarchy of algebraic extensions of rationals gives rise to a hierarchy of Planck constants
heff = nho and defines extensions of p-adic number fields and adeles allowing an interpretation
as an evolutionary hierarchy (see Fig. E[) Physically this defines a hierarchy of phases of ordinary
matter behaving like dark matter. The interpretation is not in terms of galactic dark matter but in
terms of missing baryonic matter identified. The polynomials in turn are characterized by ramified
primes having a natural interpretation as the p-adic primes characterizing elementary particles [71]
[12].

1.3 Zero Energy Ontology

In Zero Energy Ontology (ZEO), the superpositions of space-time surfaces inside causal diamond (CD)
having their ends at the opposite light-like boundaries of CD, define quantum states. CDs form a scale
hierarchy (see Fig. and Fig. .

Quantum jumps occur between these superpositions and the basic problem of the standard quantum
measurement theory disappears. Ordinary state function reductions (SFRs) correspond to ”big” SFRs
(BSFRs) in which the arrow of time changes (see Fig. . This has profound thermodynamic impli-
cations and the question about the scale in which the transition from classical to quantum takes place
becomes obsolete. BSFRs can occur in all scales but from the point of view of an observer with an
opposite arrow of time they look like smooth time evolutions [34].

In ”small” SFRs (SSFRs) as counterparts of ”weak measurements” the arrow of time does not change
and the passive boundary and the states at it remain unchanged (Zeno effect). The sequence of ”small”
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state function reductions (SSFRs) defined the TGD counterpart of the generalized Zeno effect, would
correspond to an analysis having as a correlate the decay of 3-surface to smaller 3-surfaces and would
also give rise to a conscious entity, self.

This means considerable progress in the understanding of the quantum measurement theory based on
ZEO [38, 62, [79] [24].

The first new result is that Negentropy Maximization Principle [77] implying evolution follows as
an analog of the second law. In the sequence of quantum jumps the algebraic complexity, which is
measured as the dimension of extension of rationals associated with the polynomials associated with the
singularities, is bound to increase in a statistical sense.

The second new result [79] is a quantum formulation of the ZEO. Zero energy states within a single
CD as an analog of a perceptive field and containing space-time surfaces is generalized so that quantum
states also involve a wave function in the space of CDs. The moduli space of CDs is finite-dimensional
and maximally symmetric and forms the backbone of WCW in the sense that each space-time surface
satisfying holography is within a particular CD. This leads also to a new view of Poincare symmetry
allowing to overcome the problems due to the fact that CD itself is not Poincare invariant.

TGD develops by explaining what TGD is and also this work led to considerable progress in several
aspects of TGD.

1. The mutual entanglement of fermions (bosons) as elementary particles is always maximal so that
only fermionic and bosonic degrees can have a dynamic entanglement. The replacement of point-like
particles with 3-surfaces forces us to reconsider the notion of identical particles from the category
theoretical point of view. The number theoretic definition of particle identity seems to be the most
natural and implies that the new degrees of freedom make possible geometric entanglement.

Also the notion particle generalizes: also many-particle states can be regarded as particles with the
constraint that the operators creating and annihilating them satisfy commutation/anticommutation
relations. This leads to a close analogy with the notion of infinite prime [18].

2. The understanding of the details of the M®— H duality forces us to modify the earlier view [40 41 [78]
to a much simpler vision [83]. The notion of causal diamond (CD) is central to zero energy ontology
(ZEO) and emerges as a prediction at the level of H. The pre-image of CD under M® — H duality
in M? is a region bounded by two mass shells in the normal space of y € Y4 C M8, which itself is
an Euclidean region.

M® — H duality maps the points of cognitive representations defined by the points of Y# with
coordinates as algebraic integers in the algebraic extension of rationals and identified as momenta
of fermions with a fixed mass squared in M?® to either boundary of CD in H.

3. The emergence of holography = holomorphy principle [85] forces a profound modification of the
ideas about M® — H duality and number theoretical vision and have given a strong motivation for
this article. There are tensions between the holography= holomorphy vision and number-theoretic
vision and in this article a more precise form of the holography = holomorphy vision resolving the
tensions is discussed.

4. Galois confinement for physical states at the level of M?® is understood at the level of momentum
space and is found to be necessary. Galois confinement implies that fermion momenta using a
suitable unit determined by CD are algebraic integers but integers for Galois singlets just as in
ordinary quantization for a particle in a box replaced by CD. Galois confinement could provide a
universal mechanism for the formation of all bound states.
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1.4 The description of particles and particle interactions in the TGD frame-
work

The TGD based description of particles [74] and particle interactions [88], [75] has developed considerably
during the last yeaars and the new view deserves a separate section.
Several key ideas of quantum TGD distinguish between TGD and QFTs.

1. The basic problem of QFT is that it involves only an algebraic description of particles. An explicit
geometric and topological description is missing but is implicitly present since the algebraic structure
of QFT's expresses the point-like character of the particles via commutation and anticommutation
relations for the quantum fields assigned to the particles.

In the string models, the point-like particle is replaced by a string, and in the string field theory, the
quantum field ¥(x) is replaced by the stringy quantum field ¥(string), where ”string” corresponds
a point in the infinite-D space of string configurations (say loop space). The interpretation is as
a second quantization of string theory. This approach is rather baroque since one must introduce
a non-linear action principle in the string space. This however allows to understand M* as the
configuration space for the positions of a point-like particle.

In TGD, the quantum field ¥(x) is replaced by a formally classical spinor field ¥ (Bohr orbit). The
4-D Bohr orbits are preferred extremals of classical action satisfying holography forced by general
coordinate invariance without path integral and represent points of the ”"world of classical worlds”
(WCW). The components of ¥ correspond to multi-fermion states, which are pairs of ordinary 3-D
many-fermion states at the boundaries of causal diamond (CD).

The gamma matrices of the WCW spinor structure are linear combinations of the fermionic oscillator
operators for the second quantized free spinor field of H. They anticommute to the WCW metric,
which is uniquely determined by the maximal isometries for WCW guaranteeing the existence of
the spinor connection. Physics is unique from its existence, as implied also by the twistor lift and
number theoretic vision and of course, by the standard model symmetries and fields.

Also the notion of induced spinor fields as a restriction of spinor fields to space-time surface is
involved and the induced spinor fields satisfy the modified Dirac equation as the analog of massless
Dirac equation [86].

2. In TGD, the notion of a classical particle as a 3-surface moving along 4-D ”Bohr orbit” as the
counterpart of world-line and string world sheet is an exact aspect of quantum theory at the fun-
damental level. The notions of classical 3-space and particle are unified. This is not the case in
QFT and the notion of a Bohr orbit does not exist in QFTs. TGD view of course conforms with
the empirical reality: particle physics is much more than measuring of the correlation functions for
quantum fields.

Quantum TGD is a generalization of wave mechanics defined in the space of Bohr orbits. The Bohr
orbit corresponds to holography realized as a generalized holomorphy generalizing 2-D complex
structure to its 4-D counterpart, which I call Hamilton-Jacobi structures (see|this). Classical physics
becomes an exact part of quantum physics in the sense that Bohr orbits are solutions of classical
field equations as analogs of complex 4-surfaces efined as roots of two generalized analytic functions
in H = M* x CP, endowed with generalized complex coordinates. The space of these 4-D Bohr
orbits gives the WCW (see [this), which corresponds to the configuration space of an electron in
ordinary wave mechanics.

There is no need for the second quantization to describe many particle systems as in the case of wave
mechanics since the many-particle states are described topologically as unions of disjoint 3-surfaces
and unions of partonic orbits inside them.

3. The second quantized spinor fields of H are needed to define the spinor structure in WCW. The
spinor fields of H are the free spinor fields in H coupling to its spinor connection of H. The Dirac
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equation can be solved exactly and second quantization is trivial and one avoids the usual prob-
lems caused encountered for curved space-times, such as the non-existence of spinor structure and
existence of several spinor structures encountered already in QCD lattice calculations where the
periodic boundary conditions effectively replace the topology of the Minkowski space with that of
4-torus.

This determines the fermionic propagators in H and induces them at the space-time surfaces. The
propagation of fermions is thus trivialized. All that remains is to identify the vertices.

4. At the fermion level, all elementary particles, including bosons, can be said to be made up of
fermions and antifermions, which at the basic level correspond to light-like world lines on 3-D
parton trajectories, which are the light-like 3-D interfaces of Minkowski spacetime sheets (see Fig.
and the wormhole contacts (see Fig. connecting them.

The light-like world lines of fermions are boundaries of 2-D string world sheets and they connect
the 3-D light-like partonic orbits bounding different 4-D wormhole contacts to each other. The 2-D
surfaces are analogues of the strings of the string models.

5. In TGD, classical boson fields are induced fields and no attempt is made to quantize them. Bosons as
elementary particles are bound states of fermions and antifermions. This is extraordinarily elegant
since the expressions of the induced gauge fields in terms of embedding space coordinates and their
gradients are extremely non-linear as also the action principle. This makes standard quantization
of classical boson fields using path integral or operator formalism a hopeless task.

There is however a problem: how to describe the creation of a pair of fermions and, in a special
case, the corresponding bosons, when there are no primary boson fields? Can one avoid the separate
conservation of the fermion and the antifermion numbers?

2 Physics as geometry

The following provides a sketchy representation of TGD based on the vision about physics as geometry
which is complementary to the vision of physics as number theory. M® — H duality relates these two
visions. A longer representation of the situation as it was in 2021 can be found in [46]. Representations
summarizing aspects of the recent state can be found in [0, KTl [76), [88], [85].

At the general level one can say that physics as geometry vision is dictated by 3 basic principles:
General Coordinate Invariance (GCI) and Equivalence Principle of General Relativity and the Relativity
Principle of Special Relativity interpreted as Poincare invariance. Equivalence Principle would be realized
at the QFT limit in terms of Einstein’s field equations. At quantum level it has taken a long time to
understand its realization [88].

2.1 Space-time as 4-surface in H = M* x CP,

The starting idea is the identification of the space-time as 4-surface in H = M* x CP;.

1. The energy problem of GRT means that since space-time is curved, one cannot define Poincare
charges as conserved Noether charges (see Fig. . If space-time X* is a surface in H = M* x CPx,
the situation changes. Poincare symmetries are lifted to the level of M* C H.

2. A generalization of the notion of particle is in question: a point-like particle is replaced with a
3-surface so that TGD can be seen also as a generalization of the string model. String is replaced
with a 3-surface. String world sheet is replaced with the space-time surface. The notions of the
particle and space are unified.
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3. Einstein’s geometrization program is extended to standard model interactions. C'Py codes for stan-
dard model symmetries and gauge fields. Isometries <+ color SU(3). Holonomies of spinor connection
> electroweak U(2) [80]. Genus-generation correspondence provides a topological explanation of
the family replication phenomenon of fermions [8]: 3 fermion families are predicted.

4. Induction of the spinor structure by projecting the components of spinor connection from C'P; to
X? is central for the geometrization. The projections of Killing vectors of color isometries yield
classical color gauge potentials. Parallel translation at X* using spinor connection of H.

Also the spinor structure is induced and means that H spinors are restricted to space-time surfaces
and the induced gamma matrices are obtained as projections of gamma matrices of H. Here one
can also consider a second option in which the modified gamma matrices are defined as contractions
of the canonical momentum currents with the gamma matrices of H. For the volume action, one
obtains essentially the induced gamma matrices. This seems to be the correct option since the
anticommutators of the induced gamma matrices give the induced metric. The induction can be
defined also for the second quantized free spinor fields of H and one can define a modified Dirac
action and Dirac equation [86], [88].

5. The twistor lift of TGD strongly suggests that the dynamics of X* is determined by an action S
consisting of Kéhler action plus volume term (cosmological constant) following from the twistor lift
of TGD [20, 33, [60} [6), (211 ©0], which is dimensional reduction of 6-D Kéhler action for the 6-D
surfaces X in the 12-D twistor space of H defining the counterpart of the twistor space of X*4. The
field equations outside the lower-D singularities do not however depend on action as long as it is a
general coordinate invariant constructed in terms of the induced geometry. Since they are purely
algebraic involving only contractions of generalized complex tensors with different types.

6. The dynamics for fermions at the space-time level can be determined by the modified Dirac action.
For the modified gamma matrices defined by the entire action there are huge super-conformal and
supersymplectic symmetries but in the recent formulation scattering amplitudes would be trivial
[88, B5]. In this case the anticommutators of modified gammas are not proportional to the induced
metric. For the induced gamma matrices, determined by the volume action as a part of the action,
the superconformal and related symmetries fail at 2-D singular surfaces, where the generalized
holomorphy and minimal surface property fail. Quantum theory becomes non-trivial so that the
violation of symmetries is the price paid for non-trivial dynamics.

Second quantized H-spinors, whose modes satisfy free massless Dirac equation in H restricted to
X*: this induces second quantization to X* and one avoids the usual problems of quantization in
a curved background. This picture is consistent with the modified Dirac equation satisfied by the
induced spinors in X4,

7. The most plausible option is that leptons and quarks correspond to different H-chiralities with
different coupling to the induced Ké&hler gauge potential of CP,. B and L would be separately
conserved. Matter antimatter symmetry could be due to the fact that fermions and antifermions
are conjugates of each other with respect to the light-like hypercomplex coordinate and possible also
the complex coordinates of C'P» so that they cannot appear at the space-time space sheet, which
can have even astrophysical size if the number theoretical vision predicting the hierarchy of effective
Planck constants is accepted.

Only quarks would be needed if leptons can be identified as 3-quark composites in the C'Py scale:
this option is not excluded if one accepts the TGD view about color symmetries. Protons would
not be stable. This would provide a new view about matter antimatter asymmetry [39, [49]. CP
violation could be forced by the M* part of Kihler form forced by the twistor lift. It however seems
that the first option is more plausible.
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2.1.1 Basic extremals of classical action

For a long time it was clear that practically any GCI action allows the same basic extremals (for basic
questions related to classical TGD see Fig. . Now it clear that the solutions outside singularities are
universal and satisfy generalized holomorphy [76] [88], [85]. One can however consider also minimal surface
solutions [87] which do not possess the holomorphy and for which the field equations do not reduce to
purely algebraic conditions.

1. CP, type extremals having a light-like geodesic as M* projection and Euclidean signature of the
induced metric serve as building bricks of elementary particles. If the volume term is absent as it
might be at an infinite volume limit, the geodesics become light-like curves [59]. Wormbhole contacts
connecting two Minkowskian space-time sheets can be regarded as a piece of a deformed C P, type
extremal. Monopole flux through contact stabilizes the wormhole contact.

2. Massless extremals (MEs)/topological light rays are counterparts for massless modes. They al-
low superposition of modes with a single direction of light-like momentum. Ideal laser beam is a
convenient analogy here.

3. Cosmic strings X2 x Y2 € M* x CP, and their thickenings to flux tubes, playing a fundamental
role in all scales, are also a central notion.

2.1.2 QFT limit of TGD

The induced gauge fields and gravitational field are expressible in terms of only 4 H- coordinates. Locally
the theory is quite too simple to be physical and applies only at the microscopic level.

1. Many-sheeted space-time means that X* is topologically extremely complex: this has far reaching
implications in all scales, which are not predicted by FEinstein’s theory. The key point is that
connected space-time surfaces define quantum coherence regions and can be arbitrarily large. C P
coordinates are many-valued functions of M* coordinates or vice versa or both. In contrast to this,
the space-time of EYM theory is topologically extremely simple.

2. Einsteinian space-times have 4-D projection to M*. Small test particle experiences the sum of the
classical gauge potentials associated with various space-time sheets. At QFT limit the sheets are
replaced with a single region of M* made slightly curved and gauge potentials are defined as the sums
of gauge potentials from different space-time sheets having common M* projection. Topological
complexity and local simplicity are replaced with topological simplicity and local complexity. (see
Fig. . Einstein YM equations can be interpreted as a remnant of the isometries of Poincare
Symimetry.

2.1.3 A possible problem related to the twistor lift

The twistor lift strongly suggests that the Kéahler form of M* exists. The Kahler gauge potential would
be the sum of M* and CP, contributions. The definition of M* Kihler structure is however not straight-
forward [40} [41]. The naive guess would be that J represents an imaginary unit as the square root of —1
represented by the metric tensor. This would give the condition J? = —g for the tensor square but this
seems to leads to problems.

To understand the situation, notice that the analogs of symplectic/Kéhler structures in M* C H have
a moduli space, whose points correspond to what I have called Hamilton-Jacobi structures [76] defined
by integrable distributions of orthogonal decompositions M* = M?(z) x E?(x): M?(z) is analogous to
string world sheet and Y2 to partonic 2-surface. This means the presence of slicing by string world sheets
X?2(x), where z labels a point of Y2. X?(x) is orthogonal to Y2 at . One can interchange the roles X2
ad Y2 in the slicing.
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The induced Kéhler form has an analogous decomposition. The decomposition is completely analogous
to the decomposition of polarizations to non-physical time-like ones and physical space-like ones. This
decomposition allows a natural modification of the definition of the symplectic structure so that the
problem caused by J? = —g conditions is avoided.

Consider first the problem. The E?(x) part of M* Kéhler metric produces no problems since the
signature of the metric is Euclidean. For M?(z) part, the Minkowskian signature produces problems. If
one assumes that the M?(x) part of the Kihler form is non-vanishing, it should be imaginary in order to
satisfy J2(M?(z)) = —g(M?(z)). This implies that Kihler gauge potential is imaginary and this spoils
the hermiticity of the modified Dirac equation [23]. Also the electric contribution to the Kahler energy
is negative.

The solution of the problem turned out to be ridiculously simple and I should have noticed it a long
time ago.

1. M?(z) has a hypercomplex structure, which means that the imaginary unit e satisfies 2 = 1
rather than e? = —1. Hamilton-Jacobi structure allows one to decompose J locally into two parts
J = J(M?*(z)) + J(E?*(x)) such that J? = g(M?(z)) — g(E?*(z)). This gives J* = g(M*). The
Kihler energy of the canonically embedded M* is non-vanishing and positive whereas Kihler action
vanishes by self-duality. Situation is identical to that in Maxwell’s electrodynamics.

2. Kihler action for the canonically embedded M* vanishes and it is possible to define also Lagrangian
2-surfaces as surfaces for which the induced Kahler form vanishes. These are of special interest since
they would guarantee small CP violation: string world sheets could be examples of these surfaces.
Note that since the magnetic part of J induces violation of C'P, the violation is vanishing for C' Py
type extremals and cosmic strings and also small for flux tubes.

If the notion of symplectic/canonical transformation generated by Hamiltonian preserving J general-
izes, one could generate an infinite number of slicings.
Consider first ordinary symplectic transformations.

1. For the ordinary symplectic transformations, the closedness of the symplectic for J is essential
(dJ = 0 corresponds to topological half of Maxwell’s equations).

2. Second essential element is that symplectic transformation is generated as a flow for some Hamil-
tonian H: jy = igmJ or more explicitly: ji = J*9,H. Tt is essential that one has ljyJ = —dH:
having a vanishing exterior derivative. In other words, Jy; ij = —0iH is a gradient vector field
and has therefore a vanishing curl. Together with dJ = 0, this guarantees the vanishing of the Lie
derivative of J: d;, J = d(i;,J) + i;,dJ = ddH + dJ(ju) = 0 so that J is preserved.

Could one talk about symplectic transformations in M*?

1. The analogs of symplectic/canonical transformations should map the Hamilton-Jacobi structure to a
new one and leave J(M?(z)) and J(E?(x)) invariant. The induced metrics of X2 and Y2 need not be
preserved since only the diagonal metric gF(X?/Y?) appears in the conditions J? = g(X?) — g(Y?).

2. The symplectic transformation generated by the Hamiltonian H would be a flow defined by the
vector field jg = iqyJ and one would have i, J = —diH + dyH, where d; and dy are gradients
operators in X2 and Y2. Usually one would have Jy,;j! = dH satisfying d>H = 0.

The condition ddH = 0 satisfied by the ordinary symplectic transformations is replaced with the
condition d(—dy H +ds H) = 0. This can be written as —d3H +d3H + [d2,d1]H = 0, and is satisfied.
Therefore this part is not a problem.
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2.2 World of classical worlds (WCW)

The notion of WCW emerges as one gives up the idea about quantizing by path integral, which in TGD
framework is a mission impossible due to the extreme non-linearity of the theory.

2.2.1 The failure of path integral forces WCW geometry

The extreme non-linearity implies that the path integral for the space-time surfaces fails. A possible
solution of the problem is to generalize Einstein’s geometrization program to the level of the entire
quantum theory.

1. ?World of classical worlds” (WCW) can be identified as the space of 3-surfaces endowed with a
metric and spinor structure (see Fig. . Hermitian conjugation must have a geometrization. This
requires Kéhler structure requiring also complex structure. WCW has Kahler form and metric.

2. WCW spinors are Fock states created by fermionic oscillator operators assignable to spinor modes
of H basically [44]. WCW gamma matrices as linear combinations of fermionic (quark) oscillator
operators defining analog of vielbein.

WCW has also spinor connection and curvature in WCW. The quantum states of world correspond
formally to classical spinor fields in WCW. Also the gamma matrices of WCW expressinble in terms
of fermionic oscillator operators in a formal sense also purely classical objects.

One can however ask whether the analog path integral could emerge as a discrete variant. 4-D Bohr
orbits as minimal surfaces are not strictly deterministic: already the 2-D minimal surfaces fail to be
deterministic. The failure of determinism would naturally take place at the singularities identifiable
as particle vertices, where also holomorphy and minimal surface property would fail. Vertices would
correspond to increased quantum criticality. Transition amplitude would be a sum over Bohr orbits:
could this sum define a discrete analog of the path integral.

2.2.2 Implications of General Coordinate Invariance

General Coordinate Invariance (GCI) in 4-D sense forces to assign to 3-surface X? a 4-surface X*(X?),
which is as unique as possible. This means slightly non-deterministic holography and WCW must be
identified as the space of 4-D Bohr orbits of 3-surfaces. This leads to zero energy ontology (ZEO). This
also gives rise quantum classical correspondence (QCC) meaning that the classical theory is an exact part
of quantum theory (QCC).

A solution to the basic paradox of quantum measurement theory emerges [38]: superposition of
deterministic time evolutions is replaced with a new one in state function reduction (SFR): SFR does
not force any failure of determinism for individual time evolutions. The singularities of the minimimal
surfaces as analogs of particle vertices [88], B5] serve as seats of non-determinism and a discrete analog of
path integral emerges.

2.2.3 WCW Kaihler geometry from classical action

WCW geometry is determined by a classical action defining Kihler function K(X?3) for a preferred
extremal X*(X?) defining the preferred extremal /Bohr orbit [T1] (see Fig. . But any general coordinate
invariant action can be considered if holography = holomorphy vision is accepted.

1. QCC suggests that the definition of Kihler function assigns a more or less unique 4-surface X*(X?)
to 3-surface X3. Finite non-uniqueness is however possible and highly plausible by the experience
with 2-D minimal surfaces [59].
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2. X*(X?) is identified as a preferred extremal of some general coordinate invariant (GCI) action fore-
ing the Bohr orbit property/holography /ZEO. This means a huge reduction of degrees of freedom.

Remark:: Already the notion of induced gauge field and metric eliminates fields as primary dy-
namical variables and GCI leaves locally only 4 H-coordinates as dynamical variables.

3. The twistor lift [3T), B3] of TGD geometrizes the twistor Grassmann approach to QFTs. The 6-D
extremal X% of 6-D Kihler action as a 6-surface in the product T(M*) x T(C P») of twistor spaces
of M* and CP; represents the twistor space of X*.

The condition that X% reduces to an S? bundle with X* as base space, forces a dimensional reduction
of 6-D Kéhler action to 4-D Ké&hler action 4+ volume term, whose value for the preferred extremal
defines the Kihler function for X4(X?3).

4. The volume term corresponds to a p-adic length scale dependent cosmological constant A approach
zero at long p-adic length scale so that a solution of the cosmological constant problem emerges.
Preferred extremal/Bohr orbit property means a simultaneous extremal property for both Kéhler
action and volume term.

This forces X* to have a generalized complex structure (Hamilton-Jacobi structure) [76] so that field
equations trivialize and there is no dependence on coupling parameters. Universality of dynamics
follows and the TGD Universe is quantum critical. In particular, Ké&hler coupling strength is
analogous to a critical temperature and is quantized [56].

5. Soap film analogy is extremely useful [59]: the analogs of soap film frames are singular surfaces
of dimension D < 4. At the frame the space-time surface fails to be a simultaneous extremal of
both actions separately and Kahler and volume actions couple to each other. The corresponding
contributions to conserved isometry currents diverge but sum up to a finite contribution. The frames
define the geometric analogs for the vertices of Feynman diagrams.

2.2.4 WCW geometry is highly unique

WCW geometry is fixed to a high degree by the existence of Riemann connection and requires maximal
symmetries.

1. Dan Freed [I] found that loop space for a given Lie group allows a unique Kéhler geometry: maximal
isometries are needed in order to have a Riemann connection. Same expected to be true now [9,
17][81]. Supersymplectic symmetries and generalized super conformal symmetries allow conserved
Noether currents and their super counterparts outside the singularities, where the minimal surface
property fails, define candidates for the isometries of WCW.

2. Twistor lift of TGD [31], 33] means that one can replace X* with its twistor space X°®(X*) in the
product T(M*) x T(CPz) of the 6-D twistor spaces T(M*) and T(CP,). X5(X*) is a 6-surface
with the structure of S? bundle.

Dimensionally reduced 6-D Kahler action gives the sum of 4-D Kéhler action and volume term.
Twistor space must however have a Kihler structure and only the twistor spaces of M* E*, and
CP, have Kahler structure [2]. TGD is unique both physically and mathematically!

How unique the Kahler geometry of WCW is? Symmetric space property without any zero modes
would mean that all 3-surfaces are isometrically equivalent. This cannot make sense. The proposal
has been that there are zero modes which do not contribute to the line element of WCW but that the
components of the metric depend on the zero modes. For instance, the the induced Kéahler form, in
particular its fluxes, would represent such degrees of freedom and be identifiable as moduli of the WCW
metrics. Also the moduli space of generalized complex structures of the space-time surface [76] could
correspond to zero modes. Also moduli space for the hierarchy of CDs [79] would define zero modes.
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Holography=holomorphy vision implies that the space-time surfaces and the scattering amplitudes
depend on the action only at the singularities where the minimal surface property and holography fail.
Could this mean that different choices for the action could code for the zero modes and also parametrize
coupling constant evolution as in quantum field theories.

2.2.5 Isometries of WCW

What can one say about the isometries of WCW? Certainly, they should generalize the conformal sym-
metries of string models.

1. The crucial observation is that the 3-D light-cone boundary (5Mj‘; has metric, which is effectively
2-D. Also the light-like 3-surfaces X3 C X* at which the Minkowskian signature of the induced
metric changes to Euclidian are metrically 2-D. This gives an extended conformal invariance in
both cases with complex coordinate z of the transversal cross section and radial light-coordinate r
replacing z as coordinate of string world sheet. Dimensions D = 4 for X* and M* are therefore
unique.

2. 5M_‘,1_ x C'Py allows the group of symplectic transformations of S? x C' P, made local with respect to
the light-like radial coordinate r as a candidate for the isometries of WCW [9].

3. To the light-like partonic orbits one can assign Kac-Moody symmetries assignable to M* x CP,
isometries with additional light-like coordinate. They could correspond to Kac-Moody symmetries
of string models assignable to elementary particles.

The preferred extremal property raises the question whether the symplectic and generalized Kac-
Moody symmetries are actually equivalent. The reason is that isometries are the only normal
subgroup of symplectic transformations so that the remaining generators would naturally annihilate
the physical states and act as gauge transformations. Classically the gauge conditions would state
that the Noether charges vanish: this would be one manner to express preferred extremal property.

A new element in this picture are generalized conformal transformations acting as a dynamical symme-
try group. They do not leave action invariant but the Noether currents are conserved. The bosonic field
equations are true also at the singularities at which the minimal surface property fails. In the fermionic
sector, the assumption that the modified Dirac action involves induced gamma matrices defined by the
volume term of the action rather than the entire action, implies that supercurrents are not conserved at
the singularities meaning a failure of supersymmetry. Also the breaking of generalized conformal symme-
tries could take place in this way. This seems necessary for the non-triviality of the scattering amplitudes
[88] [85].

Conformal transformations in 2 dimensions preserve orthogonality. The restrictions of 4-D conformal
transformation of M? to the boundary of the light-cone preserved the angles on the light-cone and also
the corresponding restrictions at the light-like partonic orbits. These transformations can be also chosen
to be isometries. This might be true for all for the slicings by surfaces parallel to the light-like orbits
defined by the light-like Hamilton-Jacobi (hypercomplex) coordinate u and its dual?

It seems should be true in the 4-dimensional case in the sense that angles between vectors of M?(z) and
E?(x) are preserved. It M?(z) and E?(x) are not orthogonal, the induced metric has mixed components
and this is consistent with the holomorphy.

2.3 About Dirac equation in TGD framework

Quantum TGD involves three levels of geometry corresponding to H, to space-time surfaces in H and to
WCW. Also the spinor structure appears at 3 levels.
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2.3.1 Three Dirac equations
In TGD spinors appear at 3 levels:

1. At the level of embedding space H = M* x CP; the spinor field embedding space M* x C P,spinor
fields (quark field) is a superposition of the harmonics of the Dirac operator. In the complexified
M? having interpretation as complexified octonions, spinors are octonionic spinors. In accordance
with the fact that M?® is analogous to momentum space, the Dirac equation is purely algebraic and
its solutions correspond to discrete points analogous to occupied points of Fermi ball.

2. The spinors at the level of 4-surfaces X* C H are restrictions of the second quantized embedding
space spinor field in X so that the problematic second quantization in curved background is avoided.
At the level of M8 the restriction selects the points of M?® belonging to 4-surface and carrying quark.
The simplest manner to realize Fermi statistics is to assume that there is at most a single quark at
a given point.

3. The third realization is at the level of the ”world of classical worlds” (WCW) assigned to H consisting
of 4-surfaces as preferred extremals of the action. Gamma matrices of WCW are expressible as
superpositions of quark oscillator operators so that anti-commutation relations are geometrized. The
conditions stating super-symplectic symmetry are a generalization of super-Kac-Moody symmetry
and of super-conformal symmetry and give rise to the WCW counterpart of the Dirac equation [17]
[46].

4. What the realization of WCW at the level of M? is, has remained unclear. The notion of WCW
geometry does not generalize to his level and should be replaced with an essentially number theoretic
notion.

Adelic physics as a fusion of real and p-adic physics suggests a possible realization. Given extension
of rationals induces extensions of various p-adic number fields. These can be glued to a book-like
structure having as pages real numbers and the extensions of p-adic number fields.

The pages would intersect along points with coordinates in the extension of rationals. These points
form a cognitive representation. The additional condition that the active points are occupied by
quarks guarantees that this makes sense also for octonions, quaternions and 4-surface in M8. The
p-adic sector could consist of discrete and finite cognitive representations continued to the p-adic
surface and define the counterpart of WCW at the level of M8?

2.3.2 The relationship between Dirac operator of H and modified Dirac operator

At the level of X* C H, the proposal is that modified Dirac action for the induced spinor fields defines
the dynamics somehow. Modified Dirac equation or operator should be also consistent with the second
quantization of induced spinor fields performed at the level of H and inducing the second quantization
at the level of X*.

1. The modified gamma matrices I'“ are defined by the contractions of H gamma matrices 'y, and
canonical momentum currents T*® associated with the action defining space-time surface. The
modified Dirac operator D = I'*D,, where D, is X* projection of the vector defined by the
covariant derivative operators of H (D, = 0,h*D},). Hermiticity requires D,I' = 0 implying that
classical field equations are satisfied.

2. Can one assume that the modified Dirac equation is satisfied? Or is it enough to assume that this
is not the case so that the modified Dirac operator defines the propagator as its inverse as the QFT
picture would suggest?

In fact, the propagators in H allow to compute N-point functions involving quarks and at the level
of H the theory is free and the restriction to the space-time surface brings in the interactions.
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Therefore the notion of space-time propagator is not absolutely necessary. One can however ask
whether some weaker condition could be satisfied and provide new insights.

One can also ask whether the solutions of the modified Dirac equation correspond to external
particles, which correspond to space-time surfaces for which the solution of the modified Dirac
equation is consistent with the solution of the Dirac equation in H. Are these kinds of space-time
surfaces possible?

3. The intuitive picture is that the solutions of the modified Dirac equation correspond to the external
particles of a scattering diagram having an interpretation on mass shell states and are possible
only for a very special kind of preferred extremals. Intuitively they should correspond to singular
surfaces in M® and their mapping to H would involve blow-up due to the non-uniqueness of the
normal space along lower than 4-D surface. String like objects and C' P, type extremals would be
basic entities of this kind. Could the modified Dirac equation or its weakened form hold true for
these surfaces.

The strong form of equivalence of modified Dirac equation and ordinary Dirac equation would mean
the equivalence of the actions of two Dirac operators acting on the second quantized induced spinor field.

1. The modified Dirac operator is given by I',T**9,h* D), and its action should be same as H Dirac
operator I'* Dy.. This would require

TwT%9,h* Do = T*D,T .
(2.1)

Not surprisingly, it turns out that this condition is too strong.

2. One can express ['; using an overcomplete basis defined by the Killing vector fields j% for H
isometries. In the case of M* it is enough to use translations by using the identity > aJ ,151 jf4 = h¥,
This allows to define gamma matrices 'y = I'xj ’j‘ and to write the equation in the form

CATA*0,h¥* DU = TajiDyV . (2.2)

Here T4 is the conserved isometry current associated with the Killing vector jf;. Is it possible to
satisfy the condition

T4, hF = K (2.3)

or its suitably weakened form?

The strong form of the condition cannot be satisfied. The left hand side of the equation is determined
by the gradients of H coordinates and parallel to X* whereas the right hand side also involves the
component normal to X*. Therefore the condition cannot be satisfied in the general case.

3. By projecting the condition to the tangent space, one obtains a weaker condition stating that the
tangential parts of two Dirac operators are proportional to each other with a position dependent
proportionality factor A(x):

T4 = A@)jg
- -k -k l
i& = Jh0%hy = jhhig*’osh' . (2.4)
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The conserved isometry current is proportional to the projection of the Killing vector to the tangent
space of X*. A(z) is proportionality constant depending on the point of X*. Isometry current is
analogous to a Hamiltonian vector field being parallel to the Killing vector field.

4. If the action were a mere cosmological volume term, the isometry currents would be proportional to
j% so that the conditions would be automatically satisfied. The contribution to A(z) is proportional
to the p-adic length scale dependent cosmological constant.

Kahler action receives contributions from both M* and CP,. Both add to T4% a term of form
T*Pj a5 coming from the variation of the Kihler action with respect to gag. T° is the energy
momentum tensor with a form similar to that for Maxwell action.

Besides this, M* resp. CP, contribute a term proportional to J*? Jklaghk j% coming from the
variation of the Kéhler action with respect to J, contributing only to M 4 resp. CP, isometries.
These contributions make the conditions non-trivial. The K&hler contribution to A(z) need not
be constant. Note that the Kihler contributions to the energy momentum tensor vanish if X* is
(minimal) surface of form X2 x Y2 C M* x C'P, so that both X? and Y? are Lagrangian.

5. The vanishing of the divergence of TAc using the Killing property D;jax + Dija; = of jag gives

FAYN =0 . (2.5)

A is constant along the flow lines of 4% and is therefore analogous to a Hamiltonian. The constant
contribution from the cosmological term to A does not contribute to this condition.

6. An attractive hypothesis, consistent with the hydrodynamic interpretation, is that the proposed
condition is true for all preferred extremals. The conserved isometry current along the X* projection
of the flow line is proportional to the projection of Killing vector: this conservation law is analogous
to the conservation of energy density pv?/2 + p along the flow line). One can say that isometries as
flows in the embedding space are projected to flows along the space-time surface. One could speak
of projected or lifted representation.

7. The projection to the normal space does not vanish in the general case. One could however ask
whether a weaker condition stating that the second fundamental form H 2 5= Do h*, which is normal
to X*, defines the notion of the normal space in terms of data provided by space-time surface. If

X? is a geodesic submanifold of H, in particular a product of geodesic submanifolds of M* and
CP,, one has Hgﬁ =0.

2.3.3 Gravitational and inertial representations of isometries

The lift /projection of the isometry flows to X* strongly suggests a new kind of representation of isometries
as analog of the braid representation considered earlier.

1. Projected/lifted representation would clarify the role of the classical conserved charges and currents
and generalize hydrodynamical conservation laws along the flow lines of isometries. In particular,
quark lines would naturally correspond to time-like flow lines of time translations. In the case of
CP; type extremals, quark momenta for the lifted representations would be light-like.

2. The conservation conditions along the flow lines are very strong, and one can wonder if they might
provide a new formulation of the preferred extremal property. It is quite possible that the conditions
apply only to a sub-algebra. Quantum classical correspondence (QCC) suggests Cartan algebra for
which the quantum charges can have well-defined eigen values simultaneously. In accordance with
QCQC, the choice of the quantization axes would affect the space-time surfaces considered and could
be interpreted as a higher level quantum measurement.
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3. Projected/lifted representation provides a new insight also to the Equivalence Principle (EP) stating
that gravitational and inertial masses are identical. At the level of scattering amplitudes involving
isometry charges defined at the level of H, the isometries affect the entire space-time surface, and
one could see EP as an almost trivial statement. QCC however forces us to consider EP more
seriously.

I have proposed that QCC could be seen as the identification of the eigenvalues of Cartan algebra
isometry charges for quantum states with the classical charges associated with the preferred ex-
tremals. EP would follow from QCC: gravitational charges would correspond to the representation
of the flows defined by isometries as their projections/lifts to X* whereas inertial charges would
correspond to the representation at the level of H with isometries affecting the entire space-time
surfaces.

4. The lifted /projected/gravitational representation of isometries, which seems possible in 4-D situa-
tion, is analogous to braid group representation making sense only in 2-D situation. Indeed, for the
many-sheeted space-time surfaces assignable to hess > hg, it can happen that rotation by 27 leads
to a new space-time sheet and that the SO(2) subgroup of the rotation group associated with the
Cartan algebra is lifted to n-fold covering. Same can can happen in the case of color rotations. This
leads to a fractionation of quantum numbers usually assigned with quantum group representations
suggested to correspond to hesp > h [16].

Also for the quantum groups, Cartan algebra plays a special role. In the case of the Poincare group,
the 2-D nature of braid group representations would correspond to the selection M? x SO(2) as
a Cartan subgroup implying effective 2-dimensionality in the case rotation group. Gravitational
representations could therefore correspond to quantum group representations.

5. The gravitational representation provides also a new insight on M?®—H duality. The source of worries
has been whether Uncertainty Principle (UP) is realized if a given 4-surface in M® is mapped to
a single space-time surface in M®. It seems that UP can be realized both in terms of inertial and
gravitational representations.

(a) In the case of the ”inertial” representation of H-isometries at the level of H, one must regard
X* C H representing images of particle-like 4-surface in M® analog of Bohr orbit (holography)
and map it to an analog of plane wave define as superposition of its translates and by the total
momentum associated with the either boundary of CD associated with the particle. The same
applies to the transforms to other Cartan algebra generators.

In a cognitive representation based on extension of rationals, the shifts for Cartan algebra
would be discrete: the values of the plane wave would be roots of unity belonging to the
extension and satisfy periodic boundary conditions at the boundary of larger CD.

Periodic boundary conditions pose rather strong conditions on the time evolution by scaling
between two SSFRs. The scaling must respect the boundary conditions. If the momenta
assignable to the plane waves of massive particles are conserved and h.yy is conserved, the
scaling must multiply CD size by integers. The iterations of integer scalings, in particular
n = 2 scalings (period doubling), are in a preferred position.

(b) If one replaces the inertial representation of isometries with the gravitational representation,
the quantum states can be realized at the level of a single space-time surface. One would have
two representations: gravitational and inertial -subjective and objective, one might say.

(c) Gravitational representations make also sense for the super-symplectic group acting at the
boundary of light-cone as well as for the Kac-Moody type algebra associated with the isometries
of H realized the light-like orbits of partonic 2-surfaces.
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2.4 Different ways to understand the ”complete integrability” of TGD

Complete integrability has profound consequences for the computablity of the theory. One can imagine
several ways for how TGD could be a completely integrable theory.

2.4.1 Preferred extremal property

Preferred extremal property requires Bohr orbit property and holography and is an extremely powerful
condition.

1. Twistor lift of TGD implies that X* in H is simultaneous extremal of volume action and Kihler ac-
tion. Minimal surface property is counterpart for massless field equations and extremality for K&hler
action gives interpretation for massless field as Kahler form as part of induced electromagnetic field.

The simultaneous preferred extremal property strongly suggests that 2-D complex structure gener-
alizes for 4-D space-time surfaces and so called Hamilton-Jacobi structure [76] meaning a decompo-
sition of M* to orthogonal slicings by string world sheets and orthogonal partonic 2-surfaces would
realize this structure.

2. Generalized Beltrami property [50] implies that 3-D Lorentz force and dissipation for Kéhler form
vanish. The Ké&hler form is analogous to the classical Maxwell field. Energy momentum tensor has
vanishing divergence, which makes it plausible that QFT limit is analogous to Einstein-Maxwell
theory.

The condition also implies that the Kéhler current defines an integrable flow so that there is global
coordinate varying along flow lines. This is a natural classical correlate for quantum coherence.
Quantum coherence would be always present but broken only by the finite size of the region of the
space-time considered.

Beltrami property plus current conservation implies gradient flow and an interesting question is
whether conserved currents define gradient flows: non-trivial space-time topology would allow this
at the fundamental level. Beltrami condition is a very natural classical condition in the models of
supraphases.

3. The condition that the isometry currents for the Cartan algebra of isometries are proportional to
the projections of the corresponding Killing vectors is a strong condition and could also be at least
an important aspect of the preferred extremal property.

2.4.2 Supersymplectic symmetry

The third approach is based on the super-symplectic symmetry of WCW. Isometry property would suggest
that an infinite number of super-symplectic Noether charges are defined at the boundaries of CD by the
action of the theory. They need not be conserved since supersymplectic symmetries cannot be symmetries
of the action: if they were, the WCW metric would be trivial.

The gauge conditions for Virasoro algebra and Kac-Moody algebras suggest a generalization. Super-
symplectic algebra (SSA) involves only non-negative conformal weights n suggesting extension to a Yan-
gian algebra (this is essentiall). Consider the hierarchy of subalgebras SSA,, for which the conformal
weights are m-tiples of those of entire algebra. These subalgebras are isomorphic with the entire algebra
and form a fractal hierarchy.

Assume that the sub-algebra SSA,, and commutator [SSA,,, SSA] have vanishing classical Noether
charges for m > My,qa. These conditions could fix the preferred extremal. One can also assume that the
fermionic realizations of these algebras annihilate physical states. The remaining symmetries would be
dynamical symmetries.

The generators are Hamiltonians of 6Mi x C'Py. The symplectic group contains Hamiltonians of
the isometries as a normal sub-algebra. Also the Hamiltonians of and one could assume that only the
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isometry generators correspond to non-trivial classical and quantal Noether charges. Could the actions
of SSA and Kac-Moody algebras of isometries be identical if a similar construction applies to Kac-Moody
half-algebras associated with the light-like partonic orbits. Super-symplectic symmetry would reduce to
a hierarchy of gauge symmetries.

2.4.3 Holography = holomorphy vision

Just like 2-D conformal theories can be seen as a realization of (quantum) criticality, the generalized
complex structure for space-time surfaces induced from that for H can be seen as a realization of the
quantum criticality of the TGD Universe [85]. The generalized complex structure of the space-time
surface, or Hamilton-Jacobi structure as I call it, combines hypercomplex and complex structures into a
4-D structure [76]. Hamilton-Jacobi structure involves an integral distribution of the local tangent space-
decompositions M?(x) x E?(z) allowing to assign a pair (u,v) of coordinates with light-like coordinate
curves to the distribution of M?(x) and complex coordinates w,w to the distribution transversal spaces
E?(x). This structure generalizes to H by introducing complex coordinates (£1,¢2) for C Ps.
I have have considered two options for the realization of the holography = holomorphy vision [85].

1. The earlier guess was that the spacetime surfaces can be identified as roots (f!, f2) = 0 of two
generalized analytic functions fi(u,w, &, €?) and fo(u,w, &, €2) defined in H and are minimal
surfaces apart from possible lower-dimensional singularities at which the minimal surface property
and holomorphy fail. Field equations are trivially true by generalized holomorphy and for any
general coordinate action constructed in terms of the induced geometry. Singularities have an
interpretation as interaction vertices.

Number theoretical vision strongly suggests that f; are polynomials P; of degree m; with coefficients,
which are rationals or belong to an extension E of rationals. If P; has degree m;, it has m; roots as
6-surface multisheeted 6-D surface X¢ and the intersection X¢ N X§ would give rise to a space-time
surface X*. The lower-dimensional regions of X4 at which some roots coincide and corresponding
space-time sheets meet. There is an analogy with catastrophe theory. These regions define a
hierarchy: the larger the number of coindicing roots, the higher the criticality.

This proposal need not be wrong but it leads to problems with the realization of the number
theoretic vision based on the Galois groups for polynomials of single variable with coefficients which
are rational or in extension F' of rationals and on the identification of ramified primes as p-adic
primes central in the applications of TGD and for the adelic physics [29] [30].

2. This raises the question whether the space-time surfaces could be represented as roots of a single

polynomial by adding one more complex variable. During writing the idea that space-time surfaces
are representable as holomorphic sections of the 6-D twistor space X° identified as a holomorphic
extremal of 6-D Kiihler action in the product T(M*) x T(C'P,) of twistor spaces of M* and CP,
[85].
The complex coordinate z for the twistor sphere of X% would be the additional coordinate and
space-time surfaces would corresponds to the roots of the polynomial P, +(z), where u is the light-
like hyper-complex coordinate of M* and t is one of the 3 complex coordinates of M* x C'P,. This
gives three polynomial conditions corresponding to various choices of . Fermionic lines correspond
to the conditions (P,dP/dz) = (0,0) defining the loci at which two roots of P = 0 coincide. This
option solves the problems of the first option and reproduces the results of the earlier approach
based on a single polynomial.

The fractal hierarchy of symmetry breakings defined by the isomorphic sub-algebras is expected to
make sense also for the generalized conformal algebra with non-negative conformal weights. The repre-
sentations for the algebra of generalized conformal symmetries involve two conformal weights, which are
related to hypercomplex and complex structures. This provides a solution to a longstanding problem of
p-adic mass calculations, which was that the vacuum state had to possess negative conformal weight [71].
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3 Physics as number theory

Number theoretic physics involves the combination of real and various p-adic physics to adelic physics
[29, 80] ,rationals and their algebraic extensions, and classical number fields [19].

3.1 p-Adic physics and its problems
The motivation for p-adicization came from p-adic mass calculations [12] [§].

1. p-Adic thermodynamics for mass squared operator M? proportional to scaling generator Ly of
Virasoro algebra. Mass squared thermal mass from the mixing of massless states with states with
mass of order C'P, mass [12] [8] [71].

2. The Boltzmann weights are replaced with their p-adic counterparts existing p-adically if e is replaced
by p: exp(—H/T) — p*o/Tr T, = 1/n, where Ly is Virasoro generator with an integer valued
spectrum (apart from a possible additive constant) of conformal weights necessary for the existence
of the exponential. Conformal invariance guarantees integer spectrum. Partition function is given
by pLo/Tr . p-Adic valued mass squared value is mapped to a real number by canonical identification

Sxap™ = > xup ™

3. p-Adic length scale L, o /p follows from Uncertainty Principle (M oc 1/,/p). p-Adic length scale
hypothesis states that p-adic primes characterizing particles are near to a power of 2: p ~ 2¥. For
instance, for an electron one has p = M'27 — 1, Mersenne prime. This is the largest not completely
super-astrophysical Mersenne length scale. Also Gaussian Mersenne primes Mg, = (147)"—1 seem
to be realized. Nuclear p-adic length scale corresponds to n = 113. The number theoretical miracle
is that there are as many as 4 biologically important length scales in the biologically important
range 10 nm,2.5 um corresponding to n = 151,157,163, 167.

4. p-Adic physics [14] is interpreted as a correlate for cognition. One motivation comes from the
observation that piecewise constant functions depending on a finite number of the pinary digits
have a vanishing derivative. Therefore they appear as integration constants in p-adic differential
equations. This could provide a classical correlate for the non-determinism of imagination. The
number theoretic interpretation of p-adic pimes is as ramified primes associated with a polynomial
defining an algebraic extension. The ramified primes can be different although the extension can
be the same [80, [71].

Unlike the Higgs mechanism, p-adic thermodynamics as a thermodynamics for the scaling generator
Ly of Super Virasoro algebra. [I2] provides a universal description of massivation involving no other
assumptions about dynamics except super-conformal symmetry which guarantees the existence of p-adic
Boltzmann weights. Holography= holomorphy vision generalizes complex structure from 2 dimensions to
4 dimensions and therefore also the p-adic thermodynamics and could allow to solve its problems.

One cannot however exclude the possibility that the TGD counterpart of the Higgs mechanism might
have some meaning.

1. From the beginning it was clear that the C' P, part of the trace of the second fundamental form
defining the C'P, part of generalized acceleration behaves group theoretically like the Higgs field.
It holography = holomorphy vision it vanishes everywhere except at the lower-dimensional sin-
gularities, where the minimal surface property and the generalized holomorphy fail [88]. These
singularities are identifiable as vertices. Maybe Higgs expectation located to vertices could provide
an alternative description of massivation.

2. In the original description based on the 2-D conformal invariance, the massless ground state for a
particle corresponds to a state constructed from a massive single state of a single particle super-
conformal representation (C' P, mass characterizes the mass scale) obtained by adding tachyons to
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guarantee masslessness. Holography=holomorphy vision makes it possible to overcome the problem
due to the fact that in the earlier version based on 2-D conformal invariance, the vacuum conformal
weight had to be negative meaning tachyonicity.

Ordinary superconformal algebras in the TGD framework half-algebra are half-algebras having
only non-negative conformal weights. Kac-Moody type algebras assignable to the partonic orbits
have two conformal weights associated with the radial light-like coordinate and to the partonic
2-surfaces. Also the super-symplectic algebra [36, [8I] has two conformal weights assignable to the
complex coordinate of the sphere S? and to the light-like radial coordinate of light-cone boundary.

In the new description based on 4-D superconformal invariance, there are two conformal weights h
resp. hs corresponding to hypercomplex resp. complex degrees of freedom and having non-negative
resp. non-positive values so that tachyonic states are possible as ground states.

The following assumptions look physically attractive.

(a) Physical states have non-negative conformal weights h determining the value of mass squared
as h = hy + ha. For massless ground states, the conformal weights sum up to zero. p-Adic
thermodynamics applies only to the conformal weight hy having positive values such that A > 0
is true. he < 0 would correspond to the tachyonic contribution to h.

(b) Thermodynamics applies only to h; assignable assignable to 2-D conformal subalgebra and the
second conformal algebra assignable to the hypercomplex part of the algebra would determine
only the vacuum conformal weight ho. For the massless ground states one would have hi+ho =
0 This conforms with the gauge theoretic idea that longitudinal degrees of freedom are not
dynamical.

What does the thermodynamic description mean?

1.

Thermodynamics replaces the state of the entire system with the density matrix for the subsystem
and approximately describes the interaction with the environment inducing the entanglement of
the particle with it. To be precise, actually a ”square root” of p-adic thermodynamics could be in
question, with probabilities being replaced with their square roots having also phase factors.

. The entangling interaction gives rise to a superposition of products of single particle massive states

with the states of environment. The entangled state is in a good approximation a superposition of
pairs of massive single-particle states with the wormhole contact(s). The lowest state is massless.

The massless ground state configuration dominates and the probabilities of the thermal excitations
are of order O(1/p) and extremely small. For instance, for the electron one has p = Moy =
2127 — 1~ 1038

What does one mean with the environment?

1.

ISSN:

Could the effective environment for fermions consist of a wormhole contact (wormhole contacts for
gauge bosons and Higgs and hadrons)? If the wormhole contact contributes to the mass squared at
the H level, tachyonicity could be interpreted in terms of the Euclidean signature of the induced
metric for a wormhole contact. One can however argue that the Euclidean wormhole contact cannot
contribute to the mass squared.

. A natural proposal is that only the fermionic entanglement contributes. But can one speak of

entanglement between the fermionic degrees of freedom of the partonic 2-surface and those inside
the wormhole contact? This does not seem to be possible if one assigns fermion lines only with the
partonic orbits.
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3. Could the quantum entanglement be between fermionic degrees of freedom only? It is natural to
assume that the modes of the Dirac operator of H define the ground states for superconformal
representations. The mass squared spectrum for the ordinary Dirac equation in H is non-negative
since it is massless in the 8-D sense: no tachyons.

If the fermionic mass spectrum is all that one has, the basic question is how can one assign tachyonic
conformal weights to single fermion states.

1. In [55] T have considered a modification of the Dirac equation in H by introducing the coupling to
the ¢d (CD = c¢d x C'P,) Kéhler form identifiable in terms of self-dual U (1) gauge field with electric
and magnetic parts which have the same same strength. This would make tachyonic states possible
as modes of the right-handed neutrino.

If J(cd) is present, the masses of the left-handed mode and corresponding right-handed mode differ
by the § = J kl(cd)Ekl, whose eigenvalues define the vacuum conformal weight +h,q.. If S is
non-vanishing for the right-handed mode, the number of right-handed modes with tachyonic mass
squared would be the number of C'P, modes with mass squared smaller than h,,.. Covariantly
constant neutrino would certainly define this kind of state.

Note that this interpretation requires that J and S give an additional contribution to the M* mass
squared besides the C' P, contribution.

2. A possible interpretation is that the Dirac equation in CD involves M* Kihler form and the corre-
sponding mass squared values correspond to the gravitational mass whereas the Dirac equation in
H corresponds to the inertial mass. The two mass spectra would be identical for the physical states
with non-tachyonic masses. The modes of the Dirac equation in CD would not be plane waves but
to unitary representations of a subgroup of SO(1,3) consistent with the symmetries of J(cd) at the
second half-cone of cd.

What objections can one invent against this idea?

1. Poincare invariance and Lorentz invariance are lost at the level of H if M* K&hler form characterizes
the entire M* C H. One can argue that it is enough to have Poincare symmetry only in the moduli
space of CDs [79].

The only physically convinging option seems to be that the Hamilton-Jacobi structure [76] is a
dynamically generated effective structure of cd defining also an analog of symplectic structure.
By holography = holomorphy hypothesis space-time surface X* would Hamilton-Jacobi structure,
which would effectively induce the same structure to cd in the regions where the M* projection of
X*is 4-D.

2. The Hamilton-Jacobi structure in this dynamical sense need not be unique but analogous to the
ordinary complex structure [76]. cd would be still flat but could have an infinite variety of effective
H-J structures manifesting physically via the choice of the generalized complex coordinates of M*
for the holomorphic solution ansatz. The Hamilton-Jacobi structure would be consistent with the
symmetries of the light-cone boundary so that it would define a slicing of the light-cone boundary
by 2-spheres and radial light-like geodesics.

Accepting the 4-D superconformal symmetry, the most plausible option is the following.

1. The hierarchy of the symmetry breakings of generalized conformal invariance to a subalgebra for
which the conformal weights are above some minimal value, would allow p-adic thermodynamics
in the sub-algebra which does not annihilate the physical states. The complement of this algebra
and its commutator with the entire algebra would annihilate the physical states. This would make
p-adic thermodynamics possible in the finite-dimensional sub-algebra.
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2. Thermal mass squared corresponds to a total mass squared for the fermions. Only the fermionic
degrees of freedom at the wormhole throat would interact with the external world defined by the
Minkowskian space-time sheets. The Euclidean region would not interact with the external world
and its contribution to the conformal weight would vanish. The presence of two conformal weights
with opposite signs would be essential and make possible the effective tachyonicity.

The proportionality between p-adic thermal mass squared (mappable to real mass squared by canon-
ical identification) and the entropy for the entanglement of the subsystem-environment pair is therefore
natural. This proportionality conforms with the formula for the blackhole entropy, which states that the
blackhole entropy is proportional to mass squared. Also p-adic mass calculations inspired the notion of
blackhole-elementary particle analogy [I5] but without a deeper understanding of its origin.

One implication is that virtual particles are much more real in the TGD framework than in QFTs
since they would be building bricks of physical states. A virtual particle with algebraic value of mass
squared would have a discrete mass squared spectrum given by the roots of a rational, possibly monic,
polynomial and M® — H duality suggests an association to an Euclidean wormhole contact as the ”inner”
world of an elementary particle. Galois confinement, universally responsible for the formation of bound
states, analogous to color confinement and possibly explaining it, would make these virtual states invisible
[60, ©61].

3.2 Adelic physics

Adelic physics fuses real and various p-adic physics to a single structure [30, 29].

1. One can combine real numbers and p-adic number fields to what is essentially like a Cartesian
product: number fields would be like pages of a book intersecting along rationals acting as the back
of the book.

Recently a slightly different view of how to fuse various p-adic physics to an analog of adeles has
emerged [82]. One can glue two p-adic number fields together along p-adic numbers, which have
expansions in terms of integers having both primes as factors. Excluding the expansions which are
not in powers of prime, one obtains a structure looking like a Cartesian product of subsets of p-adic
number fields, which contain only expansions in powers of the p-adic prime in question.

The nice feature of this variant is that the transitions changing the value of the p-adic prime of the
p-adic space-time surface might become possible. They would be due the presence of the regions
in which the expansion of p-adic numbers defining the coordinates are with respect to an integer
having both primes as factors. A phase transition changing the p-adic prime could start from a
seed at which the pinary expansion has this property which then grows and transforms so that the
new p-adic primes becomes dominant.

In p-adic mass calculations [71] p-adic primes assumed to characterize elementary particles, in
particular their mass scales. The p-adic prime would correspond to a ramified prime associated
with a polynomial characterizing the particle as partonic 2-surface. These transitions might be
relevant for the p-adic description of a transition changing the p-adic prime of the particle. The
phase transition would be restricted to 2-D singularities of the 3-D light-like partonic orbit associated
with the particles and affect the polynomial characterizing the partonic 2-surface and therefore also
the spectrum of corresponding ramified primes. A quantum tunnelling between polynomials with
different spectrum of ramified primes would be in question and is allowed by the holography =
holomorphy vision.

2. Each extension of rational induces extensions of p-adic number fields and extension of the basic
adele. Points in the extension of rationals are now common to the pages. The infinite hierarchy of
adeles defined by the extensions forms an infinite library, one might say.
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3. This leads to an evolutionary hierarchy (see Fig. E[) The order n of the Galois group as a dimension
of extension of rationals is identified as a measure of complexity and of evolutionary level, "1Q".
Evolutionary hierarchy is predicted.

4. Also a hierarchy of effective Planck constants interpreted in terms of phases of ordinary matter is
predicted. X* decomposes to n fundamental regions related by Galois symmetry. Action is n times
the action for the fundamental region. Planck constant h is effectively replaced with hesr = nho,
where h.hO is the minimal value of h.rr. Quantum coherence scales are typically proportional to
hesy. Quantum coherence in arbitrarily long scales is implied. Dark matter at the magnetic body
of the system would serve as controller of ordinary matter in the TGD inspired quantum biology
[89).

There are reasons to as whether h/hg could be the ratio R?/ Lf, for CPq length scale R deduced from
p-adic mass calculations and Planck length Lp [56]. The C'P; radius R could actually correspond
to Lp and the value of R deduced from the p-adic mass calculations would correspond to a dark

CP, radius /h/holp.

Also the notions of gravitational Planck constant [6] [64, [63], proposed first by Nottale [5], and
electric Planck constant [73] emerge in the TGD framework. Gravitational (electric) Planck constant
would characterize pairs of two masses (charges) and whereas ordinary Planck constant is usually
regarded as a universal constant.

3.3 Adelic physics and quantum measurement theory

Adelic physics [30] forces us to reconsider the notion of entanglement and what happens in state function
reductions (SFRs). Let us leave the question whether the SFR can correspond to SSFR or BSFR or both
open for a moment.

1. The natural assumption is that entanglement is a number-theoretically universal concept and there-
fore makes sense in both real and various p-adic senses. This is guaranteed if the entanglement coef-
ficients are in an extension F of rationals associated with the polynomial ) defining the space-time
surface in M® and having rational coefficients.

In the general case, the diagonalized density matrix p produced in a state function reduction (SFR)
has eigenvalues in an extension F; of E. F; is defined by the characteristic polynomial P of p.

2. Is the selection of one of the eigenstates in SFR, possible if E; is non-trivial? If not, then one would
have a number-theoretic entanglement protection.

3. On the other hand, if the SFR can occur, does it require a phase transition replacing F with its
extension by F4 required by the diagonalization?

Let us consider the option in which FE is replaced by an extension coding for the measured entanglement
matrix so that something also happens to the space-time surface.

1. Suppose that the observer and measured system correspond to 4-surfaces defined by the polyno-
mials O and S somehow composed to define the composite system and reflecting the asymmetric
relationship between O and S. The simplest option is () = O o .S but one can also consider as repre-
sentations of the measurement action deformations of the polynomial O x P making it irreducible.
Composition conforms with the properties of tensor product since the dimension of extension of
rationals for the composite is a product of dimensions for factors.

2. The loss of correlations would suggest that a classical correlate for the outcome is a union of
uncorrelated surfaces defined by O and S or equivalently by the reducible polynomial defined by
the O x S [52]. Information would be lost and the dimension for the resulting extension is the sum of
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dimensions for the composites. O however gains information and quantum classical correspondence
(QCC) suggests that the polynomial O is replaced with a new one to realize this.

3. QCC suggests the replacement of the polynomial O the polynomial P o O, where P is the char-
acteristic polynomial associated with the diagonalization of the density matrix p. The final state
would be a union of surfaces represented by P o O and S: the information about the measured
observable would correspond to the increase of complexity of the space-time surface associated with
the observer. Information would be transferred from entangled Galois degrees of freedom including
also fermionic ones to the geometric degrees of freedom P o O. The information about the outcome
of the measurement would in turn be coded by the Galois groups and fermionic state.

4. This would give a direct quantum classical correspondence between entanglement matrices and
polynomials defining space-time surfaces in M®. The space-time surface of O would store the
measurement history as kinds of Akashic records. If the density matrix corresponds to a polynomial
P which is a composite of polynomials, the measurement can add several new layers to the Galois
hierarchy and gradually increase its height.

The sequence of SFRs could correspond to a sequence of extensions of extensions of..... This would
lead to the space-time analog of chaos as the outcome of iteration if the density matrices associated
with entanglement coefficients correspond to a hierarchy of powers P* [42] [51].

Does this information transfer take place for both BSFRs and SSFRs? Concerning BSFRs the situation
is not quite clear. For SSFRs it would occur naturally and there would be a connection with SSFRs to
which T have associated cognitive measurement cascades [47, [48].

1. Consider an extension, which is a sequence of extensions Fy — ..Ey — Eg41.. = E,, defined by the
composite polynomial P, o ....o P;. The lowest level corresponds to a simple Galois group having
no non-trivial normal subgroups.

2. The state in the group algebra of Galois group G = G, having G,,_1 as a normal subgroup can
be expressed as an entangled state associated with the factor groups G,,/G,—1 and subgroup G,,—1
and the first cognitive measurement in the cascade would reduce this entanglement. After that
the process could but need not to continue down to G;. Cognitive measurements considerably
generalize the usual view about the pair formed by the observer and measured system and it is
not clear whether O — S pair can be always represented in this way as assumed above: also small
deformations of the polynomial O x S can be considered.

These considerations inspire the proposal the space-time surface assigned to the outcome of cognitive
measurement Gy, G_1 corresponds to polynomial the Q ;—10P,, where Q —1 is the characteristic
polynomial of the entanglement matrix in question.

3.4 The tension between the holography = holomorphy vision and number-
theoretic vision

Number theoretical quantum criticality states that rationals and algebraic numbers correspond to islands
in the ocean of complex continuum unstable under perturbations selected by quantum criticality which is
the basic principle of TGD. This already implies holography = holomorphy principle but does not fix its
details completely. p-Adic primes would characterize elementary particles rather than space-time regions.
This suggests that the number theoretic quantum criticality is reduced to single fermion level and allows
to identify light-like fermion lines at the light-like orbits of partonic 2-surfaces and assign the ramified
primes and h.ff = nhg to them.
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3.4.1 (P,P)=(0,0) option or P =0 option or both?

In the earlier version of M® — H duality [40} 41}, [78] a single polynomial P of a single complex variable z
with coefficients in the field of rationals (or its extension), continued to a polynomial in a complexification
of octonions, defined the holographic data in turn defining the space-time surface.

Although this approach had shortcomings it also had very nice features. The dimension of the algebraic
extension determined by the roots of P defined effective Planck constant and the spectrum of ramified
primes of P as factors of its discriminant had interpretation as p-adic primes. The applications of TGD
rely on these notions.

In the new approach forced by holography = holomorphy vision, there are many tensions to be
resolved. One must reconsider both the earlier view of M® — H duality and the number theoretical vision.
The existing number theoretical vision in turn challenges the detailed realization of the holography =
holomorphy vision.

1. For the most obvious guess for the realization of the holography = holomorphy vision, the pair
(P1, Py) of polynomials replaces single polynomial P(z). Is it possible to reduce the conditions
(P1,P;) = (0,0) to a single condition P(z) = 0 for some choice of P and z? In the recent case
z would correspond to a complex coordinate at the light-like partonic 2-surface as a slice of the
partonic orbit and there are very many choices.

2. Putting the lightlike-coordinate u to constant (restriction of fermion line at a light-like partonic
orbit) one has polynomials P; of w, ¢!, and ¢2 and one can choose any w, &', or £2 as dependent
variable z. The degree of P; as a polynomial of z depends on the choice of z. One can find the
common 6-D roots of P; for each choice and they correspond to the intersection of 4-D surfaces
P, =0 and P, = 0. If the argument w, £', or £2 is an algebraic number, the roots are algebraic
numbers. This leaves a lot of freedom and it is very difficult to figure out the general picture!

Therefore it is far from clear how to identify fermionic lines represented as points of X2 such
that they are roots of a polynomial with coefficients in some extension of rationals. However, if can
identify a unique extension E of rationals, and a unique polynomial P(z) of a highly unique variable
z independent of the variables w, €', and €2, its ramified primes would determine the spectrum of
p-adic length scales and h.fy = nhg would corresponds the degree of its Galois group.

3. This problem does not mean that the (P;, P,) = (0,0) approach is wrong but that it might exists
an alternative way to represent the space-time surface so that the basic elements of the number
theoretical vision emerge naturally.

How could one solve the problem?

1. The quantum criticality of TGD suggests that there is a catastrophe theoretic hierarchy of criti-
calities corresponding to the surfaces P(z) = 0 giving the space-time surface and as special case
partonic 2-surface X2 as v = 0 constant section of the partonic orbit X?3. Criticality corresponds
to the coincidence of two roots so that one would have P(z) = 0 and dP(dz) = 0 at criticality.
The roots would give the intersections of the fermionic lines with the partonic 2-surface. The roots
of P would define an extension of the coefficient field F' of P as an extension of rationals and the
ramified primes of P belonging to F'.

2. The twistor lift of TGD [31] [60} [61] suggests a natural identification of the coordinate z. Twistor
lift replaces the space-time surface X* with a twistor space X¢ as a S? bundle over X*. X% would
be determined by the 6-D Kahler action. z could be identified as a complex coordinate of S?
determined up to holomorphies. Suppose that X© is known. A natural identification of X* is a
section of twistor bundle X% can be identifiable as a root of a polynomial P, ;(z), where ¢ can be
take to be one of the coordinates (w,&!,£2) (note that u = constant at X3. The conditions P = 0

ISSN: 2153-8301 Prespacetime Journal www.prespacetime.com

Published by QuantumDream, Inc.



Prespacetime Journal | July, 2025 | Volume 16 | Issue 2 | pp. 145-211 172
Pitkdnen, M., Topological Geometrodynamics (TGD) Towards the End of 2024: Part |

and dP/dz = 0 at fermionic lines would fix the value of z and if ¢ belongs to F', one obtains an
algebraic extension of F.

The fermion line would be identified sufficiently uniquely if the choice P defining the section is suffi-
ciently unique. In fact, different sections could define different physics. The optimistic expectation
is that there is a finite number of sections or at least a finite-dimensional moduli space of sections
for a given twistor-surface X6.

There are 3 obvious choices for the coordinate ¢ corresponding the set {t1,t2,t3} = {w, ¢, €2}, Can
one identify the complex coordinate ¢ uniquely or does one obtain 3 kinds of roots also now and what
could this mean?

1. If the partonic 2-surface is regarded as a Riemann surface, the natural local coordinate is tj, and
the polynomials P, () are uniquely determined. The choice of ¢ is determined apart from
holomorphic bijection and Hamilton-Jacobi structure [76] dictates the choice of w a high degree and
in C' P, Eguchi-Hanson coordinates, favoured by their group theoretical properties, are natural.

2. P,t,(2) is not a linear polynomial, one obtains several roots. Can one accept this or should on
require that the section is single valued? Many-valuedness is not in conflict with the geometric
vision and physical intuition suggests that one should allow it.

If all 3 choices of ¢, are possible, one obtains 3 kinds of roots. If the roots 2y, ; and 2, ; coincide,
they can correspond to the same point of X* but need not do so. For instance, different roots 2 (w)
of P, 4, (w) would correspond to different points of C' P, since the variables do not appear in P so
that multi-sheetedness would reflect the many-valuedness of C'P, coordinates as a function of w.

The partonic 2-surface is many-sheeted with respect to both CP, and M*. Different roots zj(w)
of P, +, (w) would correspond to the multi-sheetedness of X with respect to C'P» so that different
roots of zp(w) would correspond to different points of C'P,. Different sheets could be assigned
with parallel monopole flux tubes (see Fig. going through the w-plane. The physical intuition
suggests that, due to the small size of C' Py, the number of roots zj(£%) of P, ¢i(2) in CP; direction
is small C'P, for a given M* point whereas in the direction of M* the number of w-roots can be
very large giving rise to a large value of hefs/ho = n.

3. In the case of the standard twistor bundle over M4, S? represents the directions of light-like geodesics
emanating from a point of M*. The twistor fibers S? at different M* points have a common point
if there is a light-like geodesic connecting them. This is expected to be a reasonable guess also now.

Could the roots zj (w) correspond to intersecting twistor spheres for which the points with a different
w coordinate are connected by a light-like geodesic of M*? Since the light-like coordinate u is
constant and v is fixed, this is not plausible. This is however the situation at the light-like partonic
orbits, where points of the partonic 2-surfaces with different values of v are connected by a light-like
geodesic.

4. The same question can be posed in the case of C'P, for which the light-like geodesics are replaced
with geodesics, say the radial geodesics from the origin of Eguchi-Hanson coordinates directed to
the homologically non-trivial geodesic sphere at r = co. This sphere is a concrete representation for
the twistor sphere of C'P; and two such geodesic spheres always intersect since their middle points
are connected by a geodesic of C'P,. The points pairs at these geodesics have intersecting twistor
spheres of CP,. The section of X® goes through the intersection point of C'P, geodesic spheres
associated with C' P, points associated with to the points w; and ws only if the values of a root
z(w) are identical for wy and ws.

One can argue that there is a problem with number theoretic general coordinate invariance (GCI)
since the form of the P can change in a generalized holomorphism of H expected to have no physical
effect. Is there a unique choice of coordinates allowing to avoid the problem?
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1. For the (Py, P;) option, the X* is identified as an intersection X% N X§ of 6-surfaces X¢ as roots
of P;. Could X? be identified as twistor surfaces as counterparts of the twistor spaces T'(M*) and
T(CPy) with different twistor spheres but the same base space?

If so,the complex coordinates of the twistor spheres of T(M*) and T(C'P,) should correspond to the
complex coordinates of the twistor sphere of light-like geodesics of the light-cone boundary and of
radial geodesics of C'P; directed from origin to homologically nontrivial sphere of C'Py ”at infinity”.

2. The construction of X° as an extremal of the 6-D Kiihler action for X6 ¢ T(M*) x T(CP) [31]
identifies the twistor spheres of T(M?) and T(CP,). Does this mean X¢ as twistor bundles are
related by the mapping of the space of light-like geodesics of light-cone boundary and/or light-like
partonit orbit to the space of radial geodesics of C'Py?

3. This would make the situation highly unique. Holomorphies for a given choice of w resp. &' or
€2 would correspond to SO(3) and U(2) acting linearly on the complex coordinate. These groups
reduce to SO(2) and U(1) x U(1) by the choice of the quantization axes. The coordinate w would
reduce to the complex coordinate of the twistor sphere of T(M?*) at the light-cone boundary (at
least). At partonic orbits the complex coordinate £ of the geodesic sphere of C' P, and w would be
related by a map characterized by a winding number.

4. Could one find realize concretely the analogy with the solution ansatz based on the 6-D Kahler
action [31] characterized by a winding number for the map of C'P, twistor sphere to M* twistor
sphere or vice versa determining the value of the cosmological constant.

Assume that P; are polynomials with coefficients in an extension F' of rationals. Consider a slicing
of cd by light-cone boundaries 5Mi parallel to the light-like boundary of ¢s and identify w as the
complex coordinate of the M* twistor sphere S?(M*) associated with §M{ and z! as the coordinate
of C'P, twistor sphere S?(CP,). Take Py = Py (u,w, &Y, 2?). Take Py = €1 —Q(w) or P = w—Q(&Y),
where @ is a polynomial. P, = 0 maps the S%(M*) to S?(CP») or vice versa with a winding number
determined by the degree of P». These two options correspond to multi-sheetedness with respect to
M* or CPs.

The roots P, at algebraic algebraic points of S? with respect to E are algebraic and for a generic
algebraic point the extension of F' is trivial. For rational points the extension is maximal so that
these points are of special physical interest. Fermion lines could correspond to this kind of points
or, in a complete analogy with the P = 0 option, to the points at which dP/dz = 0 at which two
roots as sheets meet (analog with the cusp catastrophe).

Some comments on the physical interpretation are in order.

1. p-Adic primes are rather large, Mig7 = 227 — 1 for electrons. I have proposed that one could pose
constraints on the size of the polynomial coefficients, say that they are smaller than the degree of
the polynomial. In this case it is not clear how to obtain such large ramified primes unless the
degree of P is very large. The degree of polynomial increases exponentially in repeated iteration
giving rise to an analog for the approach to chaos [42]. This would increase the dimension of the
extension.

2. As found, the polynomial P can be identified as a polynomial of Minkowski-coordinate w, or of
CP; coordinate ¢! or £2. C'P, is rather small and one expects that in C'P, directions the number of
sheets is rather small so that P as a polynomial of ¢! or £2 should have a rather small degree and
corresponding heys¢/ho should be rather small.

In M* there is a lot of room and the degree of P as a polynomial of w can be rather large and
therefore also the value of heys/ho for these fermion lines is large and their number can be large.
Therefore the corresponding ramified primes and associated p-adic length scales can be rather large
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in this case. It would seem that the p-adic length scale is naturally assignable to P, (z). If p-adic
length scale is assignable to P, ¢i(2), it should be smaller than C'P, scale and could correspond to
excitations of superconformal and supersymplectic algebras with mass scales which are higher than
C P, mass scale.

It must be emphasized that P = 0 option assumes that X% is known and (P;, P,) option could fix
X6, P =0 option reduces the pair of polynomials (P;, P,) to a single polynomial P, allows to interpret
the space-time surface as a section of its twistor space determined by 6-D Ké&hler action and to identify
fermion lines as surfaces (P = 0,dP/dz = 0). This view implies the notions of effective Planck constant
and ramified primes, and allows to understand number theoretical evolution in two ways: as evolution of
the extensions of rationals F' appearing as the coefficient field of P and as the evolution of the polynomial
P as the increase of its complexity. Also connections with chaos theory and catastrophe theory emerge
and space-time surfaces are analogous to complexifications of the cusp catastrophe.

3.4.2 A detailed comparison of (P, P») = (0,0) and P = 0 options

It is interesting to compare the (P;, P;) = (0,0) option, which is problematic since 2 polynomials are
involved, with the P option. Note again that these options represent different approaches can be consistent
as already noticed.

1. The condition (Py, P») = (0,0) allows to assign h.sy and p-adic prime only to fermion lines if there
is a simple rule for their identification. Assume a restriction to a light-like partonic orbit so that
the situation is effectively 2-D corresponding to a partonic 2-surface X 2. At the algebraic points of
X2, the polynomials P; have coefficients in F. Their roots are algebraic and in an extension E of
F', which depends on the algebraic point.

The condition that the algebraic roots of P; coincide means that P, and P, have a common algebraic
root. This condition would select some fermionic lines. It is extremely difficult to say anything
general about how the roots are selected, if there are such common roots, and what their number
is. This could be seen as the basic difficulty of the (Py, P») = (0,0) option. The common roots of
P; would define an extension of rationals. The product of the monomials vanishing for the common
roots would naturally define the polynomial defining the extension E of F. One could assign to it
hess also the ramified primes.

2. For the P = 0 option, the fermion lines are selected by the conditions (P,dP/dz) = (0,0) and
correspond to coinciding roots z,, of P so that the Galois group is reduced. If the degree of P(z)
is n, there are n(n —1)/2 co-inciding pairs of coinciding roots. Each root z,(t;) corresponds to one
particular fermion line. The action of the reduced Galois group Gal/Zs permutes these fermion
lines since the condition z; = z; is invariant under the Galois group.

The condition dP/dz = (0,0) for a selected root z, gives a condition for the parameter ¢ in
Py, = P,y (). If the degree of dPy/dz as a polynomial of ¢ is my, there are my roots t;; as a
solution to dPy/dz = 0.

For instance, for ¢, = w, the roots w; correspond to the same value of z for the points of C'P; so
that these points are connected by a geodesic of C'P, and their C'P;, twistor spheres intersect.

For t, = &', the roots &}, the M* twistor spheres intersect. Could this mean that corresponding
points are connected by a light-like geodesic of M* or by a CP, geodesic. Since w corresponds to
inherently Fuclidian coordinate, the first option looks impossible to satisfy.

3. In the twistor Grassmannian approach the intersections of the twistor spheres associated with
T(M*) connected by light-like geodesic play a central role in twistor diagrams. In the recent case,
the fermion lines at light-like orbits of partonic 2-surface would take their role. Also the roots w,,
to the condition dP, ,(z = zs)/dz = 0 for a pair z,,z, correspond to the intersection point of the
C P, twistor spheres associated with w,,, are expected to be important.
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4.

The condition (P,dP/dz) = (0,0) has an interpretation in terms of quantum criticality and there is
a connection with the catastrophe theory. At the fermion line the coefficients of P must be assumed
to be in F' and two roots co-coincide: the criticality condition selects a set of fermion lines with a
fixed value of the coordinate t; and the reduced Galois group permutes them points. These fermion
lines correspond to intersections of different twistor spheres as analogs of points of M* connected
by a light-like geodesic.

In this case, the value of hefy = nhg corresponds to the dimension of algebraic extension F' —
FE assignable to P with coefficients in F' characterizing the entire space-time surface. n would
characterize the dimension of ' — FE, which can be also regarded as an extension of rationals.
One of the ramified primes p assignable to the fermion line would determine the mass scale of the
particle as a p-adic length scale L, in turn giving a lower bound for the size scale of the cd C M*.

The options, which are by no means mutually exclusive, also have common features.

1.

ISSN:

In both cases there is a background extension F' of rationals associated with a connected space-time
surface X* or even the entire CD containing X*. One expects that the hierarchy of space-time
surfaces corresponds to a hierarchy of extensions F' such that topological condensation to a larger
space-time surface means an inclusion of extensions. F' would be therefore common to all fermionic
lines and partonic orbits associated with the space-time surface. This hierarchy would naturally
define an evolutionary hierarchy. Second hierarchy is defined by the extensions of F'.

The Galois group of E would characterize the space-time surface. The Galois group of F would
characterize the fermion line since the polynomials P are obtained for each point of the space-time
surface using the discretization in which coordinates have values in F' using the scale of c¢d as a unit.

. For both options, there are three kinds of polynomials involved since the polynomials can be iden-

tified as a polynomial of Minkowski-coordinate w, or of C'P; coordinate &' or £2. They would
correspond to different fermionic lines. Since C'P; is rather small, one expects that in C'P, direc-
tions the number of sheets is not large so that P as a polynomial of &' or 2 should have a rather
small degree. In M* there is a lot of room that the degree as a polynomial of w can be rather large
AS also the value of hesr/hg characterizing these fermion lines is large.

What might look like a problem of (P, P») = (0,0) option is the number theoretic asymmetry
between different choices of the dependent argument of P. The dimensions of extensions F of F
would be different for the 3 H coordinates appearing as a dependent coordinate and it is not clear
whether one of the coordinates could serve as a preferred coordinate. For P = 0 option z would be
the complex coordinate of the twistor sphere and the asymmetry is not encountered.

. At least formally, one could assign also to the background extension F' a monic polynomial having

as roots the powers of the root generating F' and also ramified primes having an interpretation
as possible p-adic scales for the space-time surface or a CD containing it. This might give rise
to gravitational and electric Planck constants [63] [73] in macroscopic or even astrophysical p-adic
length scales.

. c¢d C M* would contain the partonic 2-surface X2 as an analog of a perceptive field. By M® — H

duality this c¢d would correspond to a pair of oppositely directed light-cones in the normal spaces
N(y) of the M® — H images of the points of X2 in M8.

The size scale defining the mass scale of e¢d C N(y) would correspond to one of the ramified primes
p of P. The size scale of cd C N(y) would not depend on the dimension n = hesy/ho. It would
however characterize the length scale of the cd C M* assignable to the M* image X2.

. Both options have problems with general coordinate invariance unless the choice of complex coor-
dinates is unique enough.
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3.4.3 The description of the twistor lift at the level of M3

What could be the description of the twistor lift at the level of M3? IT is good to summarize first the
essentials of the H picture.

1. The description of 6-D twistor spaces X? is as roots of P; and P, such that their intersection gives
the common base space X* C X? should generalize. In the case of H, the simplest view is that
one has the conditions P, = 0 and P, = £ — P(w) or P, = w — P(§), where w is the complex
coordinate for the light-cone boundary and £ is the geodesic coordinate of geodesic sphere of C'Ps.
w corresponds to the twistor sphere assignable to the light-like boundaries forming a slicing of
M* and ¢ corresponds to the twistor sphere of CP; of a given CP, identifiable as homologically
non-trivial geodesic sphere S? of C P, defined by the radial geodesics directed to the S? points.

2. Does this description have a counterpart at the level of M®? The counterpart of X¢ would be Y}
as S2 bundle over Y4 such that S? is the counterpart twistor sphere of M* resp. CP,.

The earlier picture based on variational principle simply assumes that Y8 corresponds to the twistor
spaces T(M*) and T(C P) and X is surface in T(M*?) x T(CP,) with the twistor spheres of T'(M*)
and T(CP,) identified by the analog of the map P, characterized by a winding number. This picture
corresponds to the above holomorphic map. One has twistor surfaces X% with the same base X*
but different twistor spheres S? and these are identified by a map defined by the P» = 0 condition.
These identifications give many-sheetedness with respect to M* or C'P,.

The representation of the fibers S? as concrete twistor spheres of H assignable to points of M4 x C P,
gives rise to the 8-D description.

Can one have the analog of this picture at the level of M®? Can one do the same for the twistor space
T(M8) = T(M*) x T(E*) and also now identify the twistor spheres S? by P, = 0 condition.

The possibility to project this description to M?® in P;, P, approach gives both twistor spaces and the
common base space X*. What could be the counterparts of the twistor spheres S? of M* and CP, for
M* and E*?

1. For M* defining the normal space of Y¢ the counterpart of twistor space and twistor sphere is
obvious and the same as in the above situation.

2. What about Y*. The space of tangential radial geodesics of Y'¢ point is 3-sphere 53: 2-sphere S2 is
required. How to overcome the problem? One should be able to distinguish a preferred direction in
the local tangent space E* of Y4 so that S? would be the space of radial geodesics in the orthogonal
complement E3.

3. Could octonion structure make this possible? In the quaternionic and Minkowskian normal spaces
of Y4 points, the points with the real quaternion coordinate define a time direction for the rest
system. The octonionic imaginary unit J of Y tangent space, needed in M® — H duality, could
define the local distinguished direction. One could assign to each point of Y* twistor sphere S?(E?).

4. The map between S?(M*) and S?(E?) would correspond to the identification defined by the condi-
tion P, = 0. An interesting question is whether the M® — H duality, generalized so that it applies to
the suraces Y,%, is consistent with the assumption that also at the level of M® one has polynomials,
call them @1, Q2. The question boils down to the question whether a polynomial (); could define
the inverse image of X¥ as its root. It is probably too much to hope that the polynomials at the
two sides are identical.
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3.5 Do local Galois group and ramified primes make sense as general coordi-
nate invariant notions?

Space-time surface can be regarded as a 4-D root for a pair P;, P> of polynomials. Each gives rise to a
6-D surface proposed to be identifiable as analog of twistor space and their intersection defines space-time
surface as a common base of these twistor spaces as S?. One can also think of the space-time surface
X* as a base space of a twistor surface X% in the product T(M*) x T(CP,) of the twistor spaces of
M* and H. One can represent X% as a section of this twistor space as a root of a single polynomial
P. The number roots of a polynomial does not depend on the point chosen. One considers polynomials
with rational coefficients but also analytic functions can be considered and general coordinate invariance
would suggest that they should be allowed.

Could one generalize the notion of the Galois group so that one could speak of a Galois group acting
on 4-surface X* permuting its sheets as roots of the polynomial? Could one speak of a local Galois group
with local groups Gal(z) assigned with eachh point 2 of the space-time surface. ICould one have a general
coordinate invariant definition for the generalized Galois group, perhaps working even when one considers
analytic functions f1, fo instead of polynomials. Also a general coordinate invariant definition of ramified
primes would be desirable.

3.5.1 The standard notion of Galois group in TGD framework

Consider first the standard definition of the Galois group as an automorphisms of the extension generated
by the roots of P and permuting the roots and leaving the coefficient field of P invariant.

1. For simplicity, restrict the consideration to a section of X6 C T(M*) x T(CP,) as a root of a single
polynomial P. Almost all points of H and space-time surface X* are algebraic for a given choice of
the generalized complex coordinates but this property is not general coordinate invariant.

For a given algebraic point, the coordinate values of the point generate an extension of rationals,
call it E. At an algebraic point of X4, one can find the extension F of this extension generated by
the roots of the P. If E is large enough, the polynomial factorizes into a product of monomials in
this extension and one has F' = E and the Galois group is trivial.

Clearly, the order of the Galois group decreases as the algebraicity of the point increases and at
most algebraic points the Galois group is expected to be trivial. The local Galois group would
be trivial only at a discrete set of points with algebraic coordinates. These points could be in a
physically preferred role and one could speak of number theoretic criticality.

2. What about the coefficients in transcendental extensions F of rationals as a coefficient field of
P? For instance, the extension generated by Neper number e is infinite-dimensional in the real
sense but has a finite dimension for p-adic numbers since eP exists as an ordinary p-adic number.
Transcendental extension can be finitely generated. The number of generators is indeed finite when
the coefficients of polynomials and space-time coordinates at a given point generate the extension.
Could one define the Galois group in this case as automorphisms of the extension of transcendental
extension leaving the transcendental extension invariant?

It seems that the standard notion of Galois group should be generalized so that one can speak of
a local Galois group as a general coordinate invariant notion. Could one modify the definition of the
Galois group so that one could speak about a local Galois group of, say, TGD variant X6 of the twistor
space permuting the sheets of the space-time surface as a section of this bundle? It would be also highly
desirable to have a general coordinate invariant notion of ramified primes identified as p-adic primes.

3.5.2 Could on modify the definition of the Galois group

There is also a second approach concerning the definition of the Galois group (see [this).
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1. One can return to the roots and start from the discriminant D defined as the product of the root
differences. D is a symmetric function of roots and the symmetric group S,, permutes the n roots
acting like the standard Galois group. The naive approach, based on the idea that the Galois group
permutes the roots of the polynomial, has the nice feature that it generalizes also to the case, when
the roots are not algebraic numbers. The permutation group has a subgroup leaving the roots
invariant.

The roots can be regarded as the discrete space S,,/S,—1 = Z,, and a given root remains invariant
under S,,_1. The Galois group defined in the standard way is a subgroup of 5,. If it is maximal,
the Galois group is S,.

2. Galois group in the naive sense just permutes the roots. The action of the standard Galois group is
in the extension and leaves the coefficient field invariant. The problem is that there seems to exist
no obvious geometric realization for the action of the Galois group acting on the arguments of the
polynomial.

3. Could the action of the Galois group as permutations of space-time sheets be represented in the
TGD framework geometrically as an isometry or as a discrete generalized conformal transformation
of H permuting the space-time sheets as roots of the polynomials P; and P,. Or could these
permutations act as gauge transformations acting on the twistor sphere permuting the roots at a
given point of X* as points of S2?

In the case of a real line, one can find a holomorphy of the plane compactified to the Riemann
sphere permuting 3 points on the real axis, that is Mobius transformation. In the case of a general
polynomial of a single argument this is in general not possible using holomorphy but more general
complex transformations can do this.

4. The braid group B, is a covering group of the permutation group S, and emerges very naturally
in quantum TGD. I have considered the possibility [70] that the braid counterpart of Galois group
acts as a flow, which permutes the space-time sheets (, which could be n flux tubes as space-time
sheets with respect to CP,) and acts as subgroup of the braid group B,,. In this case one would
have a connection with quantum groups and the inclusions of hyperfinite factors of type Il;.

3.5.3 Local Galois group for the space-time surface as a section in twistor space X°

Consider first X* as a section of X%. One should permute the spacetime sheets as roots of P having X*
coordinates as parameters and the complex coordinate z of the twistor sphere S? as behaviour variable
defining the space-time sheets as roots for P = 0. Could the action of the local Galois group be a discrete
local gauge transformation in the S? fiber permuting the local roots?

1. Could the permutation group be a discrete isometry subgroup of the local SO(3) or U(2) permuting
the roots as points of the section representing X*? Disappointingly, only octahedron and cube
allow permutation groups as discrete subgroups of SO(3) acting as isometries. The alternating
groups A,, = S,,/Z> of degree 4 resp. 5 appear as isometries of tetrahedron resp. icosahedron and
dodecahedron. There are also infinite discrete subgroups realized as subgroups of SO(3).

Note that U(2) gauge transformations, local with respect to the space-time surface, emerge also
in the formulation of the M® — H duality. This U(2) gauge symmetry having interpretation as
electroweak gauge symmetry fails in all points except the ”active” points carrying a fermion. The
remaining genuinely dynamical degree of freedom would be a discrete Galois group permuting the
52 points as roots.

2. There is no deep reason for the condition that the full permutation group for the sheets is realized
as isometries. What if one gives up this condition? Also the condition that a discrete subgroup of
S, is realized as isometries implies powerful constraints. The strong variant of this condition would
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be true for the entire X* so that one would have local isometry. The weak condition would be that
this is true at discrete points, say at fermion lines and allow to identify them.

The finite discrete subgroups of SO(3) and U(2) are known and correspond to the famous hierarchy
of inclusions of hyperfinite factors of type I} and McKay correspondence [3] [68, 69, [67]. There are
only 4 finite groups with genuinely 3-dimensional action and they correspond to the symmetries of
the Platonic solids.

The remaining groups in the hierarchy act in a plane as groups Z,, or in a pair of parallel planes as
Z,, with a vertical reflection added. This would allow to realize only these subgroups of permutation
groups as isometries and possibly only at fermion lines. The Galois group in the proposed sense
could correspond to a subgroup of the Galois group in the standard sense. An interesting question
is what are the polynomials associated with the subgroups of the rotation group. Note that the
icosa tetrahedral tessellation of the hyperbolic 3-space is completely exceptional and appears in the
TGD based model of the genetic code and would define a universal genetic code [72].

The mysterious origin of these groups has been a continual source of inspiration also in the TGD
framework. Now they would be here but somehow it feels like a disappointment that a very limited
set of Galois groups would be possible in the proposed sense. The representability as roots of a
polynomial alone does not have such strong implications.

3. If the local local transformations of S? correspond to transformations, which are more general
transformations than isometries, most naturally restrictions of conformal transformations, which are
not global holomorphies, the generic Galois group in the TGD sense might allow a representation
at each point of X% as a local Galois group. However, the Galois groups allowing a representation
of discrete isometries would be in a physically preferred position and could select fermion lines
as singularities giving rise to number theoric criticality. This has very powerful implications and
might also closely relate to the breaking of generalized conformal invariance. The generalization of
holography = holomorphy vision indeed suggests that holomorphies of X° respecting the bundle
structure act dynamical symmetries.

3.5.4 Local Galois group for the space-time surface as a root for a pair of polynomials

A more general situation would correspond to the roots for a pair P;, P, of polynomials. There are in
general niny roots as space-time sheets. Can one identify the counterpart of the generalized Galois group
also now?

1. One has two 6-surfaces X? resp. X§ satisfying Py = 0 resp. P, = 0 having S? resp. S5 as fiber and
could have an interpretation as analogs of twistor bundles with X* as a common base space. One
would have 2 analogs of 6-D twistor spaces with X% as a base represented as a S? valued section.
Also now one might perform discrete gauge transformation to permute the nqi resp. no roots as
space-time sheets of S2. Galois group would be a product of the Galois groups for S? resp. S2
permuting the sheets with respect to C'Py resp. M*. This is just the original intuitive picture [16].

2. The definition of the Galois group might also generalize to the roots of analytic functions fi, fao. It
would be general coordinate invariant in the restricted sense that general coordinate transformations
in the twistor sphere S? be restricted to holomorphies. What restrictions one must pose to the
allowed holomorphies depends on what wants.

3.5.5 About the generalization of the holography = holomorphy ansatz to general analytic
functions

The general ansatz works also for analytic functions with poles since (f; = 0, fo = 0) implies that the poles
do not belong to the space-time surface. What is required is that the roots are not essential singularities.
For rational functions R; = P;/Q; the vanishing conditions reduce to those for the polynomials P;.
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The generalization Rieman zeta to polyzeta Sy(s1,...,sn) is s function of n complex variables [G6]
and satisfies identities analogous to those satisfied by Riemann zeta. This generalization is extremely
interesting from the point of view of physics of chaotic and quantum critical systems. Polyzeta S with
four complex arguments would define as its roots a 6-D analog of the twistor space of the space-time
surface expected to have an infinite number of 6-D roots having interpretation as a generalization of zeros
of Riemann zeta.

One could have f; = Sy so that its roots would correspond to 6-D zeros of polyzeta Si(si, ..., S4)
defining the counterparts of twistor surfaces! fo = 0 could define a map from the M* twistor sphere S?
to C'P, twistor sphere S3 characterized by a winding number or vice versa.

A further extremely nice feature is that the space-time surfaces form a number field in the sense that
one can sum, multiply and divide the members of f; and g¢; of (f1, f2) and (g1, g2) elementwise. Also
functional composition is possible. One could say that the space-time surface is a number. One can
also consider polynomials and polynomials with prime order behave like multiplicative primes. It is also
possible to identify prime polynomials with respect to functional composition [65].

3.5.6 Can one identify ramified primes in a general coordinate invariant way?

Ramified primes seem to be something physical and should be a general coordinate invariant notion.

1. Can one identify ramified primes or their generalization to algebraic primes in a general coordinate
invariant way? They correspond to the prime factors of the discriminant defined by the root
differences with roots identified as points of S? and make sense only if the roots of f; = 0 and
fo =0 (or of P =0 or even f = 0 for the section of X%) are algebraic numbers. Also algebraic
primes can be considered.

2. Ramified primes would be associated with the points at which the fermion lines intersect X?2. For
suitable coordinates of X? they could be associated with the algebraic points for the partonic 2-
surface X2 but there is no need to specify the coordinates of X?: the situation is general coordinate
invariant with respect to X* if the fermion lines can be identified in a general coordinate invariant
way. Note that general coordinate invariant definition of the notion of polynomial would be as
function as a polynomial-like which can be expressed as a polynomial in suitable coordinates. If
the roots of the function are algebraic numbers, this is the case. In the recent case the restriction
of coordinates to be generalized complex coordinates is physically appropriate.

3. A possible interpretation is in terms of number theoretical criticality meaning that fermion lines for
which the polynomial P defining the section has rational or algebraic coefficients. This is the case
if the points of H have coordinates in an extension E of rationals. A different choice of generalized
complex coordinates of X* can transform the polynomial to a more general analytic function. This
choice does not however affect the roots so that a general coordinate invariance is achieved at the
level of X*. What is remarkable that due to hypercomplex analyticity only the S? coordinate
associated with either the light-cone sphere or C'P, geodesic sphere appears in the polynomial P;,
when one restricts the consideration to the partonic 2-surface X?2.

4. The possible loss of the general coordinate invariance relates to the choice of the complex coordinate
of the twistor sphere S2 or its representative in H as a sphere associated with the light-cone boundary
or as a homologically nontrivial geodesic sphere of CPs.

Which could be the preferred complex coordinate of the twistor sphere S2? Linear Mdbius trans-
formations z — az 4+ b correspond to holomorphies are a good candidate in this respect. The root
differences are scaled since the root differences are scaled by a. These transformations could be also
restricted so that they would map the real axis to itself but this is not necessary. The restriction of
a and b rational is also natural. Ramified primes remain invariant in the scaling of the discriminant.
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This preferred coordinate z would exist for its representative in H for fi1, fo = 0 option. The
complex coordinate defining the roots for f; resp. fo would correspond to the light-cone sphere
resp. C' Py geodesic sphere.

3.6 How do the hierarchies of p-adic mass- and energy scales emerge?
3.6.1 A phenomenological view about p-adic length scales

Consider now the detailed definition of the p-adic mass and energy scales.

1. For massive particles p-adic length scales L, are given in the original p-adic mass calculations given
by M? = h/ Lf), where L, is the p-adic length scale L, = k,/pR, where R corresponds to the C'P,
length scale and k is some numerical constant. For massless particles this formula does not make
sense. Instead of mass scale one has energy scale E = kii/L,,.

2. In the original calculations, the value of the C'P, scale turned out to be roughly 10%*lp, where Ip
is Planck length, from the condition that the mass of electron assumed to correspond to Mersenne
prime Mo7 (the largest Mersenne prime which does not correspond to super-astronomical p-adic
length scale).

3. If one assumes that C'P, scale corresponds to Planck length [,, one must replace h with hg, which
in the number theoretic vision would be the minimal value of effective Planck constant. One would
have h ~ 10%hg. The hierarchy of Planck lengths would be given as hefs = nho, where n is the
dimension of the extension of rationals associated with the particle. Also the values hefy < h a are
possible and there is some evidence for them [27].

4. The minimal value of heys/ho is 2 and corresponds to 2-D irreducible algebraic extensions assignable
to polynomials of degree 2. In the simplest situation there is only a single ramified prime determining
the p-adic mass scale M (p) o 1/,/p. The condition that the polynomial P(z) = az? + bz + ¢ with
integer coefficients as only single ramified prime boils is that the discriminant defined as the square
for the product of non-vanishing root differences is prime. This gives the condition ac = (b? — p)/4
and the condition ¥ — p mod 4 = 0. For odd b one has b?> mod 4 = 1 so that one must have
p mod 4 = 3 in order that the solution exists. For instance, Mersenne primes satisfy the condition.

Number-theoretical vision suggests that coupling constant evolution reduces to a discrete p-adic mass
scale evolution in terms of the p-adic prime identifiable as a ramified prime of the polynomial defining
the extension of rationals. There can also be a dependence of hys visible at the level of H. The p-adic
mass scale would characterize the size of cd in the normal space of y € Y4,

1. The point y € Y* is determined by the C'P, projection of X* defining the normal space N(y) and
assigning to the point y a point of N(y) as an image of M* point. The scaling of M* C H induces
opposite scaling for the points of the normal spaces but leaves the integrable distribution of normal
spaces parametrized by the points of X*# invariant. Does this mean that Y is invariant under M*
scalings of X*?

2. The properties of Y4 should determine the coupling constant evolution as a function of the p-adic
length scale. The logarithmic coupling constant evolution could reflect the logarithmic dependence
of the size scale of Y on the p-adic length scale L,,.

3. p-Adic length scale hypothesis states that p-adic length scales L, with p ~ 2%k prime, are physically
favored. The proposal has been that L corresponds to the size of the wormhole throat X? assignable
to a wormhole contact connecting two Minkowskian space-time sheets with size scale L,. This
hypothesis could also mean that Y* has a size scale determined by p-adic p-adic length scale Ly.
The recent view forces to challenge this view.
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3.6.2 An attempt to build an overall view

The goal is to produce the intuitive picture supported by the p-adic mass calculations. This poses several
challenges. One can consider the situation at the level of X* and at the level of fermion lines.
Consider first the situation at the level of X*.

1. Concerning the hierarchy of Planck constants, it seems that hesr/ho as a dimension of algebraic
extension and p-adic length scales are independent. The problem is that if one assigns both hess
and p-adic primes as ramified primes to fermion lines, a very strong correlation between the two
notions is forced.

2. The recent view suggests a general solution to the problem. h.s¢/ho does not characterize fermion
lines but to the dimension of the extension F of rational assignable to the X¢. There is no need to
assign hesr/ho = n to a single polynomial P and there is no need to assign p-adic length scales to
E. This is something new as compared to the earlier view.

3. The notion of cognitive measurement cascade is highly attractive and would be realized in the
hierarchy of Galois groups associated with an extension of rationals, in which the Galois group has
the included Galois as a normal sub-group. The cascade would reduce the entanglement between
the Galois group and normal sub-group at each level of the hierarchy and eventually effectively
reduce the Galois group to a Cartesian product of normal subgroups. This cascade could take place
at the level of X4 for the Galois group of E and could relate to the hierarchy of field bodies. The
cascade would reduce the entanglement between the field bodies in the hierarchy.

One can also consider the situation at the level of fermion lines.

1. In the proposed framework, the p-adic length scales characterizing the elementary particles would
be associated with the extensions of rationals assignable to the fermion lines at which P is expected
to be a polynomial in a small extension of rationals to which F reduce, perhaps real or complex
rationals.

According to the p-adic mass calculations, all elementary particles except muon correspond to p-adic
length scales characterized by rational ramified primes. Muon corresponds to k = 113 assignable to
a Gaussian Mersenne prime so that for muon the coefficients of P would be Gaussian integers rather
than real integers. This picture would conform with the notion of elementarity in the theoretical
sense.

2. The biologically important p-adic length scales associated with the four Gaussian primes Mgk,
k = 151,157,163,167 in the range between 10 nm and 2.5 pum could correspond to the values of
Rem/h > 1 but the fermion lines could still correspond to the usual rational primes and have the
standard masses. An alternative interpretation is that the elementary particles involved, say quarks,
really correspond to Gaussian primes and to k-fold iterations of a complex polynomial with degree
2 and are very light.

I have indeed proposed that scaled up variants of elementary particles are possible in the TGD
Universe [25] and that scaled up variant of QCD makes sense in biological length scales and that
there is a resonant coupling between the dark variants of particles and the p-adically scaled particles
with the same p-adic length scale. These particles would have very different mass scales. This would
make possible the scaling up of the color confinement scale to biological scales.

3. One should also understand the origin of the p-adic length scale hypothesis. A possible interpretation
of the p-adic length scale hypothesis p ~ 2¥ (there is also evidence for powers of 3) is as follows. The
earlier proposal was that, in the case that & is a prime, it could characterize the p-adic length scale of
the wormhole throat. However, other than prime values of k are possible in p-adic mass calculations.
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The recent view suggests that p characterizes fermion lines and the size scale of wormhole throats
and p-adic length scale corresponds to Compton length of the particle for heyp = h.

This raises the question whether a fermion with p-adic length scale L(k) 2k/2 could correspond
to a k-fold iterate of a second degree polynomial P? This would conform with the idea of elemen-
tarity and give a direct connection with the generalization of the chaos theory and period doubling
naturally associated with the iteration. The iteration of polynomials of degree 3 would give rise
to the hierarchy in powers of 3 for which there is also evidence. Larger primes such as k = 5 are
distinguished from k = 2 and 3 since only for these primes the polynomial of degree k can be solved
in a closed form.

Quite generally, the iteration hierarchies P —+ Po P — ... could give rise to the counterpart of chaos
theory at the space-time level realized as sections of the twistor bundle X°. P(0) = 0 guarantees
that the roots of P are also roots of iterates and one could speak of a cognitive hierarchy of states
of elementary particles for which the number of roots increases exponentially. T have proposed that
cognitive measurement cascades reducing the entanglement between the normal subgroups of the
Galois group of the composite P; o o.... o P, are fundamental for cognition, maybe even at the
elementary particle level.

Especially interesting are prime polynomials [65], which are not expressible as composites of polyno-
mials with a lower degree. Since the order of composite is a product of orders of factors, polynomials
of prime order are prime polynomials.

4. One can assign also to the fermion line an extension of rationals with dimension ny = heyys /ho as
the analog of n = hess/ho. E should reduce to rationals or complex rationals at the fermion line.
The roots of P at the fermion line giving rise to its copies characterizing the partonic orbit would
be a physical manifestation of this hierarchy and heys would characterize it. ny = heyys ¢/ho would
define a measure of algebraic complexity to a fermion line as a kind of IQ whereas n = hefy/h
would characterize the complexity of the entire X*.

One should also understand the notions of gravitational and electric Planck constant.

1. Gravitational Planck constant &g, and electric Planck constant hep, differ from the standard Planck
constant h believed to be a universal constant of Nature in that they characterize a pair of systems,
typically with large mass or charge and a particle: also identical masses and charges might make
sense [84]. hg,. or hem would typically characterize the pair formed by X* and the fermion line. This
gives rise to gravitational Compton length as a universal Compton length, which does not depend
on the mass of the particle and also to electric Compton length. These parameters could be still a
single particle characteristic assignable to the fermion lines and scaled up by %y, /h or Aem/h.

The problem is that the values %y, /h or fie,,/h change when particle characteristics change. This
would suggest that they correspond to different space-time surfaces for different particles? Could
these parameters characterize parts of the field body as 4-surfaces connecting the two systems? This
would suggest a very refined theoretical organization of the space-time sheets, somewhat like books
at book shelves: something very different from thermal chaos.

I have considered the possibility that the realization of Yangian symmetries in terms of multilocal
infinitesimal transformations could justify this dependence. Ay, and hem could relate to interactions
between space-time sheets with different length scales.

One should also understand the value of h = nghg. In the recent framework it should correspond to
the dimension of extension E for X*. The proposal that the ratio of C'P, length scale squared to Planck
length scale squared corresponds to ng is consistent with the recent view.
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3.7 p-Adic primes as ramified primes, effective Planck constant, and evolu-
tionary hierarchy of extensions of rationals

Consider now the number theoretic vision in detail.

3.7.1 What Galois confinement could mean?

The idea that physical states are Galois singlets transforming trivially under the Galois group emerged
first in quantum biology. TGD suggests that ordinary genetic code is accompanied by its dark realizations
at the level of magnetic body (MB) realized in terms of dark proton triplets at flux tubes parallel to DNA
strands and as dark photon triplets ideal for communication and control [89, 48] 52} 45, (3| [72]. Galois
confinement is analogous to color confinement and would guarantee that dark codons and even genes,
and gene pairs of the DNA double strand behave as quantum coherent units. The idea has been applied
also in the TGD inspired view of condensed matter physics [58].

In the most plausible variant of the holography = holomorphy vision, the space-time surface is deter-
mined as a root a polynomial P that is as as a zero section of the twistor bundle X° in defined by the
Kihler action in the 12-D twistor space T'(M?*) x T(C'P,). Fermion lines are determined by the criticality
conditions (P,dP/dz) = (0,0). At the number theoretical criticality the coefficients of the polynomial
P are algebraic integers in some extension F' of rationals and Galois group and ramified primes can be
assigned to the extension of F' as algebraic primes of F' identifiable as p-adic primes. The entire space-
time surface is number-theoretically critical. and fermions correspond to even higher criticality. The
space-time surface is clearly a complexification of cusp catastrophe topologically. The extension F' of
rationals as the coefficient field makes possible adelization for polynomials [29] [30].

his leaves several options for what Galois confinement could mean.

1. The minimal form of Galois confinement would apply to the extension of F' defined by the conditions
(P,dP/dz) = (0,0) polynomial having coefficients in F' and is restricted to the fermion lines of a
single partonic orbit. Galois confinement would mean that the components of 4-momentum are
ordinary integers at M?® level using the natural momentum unit defined by cd. A more general
option is that the momentum components are algebraic integers in F' rather than ordinary integers.

One can consider a hierarchy of Galois confinements for a hierarchy of extensions of extensions
Q — F; — Fs... —» F, and hierarchy of Galois confinements in which the number of confined
particles increases with the level. At the bottom there would be F,, confinement, at the next level
F,,_1 confinement and at the highest level rational Galois confinement. At the fermion lines one
could have a hierarchy of extensions F; of F; for the same polynomials P. A connection with the
hierarchies of the bound states (quarks, hadrons, nuclei, atoms, molecules,... ) is suggestive.

Also the functional composition of polynomials as P — (Qo P) gives rise to a hierarchy of extensions
associated with the fermionic lines and one can consider iteration of the functional composition
giving rise to the number theoretic analog for the transition to chaos.

2. The maximal number of fermion lines would correspond to the degree of dP/dz as a polynomial of
w or & and multi-fermion states are necessary for Galois confinement if the extension is rational
and the momentum components are algebraic integers in F; as extension of F;.

As already proposed, the polynomial P as polynomial P(w) of M* coordinate w at fermion lines
could have rather high degree but as polynomial of C'P; coordinates &' a rather low degree. There
could be a very large number of fermionic lines giving rise to a 2-D lattice like structure.

Maybe this option could be realized for partonic orbits of quarks inside hadrons with discretization
of the color group represented as the Galois group. The idea that the quarks (say valence quarks)
inside hadrons could correspond to a single partonic orbit defining a multisheeted structure with
respect to C' Py looks admittedly rather weird.
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3. If the extensions are identical for the fermion lines assignable to different partonic orbits one could
also consider the option that there is Galois confinement for the states assignable to the collection
of these orbits with respect to the shared Galois group. This option could provide an alternative
view of hadrons.

The earlier rather complicated realization of Galois confinement, was based on complexified M?® [57]
but trivializes when M® is real [83].

1. If F corresponds to rationals, Galois confinement represents a number-theoretic analog of the pe-
riodic boundary conditions associated with the causal diamond CD. For irreducible polynomials
with rational coefficients one does not obtain any rational roots so that Galois singlest are bound
to be many-fermion states. Mass squared values for the physical states are integers and there is an
analogy with stringy mass spectrum.

2. Single fermion states have quaternionic 4- momenta, which are algebraic integers and can be ex-
pressed by using so called integral basis (https://cutt.ly/SRuZySX) spanning algebraic integers
as a lattice and analogous to unit vectors of momentum lattice but for single component of momen-
tum as a vector in extension. The real algebraic momentum components are expressed in the basis
consisting of the sums of roots and their conjugates (with respect to the complex unit ¢ commuting
with octonionic units) in the extension of rationals. There is also a theorem stating that one can
form the basis of extension as powers of a single root. It is also known that irreducible monic
polynomials have algebraic integers as roots.

3.7.2 Galois confinement as a number theoretically universal way to form bound states

The Galois group would act also at the mass shells of the normal spaces of Y4 C M® by permuting the
momenta of fermions. For instance, it could happen that there is a lattice of fermion states in the mass
shell of the normal space and the Galois group permutes the fermions inside the unit cell of the lattice.

It seems that Galois confinement might define a notion much more general than thought originally.
To understand what is involved, it is best to proceed by making questions.

1. Could also hadrons be Galois singlets so that the somewhat mysterious color confinement would
reduce to Galois confinement? This would require the reduction of the color group to its discrete
subgroup acting as Galois group in cognitive representations. Could also nuclei be regarded as Galois
confined states? I have indeed proposed that the protons of dark proton triplets are connected by
color bonds [37), 43 28].

2. Could all bound states be Galois singlets? The formation of bound states is a poorly understood
phenomenon in QFTs. Could number theoretical physics provide a universal mechanism for the
formation of bound states. The elegance of this notion is that it makes the notion of bound state
number theoretically universal, making sense also in the p-adic sectors of the adele.

3. Which symmetry groups could/should reduce to their discrete counterparts? TGD differs from
standard in that Poincare symmetries and color symmetries are isometries of H and their action
on the points of space-time surface is not in general well-defined. At the level of M3, octonionic
automorphism group Go containing as its subgroup SU(3) and quaternionic automorphism group
SO(3) acts in this way. Also super-symplectic transformations of §M{ x C' Py act at the level of H.

In contrast to this, weak gauge transformations act as holonomies act in the tangent space of H.
The M?® counterparts of electroweak gauge symmetries relate to M® — H duality. A map of a point
y € Y* to its quaternionic normal space N(y) identifiable as M* involves a multiplication of y with
a co-quaternionic unit e. The choice of e is determined apart froma U(2) C U(3) transformation
except at the points which contain fermion with momentum whose value fixes the point of N(y).
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One can argue that the symmetries of H and even of WCW should/could have a reduction to a
discrete subgroup acting at the level of X4. The natural guess is that the group in question is Galois
group acting on cognitive representation consisting of points (4-momenta) of the normal space (y)
ofy [ Y4 C M8 with coordinates, which are algebraic integers for the extension.

4-momenta as points of the normal space of Y* would provide the fundamental representation of
the Galois group. Galois singlet property would state that the sum of momenta is a rational integer
invariant under Galois group. If it is a more general rational number, one would have fractionation
of momentum and more generally charge fractionation. Hadrons, nuclei, atoms, molecules, Cooper
pairs, etc.. would consist of particles with momenta, whose components are real algebraic integers.

Also other quantum numbers, in particular color, would correspond to representations of the Galois
group. In the case of angular moment Galois confinement would allow algebraic half-integer valued
angular momenta summing up to the usual half-odd integer valued spin.

4. Why Galois confinement would be needed? For particles in a box of size L the momenta are integer
valued as multiples of the basic unit py = hn x 27/L. Group transformations for the Cartan group
are typically represented as exponential factors which must be roots of unity for discrete groups.
For rational valued momenta this fixes the allowed values of group parameters. In the case of plane
waves, momentum quantization is implied by periodic boundary conditions.

For algebraic integers the conditions satisfied by rational momenta in general fail. Galois con-
finement for the momenta would however guarantee that they are integer valued and boundary
conditions can be satisfied for the bound states.

How the extension FE associated with the polynomials (Py, P) is determined? (P;, P») characterizes
particles represented as a set of fermion line(s) and E characterizes the background space-time and is
therefore somewhat analogous to the vacuum expectation of the Higgs field. The character of the many-
fermion states associated with the space-time surface is determined by the extension E. NMP states that
state function reductions unavoidably lead to a number theoretic evolution [77]. The algebraic complexity
of the coefficient field of P; increases so that also the complexity of the many-fermion states associated
with partonic orbits increases, in particular the upper bound for the number of fermions in a state of
this kind increases. Also the algebraic complexity of single-fermion states increases as the polynomials P;
become more complex. Functional composition (Py, Py) = (Q1 0 P1, Q20 P3) is the simplest evolutionary
step that one can imagine.

3.7.3 Hierarchies of extensions for rationals and of inclusions of hyperfinite factors

TGD suggests 3 different views of finite measurement resolution.

1. At the space-time level, finite measurement resolution is realized in terms of cognitive representations
actualized at the mass shells of normal space of Y4 C M?® in terms of fermionic momenta with
momentum components identifiable as algebraic integers. Galois group has natural action on the
momentum components. M® — H duality maps this repesentation to a = h.ss/m hyperbolic spaces
3cCDcCH.

2. The inclusion N C M of group algebras of Galois groups is proposed to realize finite measurement
resolution for which the number theoretic counterpart is Galois singlet property of N with respect
to the Galois group of M relative to IV identifiable as the coset group of Galois groups of M and N.
If the origin serves as a root of all polynomials considered, the composite P o () inherits the roots
of Q.

The idea generalizes to infinite-D Galois groups [51l, [48]. The HFF in question would be infinite-D
group algebra of infinite Galois group for a polynomial R obtained as a composite R = Pjy, f1, 0 Q) of
an infinite iterate P, 4, of polynomial P and of some polynomial @ of finite degree (inverse limit
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construction). The roots of R at the limit correspond to the attractor basin associated with P,
which is bounded by the Julia set so that a connection with fractals emerges.

3. The inclusions N C M of hyperfinite factors of type II; (HFFs) [22] [10] is a natural candidate
for the representation of finite measurement resolution. N would represent the degrees of freedom
below measurement resolution mathematically very similar to gauge degrees of freedom except that
gauge algebra would be replaced with the super-symplectic algebra and analogs of Kac Moody
algebra with non-negative conformal weights and gauge conditions would apply to sub-algebra with
conformal weights larger than the weight h,,., defining the measurement resolution.

4. The hierarchies of extensions F of rationals are associated with the space-time sheets X4 are natu-
rally associated with the inclusions of HFFs. Now there is no concrete representation as a polyno-
mial. One can consider them also at the level of fermion lines.

For HFFs, the index [M : N] of the inclusion defines the quantum dimension d(N C¢ M) <1 as a
quantum trace of the projector P(M — N) (the identify operator of M has quantum trace equal to one).
d(N C M) is defined in terms of quantum phase g and serves as a dimension for the analog of factor space
M/N representing the system with N regarded as degrees of freedom below the measurement resolution
and integrated out in ”quantum algebra” M/N. Quantum groups and quantum spaces are closely related
notions [22] [10].

Galois confinement would suggest that N C M corresponds to the algebra creating Galois singlets
with respect to the Galois group of N relative to M whereas M includes also operators which are not this
kind of singlets. In the above example R = P o ), the Galois group of P would be represented trivially
and the Galois group of @ or its subgroup would act non-trivially. In the case of hadrons, color degrees of
freedom perhaps assignable to the Galois group Z2 in the case of quarks would correspond to the degrees
of freedom below the measurement resolution.

The universality of the quantum dimension and its expressibility in terms of quantum phase suggests
that the integer m in ¢ = rexp(i27/m) is closely related to the dimension for the extension of rationals
n = hesy/ho and depends therefore only very weakly on the details of the extension. The simplest guess
is m = n. This conforms with the concrete interpretation of charge fractionation as being due to the
many-valuedness of the graphs of space-time surfaces as maps from M* — CP, or vice versa.

3.8 Entanglement paradox and new view about particle identity

A brain teaser that the theoretician sooner or later is bound to encounter, relates to the fermionic and
bosonic statistics. This problem was also mentioned in the article of Keimer and Moore [4] discussing
quantum materials. The unavoidable conclusion is that both the fermions and bosons of the entire
Universe are maximally entangled. Only the reduction of entanglement between bosonic and fermionic
states of freedom would be possible in SFRs. In the QFT framework, gauge boson fields are primary
fields and the problem in principle disappears if entanglement is between states formed by elementary
bosons and fermions.

In the TGD Universe, all elementary particles are composites of fundamental fermions so that if Fock
space the Fock states of fermions and bosons express everything worth expressing, SFRs would not be
possible at all!

Remark: In the TGD Universe fundamental fermions localized at the points of space-time surface
define a number theoretic discretization that I call cognitive representation. Besides this there are also
degrees of freedom associated with the geometry of 3-surfaces representing particles. These degrees of
freedom represent new physics. The quantization of fermions takes place at the level of H so that
anticommutations hold true over the entire H.

Obviously, something is entangled and this entanglement is reduced. What these entangled degrees
of freedom actually are if Fock space cannot provide them?
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1. Mathematically entanglement makes sense also in a purely classical sense. Consider functions ¥, (z)

and W;(y) ) and form the superposition W(z) = 3, ¢;;Vi(z)¥;x). This function is completely
analogous to an entangled state.

. Number theoretical physics implies that the Galois group becomes the symmetry group of physics

and quantum states are representations of the Galois group [47, [48]. For an extension of extension
of ...., the Galois group has decomposition by normal subgroups to a hierarchy of coset groups.

The representation of a Galois group can be decomposed to a tensor product of representations of
these coset groups. The states in irreps of the Galois group are entangled and the SFR cascade
produces a product of the states as a product of representations of the coset groups. Galois entan-
glement allows us to express the asymmetric relation between observer and observed very naturally.
This cognitive SSFR cascade - as I have called it - could correspond to what happens in at least
cognitive SFRs.

If so, then SFR would in TGD have nothing to do with fermions and bosons (consisting of fermions
too) since the maximal fermionic entanglement remains. For instance, when one for instance talks
about long range entanglement the entanglement that matters would correspond to entanglement
between degrees of freedom, which do not allow Fock space description.

In the TGD framework, the replacement of particles with 3-surfaces brings in an infinite number of

non-Fock degrees of freedom. Could it make sense to speak about the reduction of entanglement in WCW
degrees of freedom? There is no second quantization at WCW level so that one cannot talk about Fock
spaces WCW level but purely classical entanglement is possible as observed.

4

1. In WCW unions of disjoint 3-surfaces correspond to classical many-particle states. One can form

single particle wave functions for 3-surfaces with a single component, products of these single particle
wave functions, and also analogs of entangled states as their superposition realized as building bricks
of WCW spinor fields.

If one requires that these wave functions are completely symmetric under the exchange of 3-surfaces,
maximal entanglement in this sense would be realized also now and SFR would not be possible. But
can one require the symmetry? Under what conditions one can regard two 3-surfaces as identical?
For point-like particles one has always identical particles but in TGD the situation changes.

. Here theoretical physics and category theory meet since the question when two mathematical objects

can be said to be identical is the basic question of category theory. The mathematical answer is
they are isomorphic in some sense. The physical answer is that the two systems are identical if they
cannot be distinguished in the measurement resolution used.

Appendix

4.1 Comparison of TGD with other theories
Table [1] compares GRT and TGD and Table [2| compares standard model and TGD.

4.2 Glossary and figures

The following glossary explains some basic concepts of TGD and TGD inspired biology.

o Space-time as surface. Space-times can be regarded as 4-D surfaces in an 8-D space M* x C'P,

obtained from empty Minkowski space (M?) by adding four small dimensions (C'P). The study
of field equations characterizing space-time surfaces as orbits of 3-surfaces (3-D generalization of
strings) forces the conclusion that the topology of space-time is non-trivial in all length scales.
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Table 1: Differences and similarities between GRT and TGD
GRT TGD

Scope of classical gravitation all interactions and
geometrization quantum theory
Spacetime
Geometry abstract 4-geometry sub-manifold geometry
Topology trivial in long length scales many-sheeted space-time
Signature Minkowskian everywhere also Euclidian
Fields
classical primary dynamical variables induced from the geometry of H
Quantum fields primary dynamical variables modes of WCW spinor fields
Particles point-like 3-surfaces
Symmetries
Poincare symmetry lost Exact
GCI true true - leads to SH and ZEO

Problem in the identication of
coordinates

H = M?* x CP, provides
preferred coordinates

Super-symmetry

super-gravitation

super variant of H: super-surfaces

Dynamics

Equivalence Principle | true true
Newton’s laws and
notion of force lost generalized

Einstein’s equations

from GCI and EP

remnant of Poincare invariance
at QFT limit of TGD

Bosonic action

EYM action

Kahler action + volume term

Cosmological constant

suggested by dark energy

length scale dependent
coefficient of volume term

Fermionic action

Dirac action

Modified Dirac action for
induced spinors

Newton’s constant

given

predicted

Quantization

fails

Quantum states as modes
of WCW spinor field
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Table 2: Differences and similarities between standard model and TGD

SM

TGD

Symmetries

Origin

from empiria

reduction to C'P, geometry

Color symmetry

gauge symmetry

isometries of C' Py

Color

analogous to spin

analogous to angular momentum

Ew symmetry

gauge symmery

holonomies of CPs

Symmetry breaking

Higgs mechanism

C P, geometry

Spectrum

Elementary particles

fundamental

consist of fundamental fermions

Bosons

gauge bosons, Higgs

gauge bosons, Higgs,
pseudo-scalar

Fundamental

quarks and leptons

quarks and leptons

Dynamics

Degrees of freedom

gauge fields, Higgs, and fermions

3-D surface geometry and spinors

Classical fields

gauge fields, Higgs

induced spinor connection

SU(3) Killing vectors of C'P,

Quantal degrees
of freedom

gauge bosons,Higgs,

quantized induced spinor fields

Massivation

Higgs mechanism

p-adic thermodynamics

with superconformal symmetry

ISSN:

Geometrization of classical fields. Both weak, electromagnetic, gluonic, and gravitational fields
are known once the space-time surface in H as a solution of field equations is known.

Many-sheeted space-time (see Fig. consists of space-time sheets with various length scales
with smaller sheets being glued to larger ones by wormhole contacts (see Fig. identified as
the building bricks of elementary particles. The sizes of wormhole contacts vary but are at least of
CP, size (about 10* Planck lengths) and thus extremely small.

Many-sheeted space-time replaces reductionism with fractality . The existence of scaled variants of
physics of strong and weak interactions in various length scales is implied, and biology is especially
interesting in this respect.

Topological field quantization (TFQ) . TFQ replaces classical fields with space-time quanta.
For instance, magnetic fields decompose into space-time surfaces of finite size representing flux tubes
or -sheets. Field configurations are like Bohr orbits carrying archetypal classical field patterns.
Radiation fields correspond to topological light rays or massless extremals (MEs), magnetic fields
to magnetic flux quanta (flux tubes and sheets) having as primordial representatives cosmic strings,
electric fields correspond to electric flux quanta (e.g. cell membrane), and fundamental particles to
CP; type vacuum extremals.

Field body (FB) and magnetic body (MB). Any physical system has field identity - FB or MB
- in the sense that a given topological field quantum corresponds to a particular source (or several
of them - e.g. in the case of the flux tube connecting two systems).

Maxwellian electrodynamics cannot have this kind of identification since the fields created by dif-
ferent sources superpose. Superposition is replaced with a set theoretic union: only the effects of
the fields assignable to different sources on test particle superpose. This makes it possible to define
the QFT limit of TGD.
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p-Adic physics [14] as a physics of cognition and intention and the fusion of p-adic physics with
real number based physics are new elements.

Adelic physics [29,132] is a fusion of real physics of sensory experience and various p-adic physics
of cognition.

p-Adic length scale hypothesis states that preferred p-adic length scales correspond to primes
p near powers of two: p ~ 2% k positive integer.

A Dark matter hierarchy realized in terms of a hierarchy of values of effective Planck constant
hefs = mho as integers using ho = h/6 as a unit. Large value of h.s; makes possible macroscopic
quantum coherence which is crucial in living matter.

MB as an intentional agent using biological body (BB) as a sensory receptor and
motor instrument . The personal MB associated with the living body - as opposed to larger MBs
assignable with collective levels of consciousness - has a hierarchical onion-like layered structure and
several MBs can use the same BB making possible remote mental interactions such as hypnosis [26].

Cosmic strings Magnetic flux tubes belong to the basic extremals of practically any general
coordinate invariant action principle. Cosmic strings are surfaces of form X2 x Y2 ¢ M* x CP,.
X? is analogous to string world sheet. Cosmic strings come in two varieties and both seem to have
a deep role in TGD.

Y2 is either a complex or Lagrangian 2-manifold of CP,. Complex 2-manifold carries monopole flux.
For Lagrangian sub-manifold the Kahler form and magnetic flux and K&hler action vanishes. Both
types of cosmic strings are are simultaneous extremals of both Ké&hler action and volume action:
this holds true quite generally for preferred extremals.

Cosmic strings are unstable against perturbations thickening the 2-D M* projection to 3-D or 4-D:
this gives rise to monopole (see Fig. and non-monopole magnetic flux tubes. Using M? x Y2
coordinates, the thickening corresponds to the deformation for which E? C M* coordinates are not
constant anymore but depend on Y2 coordinates.

Magnetic flux tubes and sheets serve as body parts of MB (analogous to body parts of BB),
and one can speak about magnetic motor actions. Besides concrete motion of flux quanta/tubes
analogous to ordinary motor activity, basic motor actions include the contraction of magnetic flux
tubes by a phase transition possibly reducing Planck constant, and the change in thickness of
the magnetic flux tube, thus changing the value of the magnetic field, and in turn the cyclotron
frequency. Transversal oscillatory motions of flux tubes and oscillatory variations of the thickness
of the flux tubes serve as counterparts for Alfwen waves.

Reconnections of the U-shaped flux tubes allow two MBs to get in contact based on a pair of flux
tubes connecting the systems and temporal variations of magnetic fields inducing motor actions of
MBs favor the formation of reconnections.

In hydrodynamics and magnetohydrodynamics reconnections would be essential for the generation
of turbulence by the generation of vortices having monopole flux tube at core and Lagrangian flux
tube as its exterior.

Flux tube connections at the molecular level bring a new element to biochemistry making it possible
to understand bio-catalysis. Flux tube connections serve as a space-time correlates for attention in
the TGD inspired theory of consciousness.

Cyclotron Bose-Einstein condensates (BECs) of various charged particles can accompany
MBs. Cyclotron energy E. = hZeB/m is much below thermal energy at physiological temperatures
for magnetic fields possible in living matter. In the transition h — hefs E. is scaled up by a
fractor hegr/h = n. For sufficiently high value of hess cyclotron energy is above thermal energy
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E = hegsZeB/m. Cyclotron Bose-Einstein condensates at MBs of basic biomolecules and of cell
membrane proteins - play a key role in TGD based biology.

e Josephson junctions exist between two superconductors. In TGD framework, generalized
Josephson junctions accompany membrane proteins such as ion channels and pumps. A voltage
between the two super-conductors implies a Josephson current. For a constant voltage the
current is oscillating with the Josephson frequency . The Josephson current emits Josephson
radiation. The energies come as multiples of Josephson energy.

In TGD generalized Josephson radiation consisting of dark photons makes communication of sensory
input to MB possible. The signal is coded to the modulation of Josephson frequency depending on
the membrane voltage. The cyclotron BEC at MB receives the radiation producing a sequence of
resonance peaks.

e Negentropy Mazximization Principle (NMP). NMP [13] [54] is the variational principle of con-
sciousness and generalizes SL. NMP states that the negentropy gain in SFR is non-negative and
maximal. NMP implies SL for ordinary matter.

e Negentropic entanglement (NE). NE is possible in adelic physics and NMP does not allow its
reduction. NMP implies a connection between NE, the dark matter hierarchy, p-adic physics, and
quantum criticality. NE is a prerequisite for an experience defining abstraction as a rule having as
instances the state pairs appearing in the entangled state.

e Zero energy ontology (ZEO) In ZEO physical states are pairs of positive and negative energy
parts having opposite net quantum numbers and identifiable as counterparts of initial and final
states of a physical event in the ordinary ontology. Positive and negative energy parts of the zero
energy state are at the opposite boundaries of a causal diamond (CD, see Fig. ) defined as
a double-pyramid-like intersection of future and past directed light-cones of Minkowski space.

CD defines the spot-light of consciousness: the contents of conscious experience associated with a
given CD is determined by the space-time sheets in the embedding space region spanned by CD.

e SFR is an acronym for state function reduction. The measurement interaction is universal and
defined by the entanglement of the subsystem considered with the external world [38] [24]. What
is measured is the density matrix characterizing entanglement and the outcome is an eigenstate of
the density matrix with eigenvalue giving the probability of this particular outcome. SFR can in
principle occur for any pair of systems.

SFR in ZEO solves the basic problem of quantum measurement theory since the zero energy state
as a superposition of classical deterministic time evolutions (preferred extremals) is replaced with
a new one. Individual time evolutions are not made non-deterministic.

One must however notice that the reduction of entanglement between fermions is not possible since
Fermi- and als Bose statistics predicts a maximal entanglement. Entanglement reduction must
occur in WCW degrees of freedom and they are present because point-like particles are replaced
with 3-surfaces. They can correspond to the number theoretical degrees of freedom assignable to
the Galois group - actually its decomposition in terms of its normal subgroups - and to topological
degrees of freedom.

e SSFR is an acronym for "small” SFR as the TGD counterpart of weak measurement of quantum
optics and resembles classical measurement since the change of the state is small [38] [24]. SSFR is
preceded by the TGD counterpart of unitary time evolution replacing the state associated with CD
with a quantum superposition of CDs and zero energy states associated with them. SSFR performs
a localization of CD and corresponds to time measurement with time identifiable as the temporal
distance between the tips of CD. CD is scaled up in size - at least in statistical sense and this gives
rise to the arrow of time.
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The unitary process and SSFR represent also the counterpart for Zeno effect in the sense that the
passive boundary of CD as also CD is only scaled up but is not shifted. The states remain unchanged
apart from the addition of new fermions contained by the added part of the passive boundary. One
can say that the size of the CD as analogous to the perceptive field means that more and more
of the zero energy state at the passive boundary becomes visible. The active boundary is however
both scaled and shifted in SSFR and states at it change. This gives rise to the experience of time
flow and SSFRs as moments of subjective time correspond to geometric time as a distance between
the tips of CD. The analog of unitary time evolution corresponds to ”time” evolution induced by
the exponential of the scaling generator Ly. Time translation is thus replaced by scaling. This is
the case also in p-adic thermodynamics. The idea of time evolution by scalings has emerged also in
condensed matter physics.

e BSFR is an acronym for ”big” SFR, which is the TGD counterpart of ordinary state function
reduction with the standard probabilistic rules [38] [24]. What is new is that the arrow of time
changes since the roles of passive and active boundaries change and CD starts to increase in an
opposite time direction.

This has profound thermodynamic implications. Second law must be generalized and the time
corresponds to dissipation with a reversed arrow of time looking like self-organization for an observed
with opposite arrow of time [35]. The interpretation of BSFR is as analog of biological death and
the time reversed period is analogous to re-incarnation but with non-standard arrow of time. The
findings of Minev et al [34] give support for BSFR at atomic level. Together with h.s; hierarchy
BSFR predicts that the world looks classical in all scales for an observer with the opposite arrow
of time.
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4.3 Figures
Problem #1: Classical Problem #3: How to achieve
conservation laws lost in GRT geometrization of fields?
because space-time curved
Idea: Replacn space- -times with Idea: Inductmn procedure:
4-surfaces in H= M*xS: lifting of
symmetries from space-time to project! No primary fieds:
imbedding space only geometry
TGD as unified theory of
fundamental interactions
Idea: String— 3-surface in Idea: S= CP, - Standard model
M'xS symmetries, quantum numbers
Problem #2: How to generaliz:\ Problem #4: How to
string models string—3-surface generalize standard model?
Figure 1: The problems leading to TGD as their solution.
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4 Space-time as M°-H-duality maps Space-time as 4-surface
Twistor lift of TGD 4—Sunjace in the 2 pictures to incomplexified M*
H=M"xCP, each other {complemﬂed octonions

<

Classical physn::s

Classical number fields A
geometw T and TGD

7
A IIF.ﬂuﬂ' hysi hysi
Physics as geometry FrEin] POERES P TRpnN ' ' Physics as number theory
of cognition

- l v, \
Quantum physics as infir-D World of classical worlds Adelic physics as fusion
. i . WCW) of real and various
\ite dimensional geometry ( y \ p-adic physics

Figure 2: TGD is based on two complementary visions: physics as geometry and physics as number

theory.
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action principle?

é Many-sheeted space-time.
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Figure 3: Questions about classical TGD.
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Figure 4: Many-sheeted space-time.

Figure 5: Wormhole contacts.
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ISSN: 2153-8301

Prespacetime Journal

Published by QuantumDream, Inc.

Www.prespacetime.com



Prespacetime Journal | July, 2025 | Volume 16 | Issue 2 | pp. 145-211 201
Pitkdnen, M., Topological Geometrodynamics (TGD) Towards the End of 2024: Part |

L The really BIG problem: PHYSICALISTIC WORLD VIEW! ]

Problem #2: Problem of time. Problem £1: Froe will seamingly in Quantum states superpositiens of Problem 25
Experienced and geomeltric ime not conflict with the determinism of pairs of initial and final states What about cognition
identical but correlate. Evidenca for field equations connected by determistic

nonstandard arrow of time. time evelutions?

TGD inspired theory of consciousness as a generalization of quantum

measurement theory based on zero energy ontology (ZEO)

v

Problem #3: State function

’ ) Problem #4: Dbserver still 2 kinds of state function Problem #6: Intelligence, its
raductien non-deterministic outside the physical system in reductions (SFRs) evalution and ethics
and Schrédinger equaticn standard QM

deterministic

Small SFRs (SSFRs) as counterpa-| | Big (ordinary) SFRs
rts of wé[ak mea?surements ; (BSFRs) change the
arrow of time

Realization of self in zero Subjective time only Mdea: Observer as conscious entity fa and death as universa
energy ontalogy (ZEOQ) correlates with geometric tirme bacomes part of physical systam notions

salf

Figure 11: Consciousness theory from quantum measurement theory
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Figure 12: Causal diamond
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Shared Mental Image

Figure 13: CDs define a fractal conscious atlas

ISSN: 2153-8301 Prespacetime Journal www.prespacetime.com
Published by QuantumDream, Inc.



Prespacetime Journal | July, 2025 | Volume 16 | Issue 2 | pp. 145-211 204
Pitkdnen, M., Topological Geometrodynamics (TGD) Towards the End of 2024: Part |

( Support for the reversal of time in quantum jumps
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Figure 14: Time reversal occurs in BSFR
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4 (& Bmonopole e jpgipeg

Figure 15: The M* projection of a closed surface X? with area S defining the cross section for monopole
flux tube. Flux quantization e § B - dS = eBS = kh at single sheet of n-sheeted flux tube gives for
cyclotron frequency f. = ZeB/2rm = khZ/2mmS. The variation of S implies frequency modulation.
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