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Abstract

In this study, we investigate the structure of linear codes over a mixed alphabet F;R{R,, where
Ry =F,+wF,, uf=pu and R, =F,+wF,+u,F,, ui=PRu, uj=pPLu,; uu,=
uuy; =0, By, B, € F; are a family of finite rings and Ry = F; is a finite field with ¢ = p™
elements for odd prime p, positive integer m. We mainly studied skew constacyclic codes over
F;RyR;. The duals of them are determined. The concept of separable code is introduced. A Gray

map is introduced, and the Gray images of skew constacyclic codes over F; Ry R, are obtained.

Keywords: Skew constacyclic codes, mixed alphabet, Gray map.

1. Introduction

Getting optimal error-correcting codes is very important in coding theory. There are a lot of
methods in literature. One of them is establishing a relationship between certain types of codes
over the finite rings and codes over the finite fields. Initially, researchers used an alphabet that
was either a finite ring or a family of finite rings. In 1997, Rifa first defined the codes using a
mixed alphabet [6]. Since the last two decades, they have studied about the codes over the mixed
alphabet. Especially by defining cyclic, constacyclic and skew cyclic codes over some mixed
alphabet, they investigated their properties and obtained optimal codes over the finite fields from
them. Moreover, they used them to get optimal quantum error-correcting codes. The skew
constacyclic codes form a larger class than cyclic, constacyclic and skew cyclic codes. They
produce better codes over the finite fields.

The skew constacyclic codes over finite fields were introduced by H. Dinh et al. first in [1]. In
[3], skew constacyclic codes over finite chain rings were studied. Later, these codes over finite
non-chain rings are extensively studied. In [4], Bo Kong et al. studied skew constacyclic code
over Ry = Fyjluy,uy,..., u]/{uf = Bug, wju; = wju; = 0), where F, is a finite field and
1<i,j<k,i+]j.

This paper is organized as follows: In section 2, some definitions are given. In section 3, the
skew constacyclic codes over F;R;R, are defined, and the concept of separable code is
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introduced. In section 4, a Gray map is introduced. The Gray images of skew constacyclic codes
over F;RR, are obtained.

2. Preliminaries

The set of all ordered a-tuples an‘0 is a vector space over F, with the usual component-wise
addition and multiplication by scalars, where Fj is a finite field with g elements, where ¢ = p™
for odd prime p and positive integer m. A code C of length a, over F, is a non-empty subset of
Fq“O, and a code C is a linear code over Fy if it is a subspace oqu“O. Let ¢ = (CO, Ciyeens Ca0—1) €
C, then the Hamming weight of the element ¢, wy(c) is defined as the number of non-zero

components of c¢. The Hamming distance between two codewords c,c’ € C is given by
dy(c,c’) =wy(c—c). The  minimum  distance of € is  defined as
dy (C) = min{dy(c,c")|c # ¢, V¢, c' € C}.

From [5], we know that the distinct automorphisms of F,m over F, are exactly the mapping
09,01, -, Om—1 defined by 0;(y) = y? fory € Fym and 0 < j < m — 1. These automorphisms
of F,m over F, form a cyclic group of order m generated by o;.

The skew constacyclic codes over finite fields were introduced by H. Dinh et al. first in [1]. For
more information about skew constacyclic codes over finite fields, see [1].

Definition 2.1 [1] Given a non-trivial automorphism g, of F,m and a unit A in F,,m , a code C is
said to be a skew g,-1, constacyclic code of length a; if it is closed under the skew o;-4,
constacyclic shift T;Ot: F;,% — F;,% which is defined by

(o}
TAS(CO, Cl' ey Cao—l) = (O-t(/locao—l)' (eF, (Co), «ea, Op (Cao_z)).

Theorem 2.2 [1] Let o; be a non-trivial automorphism of F,m, length a, an integer divisible by
the order of o, and A, a unit in F,,m which is a fixed by o;. Then the code C is a skew g;-4,
constacyclic code if and only if C is a left ideal of F;m[x, 0] /{(x¥0 — 1), where C = (g(x)) and
g(x) is a right divisor of x% — A,.

In [4], the skew constacyclic codes over Ry = Fy[uy, uy, ..., w]/{uf = B, uju; = wju; = 0)
were studied by Bo Kong et al., where ¢ = p™, p is an odd prime, @; is a unit over F; and
1<i,j<ki#]j

According to that, the family of rings R, is semilocal and has ¢*** elements. For example, for

k = 1,R1 = Fq + uqu, u% = ﬁlul, fOI‘ k = 2, RZ = Fq + uqu + uqu, u% = ﬁlul, u% = ﬁzuz,
U U1 = UqU, = 0 fOI‘ k= 3, R3 = Fq + uqu + uqu + u3Fq, u% = ﬁlul, u% = ﬁzuz, u% =
ﬁ3u3, u2u1 = u1u2 = O, u1u3 = u3u1 = O, u2u3 = u3u2 = O. It haS the Orthogonal

. uq Uy Uy uq Uy Ug .
idempotents, =—,&, =—,...,& =—=, =1—-————=—- ...——. They satis the
p &1 B & 5, 3% Br St 5 B, Br y fy

following conditions;
1. El + EZ+"'+ER+1 = 1,
2. .5 =0fors, f=12,...k+1,s%f,
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3. & =%, fors=1.2,...,k+ 1.
SO Ry = & F®E,F,®... 4. F,.

Any element 1y € Ry, there exist 1,75,...,7k1 € F; such that 7, can be uniquely written as

Tk = Ti1&at  Fiks18k41-

In [4], it was stated that an element A = Aj 181 +... + ) k418k+1 15 @ unit in Ry if and only if A ;
isaunitin F, forj =1,2,...,k + 1.

If Cy is a code of length a; over Ry, then Cy, is a subset of R,f". Cy is a linear code of length n
over Ry, if and only if Cy, is an Ry-submodule of R, *.

In [4], for any 13, = 731§ +... + T k+18k+1 € Rk, the Gray map ¢, was defined as

Gr: Ry — Fqk+1

Tie 7 (M1, T 20+ Tioe41) -
The authors extended ¢, as follows
br: R":k — Fq(k‘l'l)“k
(r,?,r,g,...,rk“"_l) — (r,gl,...,r,?,kﬂ,r,%,l,...,r,g,kﬂ,...,rkaff_l,..., k“,’é:
where 17 =18 + {8+ 118k € R*, wherez =0,1,...,a; — 1.

The Gray weight of an element 1, = 73 1&;+... +7% k+18k+1 € Ry 1s defined as follows

we (1) = wy (i (1))

where wy denotes the usual Hamming weight on F.

The Gray weight of the element u = (ug,uy,...,Uq,—1) ER:" is defined by wg(u) =

ap—1
Ziio W¢ (ui)'

For any elements u,v € R,(:", the Gray distance is given by d;(u,v) = w;(u —v). The
minimum Gray distance of a code Cj, is the smallest non-zero Gray distance between all pairs of
distinct codewords.

The Gray map ¢y is an Fj-linear and distance-preserving map from R:k (Gray distance) to

Fq(kﬂ)“" (Hamming distance).

Moreover, in [4], it was stated that the linear code Cj of length a; over R, can be uniquely
expressed as
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Cr = 9}(:1151'61(,1'
where C; = {xj € F,*| Zi¥1 x;€; € Cy, 34, X3, Xj_1, Xju1, ., Xper1 € Fy ¥
In [4], they defined the automorphism of R, as follows
O0x: Ry — Ry
ag + auq + auy+. .. Fau o ar(ag) + o(a)uq+. . o (ap)uy

where o, is Frobenius automorphism oy: F;, — F, by o.(a) = aP" to define skew constacyclic
codes over Ry,.

Definition 2.3 [4] Let §; be a non-trivial automorphism of R, and A4, be a unit of Rj,. Then a
nonempty subset C;, of R,(:" is called a skew ;-4 constacyclic code of length a;, over Ry, is

e Cy is an Ry-submodule of R, *
o Ifc=(Co. - Cqp-1) € Ci then 7(c) = (LS (Cay1), 8 (o), -, Ok (Cap—2)) € Cic -

For the polynomial representation,
A map was defined as
Y ReE = Riclx, 6] /(x = A)

(ag, @y, ..., Agp—q) > Qg + Ay x+... +ag, 1 X1,

et [ be the order of §j. That is, | = ord(6y) if | | ay, they defined a skew §,-4; constacyclic
code of length a;, over Ry, as a left ideal of Ry [x, 8, ]/{x % — Ai).

Theorem 2.4 [4] Let C, = EB;-‘:%E]-C,(J be a linear code of length a;, over R, and 4, =
Ak,l%l-}_"' +Ak,k+1§k+1 iS a unit n Rk’ 0Td(5k) | ay, 6k(lk) = Ak' Then, Ck iS a SkeW 6k-lk
constacyclic code of length a; over Ry if and only if Cy ; is a skew g;-4; ; constacyclic code of

length a; over F, for j = 1,2,...,k + 1.

Theorem 2.5 [4] Let C, = EB;-‘:%E]-C,(J be a skew -4, constacyclic code of length ) over

Rk’ Ak :Ak,121+"'+lk,k+1zk+1 iS a unit in Rk’ 0Td(5k) | ak, 6k(lk) = Ak' Then, C]g- =
@k1ECy; is a skew 8;-A; " constacyclic code of length ay over Ry, where j = 1,...,k +1
and Ckl,j 1s a skew at-/lgj- constacyclic code of length a; over E, forj=1,2,...,k + 1, where

At = AciBat e A e B
Theorem 2.6 [4] Let C, = EB;-‘:%E]-C,(J be a skew -4, constacyclic code of length a; over

Ry, A = A28+ + Ak k+18k+1 15 @ unit in Ry, ord (&) | Ak, Ok (1) = Ai. Then there exists
a polynomial §19Kk1 ()t 8119k k+1(X) € Ri[x, 8] subject to
Y (Cx) = €19k 1 (X)+. .. +E 119k k+1(x)), where the right divisor of x% —2, is
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§19k1(X)+. .. +E 419k k+1(x), the generator polynomial of skew a:-A; ; constacyclic Cy ; is
Ji,j(x) € Fy[x,0.] and gy j(x) |x“k — Ag,j on the right for j = 1,2,...k + 1.

3. Skew Constacyclic Codes

In this section, we study the structure of F; Ry R, linear codes where R; = F; + u, F, u? = puy
and RZ = Fq + uqu + uqu, u% = ﬁlul, u% = ﬁzuz, u1u2 = u2u1 = O, ﬁl' ﬁz € Fq* and
investigate the skew constacyclic codes over F; R R;.

Proposition 3.1 The set F;R{R, = {(a, b, c)|a €EF,bERyCE RZ} forms an R,-module under
usual addition and scalar multiplication defined as

r.(a,b,c) = (¢po(r)a, 1 ()b, rc),

where ¢o: R, — Fj is a linear transformation such that ¢ (x + yu,; + zu;) = x and ¢;: R, —

R; is a linear transformation such that ¢, (x + yu, + zu,) = x + yu, forr = x + yu; + zu, €
R,.

This ‘£ can be extended componentwise to an° R{R}? by
r. ( ag, -, aao_l, bo, ey bal—li Coy -eey Caz—l) = (d)o(r)ao, ey ¢)O(T)aa0_1, ¢)1(T)b0, ey

a a a
gbl(r)bal_l,rco, .. .,rcaz_l), where (ag,...,agy-1,bo, -1 Pa,~1,Cos -+ Cap—1) € F;°R 'R, It can
. a (24 ay -
be easily seen that F °R;*R,? is an R,-module.

Definition 3.2 A non-empty subset C of anORf 1R;? is called an F,R;R,-linear code of length
(@, @y, @) if it is Ry-submodule of F," Ry Ry?.

Definition 3.3 Let g, € Aut(Fq) such that ord (o) | @, and a unit Ay € F, is fixed by o;.

6, € Aut(R,) such that ord(d,) | @, and a unit 1, € R, is fixed by §,, for u =1,2. An
F;R;R,-linear code C of length (ay, @y, ;) is called a skew (¢, 61, 8,)-(Ag, A1, 4,) constacyclic

code, if (ao,... Agy—1)Dos s Doy 1, Cos vens Carp— 1) €EC implies

,01,0
T;Otli ,122 (ao' v Qg — —1,bg, -, ba1—1' Coyseees a2—1) = (Aoo-t(aao—l)'o-t(ao)' . --rat(aao—z)'
/1161(170(1—1)' 61(bo),---, 61(ba1—2)'/1252(ca2—1)' 62(¢co)s--) 52(Ca2—2)) €eC.

There is a one to one correspondence between Fq“ORf 'R;? and A = Fi[x, 00 /{x% — Ap) X
Ri[x,8:1]/{x" — A1) X R,[x, 6,]/(x% — A,) as follows;

@:F,°R{"Ry*> — A
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(ao,...,aao_l,bo,...,bal_l, co,...,caz_l) — (a(x),b(x),c(x))

where a(x) = ag + a;x+...+ag,_1x%71,  b(x) = by + byx+...+by, _1x%71, c(x) = ¢y +
C1X+.. . +Cq,_1x%2 7L

Theorem 3.4 The set A is a left R,[x, §,]-module under the usual addition, and the left scalar
multiplication defined as

r(x). (a(x), b(x), c(x)) = (o (r(x))a(x), 1 (r(x))b(x),r(x)c(x)),
where  r(x) =15+ rix+...+1:xt € Ry[x,6,], (a(x),b(x),c(x)) €A and ¢, (r(x)) =
b, (o) + o (r)x+...+¢, (1)x* € R, [x,8,] forv = 0,1 and g, = &,.

According to that, we can give the polynomial representation of the skew (ay,84,38,)-
(A9, A1, ;) constacyclic code as follows;

Theorem 3.5 An F;R;R;-linear code C is a skew (0, 61, 6;)-(4, 41,4;) constacyclic code of
length (g, aq, a;) if and only if ¢ (C) is a left R, [x, §,]-submodule of A.

Proof Let C be a skew (a;, 61, 85)-(4g, 41, 45) constacyclic code of length (ag, a;, @;). Then by
definition  x.(a(x),b(x),c(x)) € ¢(C), we have x.(a(x),b(x),c(x)) = (o.(ap)x +
or(a)x® + -+ A00¢(Aqy-1),61(bo)x + 81 (b)x? + -+ A161(bg,-1), 82(co)x +
82(c)x%+... +2,08,(cq,-1)) € @(€) and by using linearity of €, we get
r(x).(a(x),b(x),c(x)) € @(C) for some r(x) € Ry[x,5,]. Conversely, ¢(C) is a left
R,[x, §,]-submodule over A, then we have x.(a(x), b(x),c(x)) € ¢(C) implies C is a skew
(0¢, 61, 6,)-(4g, A1, 1;) constacyclic code. O
Definition 3.6 Let C be an F;R;R,-linear code of length (@, @y, ;). The dual code of C is
defined as,

¢t ={c' € F/°R*R;?| cc’ = 0,vc € C}

where the inner product is defined,

ap—1 a;—1 a—1
c’=Zaa+be’ Zcec;
i=0

! ! ! !
fOI‘ any c = (ao,...,aao_l, bo,...,bal_l, CO""’CCZZ—l) and C, = (ao,...,aao_l, bo,.. ba1—1'
! ! Ao p a;
CorvrCap—1) € Fy "RyTR,%.

Proposition 3.7 Let ord(s,) | ay, ord(8,)|ay, ord(8,)|a, and 6,(y) = Aq, 61(A,) = 1,
6,(4;) = A,. If C is a skew (0, 641, 85)-(4g, 41, 1,) constacyclic code of length (ay, @4, a;) over
F,RiR;, then C* is a skew (o0y,61,8,)-(Ag% A7, A7) constacyclic code of length
(a0, a1, @z) over FyR R;.
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PFOOf Let c = (ao, al,...,aao_l, bo, bl""’b(ll—l' Co, Cl""lcaz—l) € C and

_ 1 1 1 1 1 ! 1
¢’ = (ag,---»aqy—1,b0s-++,ba,~1,Cos- -+, C,—1) € C~. We show that

01,81,62 1 /
Tlo_l,lIl,lzl(aO' Ty a(xo—lr bOr

Do 1, €0 Caym1) = (A1 0¢(ay-1), 0¢(ap), -+, Ot (Agy—2), AT 181 (b —1), 81(bp), - .
81 (bg,—2), 23185 (Coy-1),82(Co)s -+, 82 (Cq,—2)) € C*.
Hence it is suffices to show that et 82 /1‘1(0 ) =0. ie.

e
[Aglaoot(a&o_l) + a;o0.(ag)+... +aa0_10t(a&0_2)] +
(AT b8, (bl 1) + by 81 (bp)+...+bg, 18, (bl )] +

[A51C082 (C(,XZ—l) + C182 (C6)+. ‘e +Ca2_182 (C(’XZ—Z)] = O
Let hy, be the order A, in Fy, hy  be the order of A; in Ry and hy, be the order of 4, in R,. Then

h . h . h .

/10'10 =1 in F, /11'11 =1 inRy, /12'12 =1 in R,. Let I = hy hy hy,apa;a, and denote K =

h,lohllh,lzalaz, N =h,10h,11h,120(0a2, Mzhlohllh,lzaoal. Since ¢ € C and C is a skew
. -1

(0¢,64,0,)-(4g, A1, 1) constacyclic code, we have (r;g’ii"ii) (c) € C, where (T;;iiiiii)l_l(c) =

(A§oi M (ar), - A50¢ (Aay-1), A5 01 (a0), AY 817 (by), -+, AL 61 (Bay—1),

N6 (bo), AY' 85 (er)s - A8 (Caym1), A T8 (o))

The inner product of (r;;’ii’iz)l_l(c) and ¢’ is equal to zero. That is,

[0~ (a)ag + of M (@)l +... +0¢ (Agy-1) Ak, -2 + X5 0f  (@g)ag,-1] +
[6171(b)bg + 8171 (b)bi+... +81 (ba,~1)bg, —» + AT 181 (bo)by, 1] +
[55_1(01)% + 55_1(Cz)ci+---+5é_1(ca2—1)c&2—2 + 7\5152_ (CO)C(,XZ—l] =0
which means,
[7\51 1(a0)aoc0 1t O-t 1(a1)ao + Utl 1(a2)a1+ +(7tl 1(aa0 1)aoc0 2] +
[A;15{ Y(b)by, 1 + 6171 (b)by + 8171 (b)by+... 4811 (by, 1 )b, o] +
[7\5155_1(00)00(2_1 + 8,7 (e + 85 (e)eiF 857 (Cap—1)Cop—2] = 0.
Since ord(o,) | ay, ord(8y) |y, ord(8,)|a,, we have o! = identity, 8! = identity and
8% = identity. Note that 0;(Ag) = Ao, 8 (A1) = Ay, 8,(A;) = A, and 8, |, = 0, 8, | &, = 6.
Applying P on  both sides of  the above equation, we get
[Aglaoot(a&o_l) + a;0.(ag)+... +aa0_10t(a&0_2)] +
[Aflb051(ble—1) + b151(b6)+---+ba1—151(bzx1—2)] + [A3 082 (Cop—1) +
c18,(Co)+... +Ca,-182(C,—2)] =0

This shows that r°t61 O2 1(C )c=0. So r°t81 B2 1( ") € Ct. Thus C* is a skew (ay, 84, 8,)-
AL AL AT constacychc code of length (ao, al, 0{2) over F;R{R,. O
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An F;R;R;-linear code C of length (a,, a4, a;) is called separable code if C = By®B;®B,,
where Bj, B; and B, are punctured codes of C. They are obtained by deleting the coordinates
outside the a,, a; and @, components respectively.

Proposition 3.8 Let C = By®B;®B; be an F;R,R; linear code of length (a,, a;, a;), where B,
is a linear code of length @, over F;, Ry, R;, for ¢ = 0,1,2, respectively. Then C is a skew
(0¢, 61, 6,)-(4g, A1, 1,) constacyclic code of length (ag, ay, @) if and only if By is a skew g;-4,
constacyclic code of length a, over F,, B, is a skew 6,-4,, constacyclic code of length @, over
R, for u = 1,2, respectively.

Proof Let C = B,®B,®B, be a skew (o, 81,082)-(1p, 41,4;) constacyclic code of length
(@, a1, @z) over F;R4R, and (ag, aq,...,0q,-1,b0, b1, bg,—1,C0,C1) -+, Ca,—1) € C, Where
(ag,ay,...,aqy-1) € By, (bg,b1,...,bg, 1) € By, (CosC1y-+-,Cq,—1) € B. Since C is a skew
(0t 61, 62)-(4o, A1, A7) constacyclic code, we have (190 (ag,-1),0:(ao), .-, 0:(Ag,—2),
/1161(ba1—1) 61(bo), 61(b1),---, 51(ba1—2): A6, (Ca2—1)' 62(¢),82(¢1),--+, 63 (Caz—z)) eC
which implies  (490¢(agy-1), 0¢(Q0), .-, 0¢(Aay—2)) € Bo,  (4161(Da,-1), 61(bo), 61(by), - -,
01(bg,-2)) € By, (A4262(Cq,-1),62(¢o),82(¢1), ..., 62(Cqa,-2)) € B,. Therefore, By is a skew o~
Ao constacyclic code of length @y over Fy, By is a skew &,-4,, constacyclic code of length a,,
over R, for u = 1,2, respectively.

Conversely, let (ag, aq,...,aq,-1,bo, b1+, bg,—1,C0,C1y++,Cq,-1) € C, where (ag,ay,...
Agy-1) € Bo, (bo, b1,...,bg, 1) € By, (€, C1,-.+,Cq,-1) € B,. Suppose that B, is a skew ag4-4,
constacyclic code of length a, over F,, B, is a skew -4, constacyclic code of length @, over
R, foru = 1,2, respectively. This means, (190 (ag,-1), 0:(Qp), ..., 0:(Ag,-2)) € By,

(/1151(ba1—1)' 61(bo), 61(b1),---, 51(ba1—2)) € By, (426, (Ca2—1)' 82(¢o),82(¢1), -+
62(Cay-2)) € By,

Therefore (A00¢(any-1), ¢(Q0), -, 0¢(Agy—2), 4161 (ba, 1), 81(bo), 81(b1), - .-, 61(ba, -2),
A265(Ca,-1),62(Co), 62(€1), ..., 62(Cq,—2)) €EC, then Cbe a skew (oy, 61,62)-(Ao, 44, 42)
constacyclic code of length (a, a1, ;) over F;R{R,. O

Corollary 3.9 Let € = By®B;®B, be an F;R,R,-linear code of length (ay, @1, @;), where B, is
a linear code of length a, over R, for ¢ = 0,1,2, respectively. Then C is a skew (ay, 84, 8,)-
(Ao, A1, 4;) constacyclic code of length (ay, a4, @) if and only if By is a skew ag,-4, constacyclic
code of length a, over F;, By, are skew o;-4;, constacyclic codes of length a; over F, for
u = 1,2 and B, s are skew 0;-4, ¢ constacyclic codes of length a;, over F; for s = 1,2,3.

4. The Gray Image of Skew Constacyclic Code

In this section, we investigate the Gray image of skew (a;, 81, 6;)-(4g, 41, 1) constacyclic code
over FgR{R;.
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We know that from [4]
¢1: Ry — qu
a1,1§1 +aq; & — (a1,1' a1,2) and
¢, R, — Fq3

a2,1E'1 + az,zzlz + a2,3E'3 = (a2,1' az g, a2,3)

U —1_% WMoy Y2y g U1 Y2
aEZ 1 B1 and El Bl’EZ BZ’E3 B .

he =
where &; 5 5

By using them, we can define the Gray map on F;R{R; as follows;
®: F,RR;, — Fq6
(ap,aq,a3) = (ao, a1,1§1 + a1,2§2' a2,1E'1 + az,zzlz + a2,3E'3) — (ao, aq,1,Q1,2,021,03 2, a2,3)

We can extend this map on anORf 1R;? as follows;

agt+2a1+3a
F 0 1 2

a a a
®: F°R{*R;? — F,

(ap, aq, az2) = (A0, 0,1, -+ +» Ao,ag—1, A1,00 1,15 -+ +» Ara; —10 2,00 Q215+ -+ Ao qy—1) F

(ag,0, Ao,1s--+» Ao,ap-1/ h1(as0),---, ¢1(a1,a1—1)' $h2(az0), .-, b2 (az,a2—1))~

The Gray weight of (ag, aq,a;) € anORflez is defined as wg(ag, aq,az) = wy(agy) +
wi(aq) + wg(az), where wy and wi; denote Hamming weight and Gray weight over Fy, Ry, R;.
The Gray distance between a’,b’ € anORflez is defined as dg(a’,b") =wg(a' —b') =
wy(®(a’ —b")).

Theorem 4.1 The Gray map & is an Fj-linear map that preserves distance from anORf 1R;?

(Gray distance) to an°+2“1+3“2 (Hamming distance).

_ — do pa1 p& —
Proof Let y = (ag, a3, a;), r=(ag aj,a;)eE F R'R,?, where aj = a'1,1f1 + a’l,zfz,
no __ n n A ! ! ! ! ! ! n __ n ! n ! n !
a; =ay1$ +a3,8 €ERy,a; = a8 +ay,8, +a338;, a; = a8 +a;,8 +azs38; €
R,. Then,

— ! n ! n ! n ! n ! n ! n
O(y+r)=(ap+tag,a;,+ay,,a1;,+ay,,0;,+03,,0;,+ 035,053+ a3
—_ ! ! ! ! ! ! n n n n n n
= (ap,a11,Q17,031,035,033) + (Ag,a741,07,,034,03,,0;3

= ®(y) + P(r), and
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®(py) = (pay, paji 1, pas 4,34, PAs 4, pA3 3) = pP(y), where p € F,. Then @ is an F,-linear
map.

Since iy is an F,-linear map, we have
de(y,r) =we(y — 1) = wy (CD(y — r)) = dy(®(y), ®(r)). Therefore, ® is an Fy-linear
distance-preserving map. O

Theorem 4.2 Let C be an F;RR,-linear code of length (ay, a;, a;) with dg. Then ®(C) is an
[ao + 2a4 + 3ay, k, dy] linear code over F;, where d; = dy and k is the dimension of ®(C).

Definition 4.3 Let w = (al,az,...,akl,bl,bz,...,bkz,cl, cz,...,ck3) € an“’klFq"‘lkqu"‘Zk3 =T,
where a; € Fq“O, for i =12,...,ky, b; € anl for j=1,2,...,k,, ¢s € anz for s =1,2,..., k.
Let

n:r—T

w— U

Ot

o o o o o o o o ot -
where u= (TA;(%),TA;(QZ), ...,TA;(akl),rA;(bl),rA:Z (by), ...,T)L:kz (bkz),‘r};vl(cl),r)évz (cy), ...,T)Lkas(cks)), Tlo 1S a
. . O't . . . . O't .
skew a,-4, constacyclic shift, Ty, 182 0¢-Ay,; constacyclic shift for j = 1,2,..., k,, Tagyy 152 Oc
A,y constacyclic shift forw = 1,2,..., ks.

Then a code E of length (agkq, ajk,, ayks) in T' is called a mixed generalized skew quasi
(04, 01, 0¢)-(Ag, Aq,j, A2,,) constacyclic code of index (kyq, ky, k3) if n(E) = E.

Proposition 4.4 Let @ be the Gray map, T:{Otilgzz be (01, 81, 82)-(Ag, A1, 45) constacyclic shift

Ay o1 p A2 0t,61,62 _
over F; "Ry R,*. Then @1, % 3% = nd.

Proof Let (g, ay,...,0qy-1,bo, b1, Day—1,Cos Crsvvny Capo1) € Fy °R{TR?, where each
by =1{1& +1i8 for i=01,...,00 =1, ¢;=1) & + 71,8 + 18 for j=01,...,a, — 1,
Ay = A118 + A28 and A, = 25181 + 2528, + 45385,

Then

0¢,01,0
(D(Tlot,li,lzz (ag,ayq,---, Q-1 bg, by, -, ba1—1' CorC1re-vy Ca2—1)) = (D((/loo-t(aao—l)' a:(ao),

Ry Ut(aao—z)' /1161(170(1—1)' 61(bo),---, 61(ba1—2)' A6, (Ca2—1)' 62(¢co),--+, 0 (Caz—z)) =
(Ao0t(agy-1), oi(ap), ..., 0t(Agy-2) /11,1(7t(7”1(f11_1)' Ut(r&)' Ry Ut(rff_z)' /11,20t(7”1(f21_1)'

-2 -1 -2 -1
0 (r2), ., 0 (13 ), Ag 10 (Tt ),at(rgl),...,at(rz‘j‘f ),Az,zat(rfzz ), 0:(r82), ..

at(rgé_z), /12,3@(1‘;;_1), 0. (123),--., at(rzfg_z)) .. (1)
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On the other hand,

n(CD(aO, Ay, e, Aqy—1, Do, b1, vy b —1, Co, €1, ...,caz_l)
— 0 .1 a1-1 0 -1 0 az-1 _0 az-1 _0 az—l)
= n(ao, A1, s Qg1 "L T = i1 T2 Tig T2 Tar T2 w0Tas 123 123

(Ao0t(agy-1),0:(ag), ..., 0t (ag,—2), Al,lat(rfll_l), o (1), ..., at(rfll_z),Al,zat(rle_l),
0i(r22)s- 0137 ) A2a0e (137 ) 0e(10), s 0 (5 7)Ao (15 ), 0 (122))

at(rgé_z), A230¢ (1,2 ), 0.(r3), -, o¢(ry9 ) ... (2)

0¢,61,62

Since (1) = (2), we have QT 32 = NP O

Theorem 4.5 Let C be a skew (ay, 61, 62)-(Ay, 11, 4;) constacyclic code of length (ay, a4, a3)
over FyR1R;. Then the Gray image of € is a mixed generalized skew quasi (oy, 0y, 0¢)-
(Ao, A1,1, A1 2, 42,1, A2 24, 3) constacyclic code of index (1,2,3).

Proof Let C be a skew (oy,67,0,)-(4p, 44, 4;) constacyclic code of length (aq, a4, @) over
F,R1R,. So T;Otilgzz (€) = C. We have CD(T;;%ZZ (€)) = ®(C). By using Proposition 4.4, we
have CD(T;;%% (©)) =n(P(€)) = ®(C). Therefore ®(C) is a mixed generalized skew quasi
(04,04, 0¢)-(Ao, A1.1, A12, 451, A2 245 3) constacyclic code of index (1,2,3). i

5. Conclusion

This work searches the skew constacyclic codes over a mixed alphabet. The duals of them
determined. By introducing a Gray map, the Gray images of them are obtained. Thanks to this,
optimal codes over F; can be obtained by using MAGMA.
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