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Abstract

Firstly, by using a non-trivial automorphism 6; over A;, where i = 2,3, ..., k, we define the skew
cyclic codes over a family of the rings 4. By using them, we obtain the reversible DNA codes.
In the second method, the necessary and sufficient condition of cyclic code over A; to be
reversible and reversible complement are given, where i = 2,3, ..., k. By introducing a map, the
DNA codes are obtained from them. In the third method, the special linear codes over A; are
established, where i = 2,3, ..., k. By using them, the reversible and reversible complement DNA
codes are obtained.
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1. Introduction

The transmission and storage of information take place in digital platforms and the coding theory
is necessary to correct and detect errors in the platform. There is another platform. In the
platform, correcting and detecting errors is necessary but it does not take place digital. It is DNA.

It is well known that DNA contains a genetic program for the biological development of life and
has two strands which are linked by Watson-Crick pairing so that every A4 is linked with a T and
every C with a G, and vice versa, where A, T, C,G are the four bases of a DNA sequence. The
idea of computing with DNA was given by T. Head in [8]. L. Adleman performed the
computation using DNA strands in [1].

A specific set of DNA sequences are required to perform computation using DNA strands with
particular properties. This paper aims to obtain the set of DNA strands satisfying various
constraints, by using some error-correcting codes over a family of finite rings which enjoy DNA
properties. One of the constraints is reverse constraints. This leads to reversible codes. The other
one is the reverse complement constraint. This leads to reversible complement codes.

To obtain reversible DNA codes, some authors considered skew cyclic codes. The reversibility
problem for DNA 8-bases and DNA 25*1k-bases is solved in [5] and [6] respectively by using
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skew cyclic codes over the finite rings Fy¢ + uF;¢ + vF; 4 + uvF; where u? = u,v? = v,uv =
vu and Far[ug, ..., ug] /{ug 2 — Uy, ..., uf —ug) where k,s > 1,u;u; = uju;. The r eversibility
problem arises from the fact that the pairing of nucleotides in two different strands of a DNA
sequence is done in the opposite direction and in reverse order. For example, let us consider the
codeword (DNA string) GTTAGGCA which corresponds to a codeword (a,, a,). The reverse of
(a4, a;) is (ay, a,). However, the vector (a5, a;) corresponds to GGCAGTTA which is not the
reverse of GTTAGGCA. The reverse of GTTAGGCA is ACGGATTG.

To obtain the DNA codes, some authors used cyclic DNA codes of length n that enjoy some of
the properties of DNA. In [10], by introducing a map, a family of cyclic codes over the ring
Fy[u]/< u* — 1 > is mapped to DNA codes.

In [11], the design of linear codes over F, + uF, + vF, + uvF,,u? = 0,v? = v,uv = vu, F, =
{0,1} is presented by using o-set, where ¢ is a nontrivial automorphism on this finite ring. By
using these linear codes, the authors obtained DNA codes with the other method.

In this paper, firstly, a non-trivial automorphism 6; over A; = A;_; + u;A;_;, where i =
2,3,...k,u? =u;, Ay = F, is defined. By introducing skew cyclic codes over a family of the
finite rings A, = Fpluy, Uy, .., Wl /< uf — uy, wju; — wj u; >, where 1 < i, j < k, the reversible
DNA codes are obtained from them. With the other method, the necessary and sufficient

conditions of cyclic codes over A4;, where i = 2, ..., k to be reversible and reversible complement
is given. By introducing a map, the DNA codes are obtained from these types of codes. As a last,
the linear codes over A; are designed, by using 6;-set for i = 2,3, ..., k. By using these type
codes, the reversible or reversible complement DNA codes are obtained.

2. Preliminaries

In [4], a family of the finite rings Ay = Fy[uq, Uy, ..., upe] /{u? — U;, Ul —ujui), where 1 <
i,j <k Ay =F, was introduced. It contains the commutative finite rings with characteristic 2
and cardinality 42 fori = 1,2, ..., k.

The finite rings of the family are written as recursively
Ap = A +uidi
where u? =w;,i=1,23,..,k,Ag = F,. For example A, =A; +u,A, = (F,+uF,)+
uz(FZ + ule), u% = ul, u% = uz, u1u2 = uzul, FZ = {0,1}.
In [4], the map on A; where i = 1,, ..., k was defined as follows
@i A — AL,
Xio1 Yoty Oy, X1 +Yioq)

where x;_q,yi_1 € Aji_,u? =u;, fori = 1,2,3,...,k and A, = F,.
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By using a correspondence &; between the elements A; and the set {4, T,C, G} such as & (0) =
A& =T,6 ) =G,& (1 +uy) = C, we define a correspondence &, between the elements
Ofthe ﬁnlte I‘lng AZ = FZ + u1F2 + uzFZ + uluze, Where u% = ul, u% = uz, u1u2 = u2u1 and

DNA double pairs as follows

Elements a Gray images DNA double pairs &, (a)
0 (0,0) AA
1 (1,1) TT
Uy (uq,uy) GG
u, 0,1) AT
U Uy (0,uy) AG
1+u, 1+u,1+w) CC
1+u, (1,0) TA
Uy + Uy (ug, 1+ uy) GC
Uy + Uy (uqg,0) GA
Uy + Uy 0,1 +uy) AC
1+ uu, (1,1 +uy) TC
1+ u +uu, (1+u, 1) CT
1+u +u, (1+uy,uy) CG
1+ u, +uu, (1,uy) TG
Uy + Uy + U, (ug, 1) GT
14+u, +u, +ugu, (14 uy,0) CA

By using the map @3 and ¢&,, we established &; correspondence between the element of A; and
DNA 4-bases B = x, + youz — (&,(x3),& (x5 + ¥,)) as follows

Elements S DNA 4-bases &;(B)

0 AAAA
1 TTTT
Uy GGGG
U, ATAT

Us AATT

By using the matching and the elements of A, and Sp . = {AA,TT,...,GG} and by using the
Gray map from A; to A?_;, we can define §; correspondence between the elements of the finite
ring A; and DNA 2¢"1-bases for i = 2, ..., k as follows
& A — AL — {AT,GCPT
Xio1 Yoty > (o xo1 +yiq) L

where | = (€i_1(xi_1),fi—1(xi—1 + }’i—1))-
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It can be written that &; = y;¢;, where a map y; is defined from A%_, to 2~ !-bases as follows,

Yi(sic, tize) = (fi—1(5i—1), fi—1(ti—1))

where s;_1,t;_1 EA;_q fori =2, ..., k.

In [2], a nontrivial automorphism was defined on A, as follows
0, A, — A,
x1+yiup, = xp+ (1 +u)dy,

Where xl,yl € A1 = FZ +u1F2,u% = ul.

By defining a nontrivial automorphism on 4; as follows, for i = 3, ..., k, we can define the skew
cyclic codes over 4;, fori = 2, ..., k.

0, :4; —A;
Xiog FYicquy = 0 +yimu) = q

where ¢ = 0;_1(x;—1) + (L +u;)0;_1(y;_1), Xi—1,Vi—1 € Aj_4, for i = 3, ..., k. The order of 6;,
fori =2,..,kis2.
The rings
Ailx, 0] = {b{ + bix+ -+ bi_;x"1:b} €A,nEN,=2,..,kj=01,.,n—1}
are skew polynomial rings with the usual polynomial addition and the multiplication as follows
(aixs)(bixj) = a;67 (b)x**

where a;, b; € A;, fori = 2, ..., k. They are non-commutative rings.

Definition 1: A subset C; of A}, where i = 2, ..., k is called a skew cyclic code of length n if C;
satisfies the following conditions,

1 C; is a submodule of A}
2 IfCi = (C(i), C:{, ey C‘ril—l) € Ci: then Hi(ci) = (gi(c‘ril—l)l Hi(C(i)), ey Hi(C.ril_z)) € Ci:
where 0; is the skew cyclic shift operator.

In polynomial representation, a skew cyclic code of length n over 4; is defined as a left ideal of
the quotient ring A;, == A;[x,0;]/{x™ — 1), if the order of 6; divides n, that is, if n is even. If

the order of 8; does not divide n, a skew cyclic code of length n over A; is defined as a left
Ailx, 6;]-submodule of 4;, . since the set Ay = A;lx, 6;]/(x"—1) ={fi(x) + (x" —
1): fi(x) € A;lx, 6,1} is a left A;[x, 8;]-module with the multiplication from left defined by

;) (fi(x) + (x" = 1)) = () fi(x) + (x™ — 1)
for any r;(x) € A;[x, 6;].
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In either case, the following holds.

Theorem 2: Let C; be a skew cyclic code over A; and let f;(x) be a polynomial in C; of minimal
degree, where i = 2, ..., k. If the leading coefficient of f;(x) is a unit in A;, then C; = (f;(x)),
where f;(x) is a right divisor of x™ — 1.

3. Reversible DNA codes

In this section, the reversible DNA codes are obtained by using the skew cyclic codes over A; for
i=2..k.

Definition 3: For x; = (x,xi,...,x}_,) € A%, the vector (x}_q,x}k_5, ..., xk,x8) is called the
reverse of x; and is denoted by x7. A linear code C; of length n over A; is said to be reversible if
x; € C; for every x; € C;, where i = 2, ..., k.

We can express the matching the elements of A, and S, = {AA,TT, ..., GG} by means of the
automorphism 6, as follows.

Each element a, = x + yu, € A,, where x,y € A; = F, + u,F,,u? =u; and 6,(a,) are
mapped to DNA double pairs which are reverse of each other. Since a correspondence the
elements of the finite ring A, and DNA double pairs is &,, so we have &, (u,) = AT, while

¢ (92 (uz)) =TA.

By using a map &; = y; o ¢@;, where the map y; is from A?_, to 2!~ 1-bases as follows,

Yi(si—1, tize) = (fi—1(5i—1), fi—1(ti—1))

where s;_4,t;_4 € A;_4 fori = 2, ..., k, we can explain a relationship between skew cyclic codes
and DNA codes. &;(s;) and &;(6;(s;)) are DNA reverse of each other s; = a;_; + u;b;_;, where
ai_l, bi—l € Ai—lli = 2, ...,k.

For S; = a1 + uibi_l S Ai,i = 2, ey k, we have

&i(s;) = Vi((pi(ai—l + uibi—l))
=vi(ai—1,ai_1 + b;_1)
= (fi—1(ai—1)'fi—1(ai—1 + bi—1))
On the other hand,
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§(6:(s)) = &(6i-1(aim) + (A +u)b;_1(bi_1))
= fi(ei—1(ai—1 +bi_4) + uigi—l(bi—l))
=Yi (fpi(ei—1(ai—1 +bi_1) + uigi—l(bi—l)))
= ¥i(6;-1(a;_1 + bi—1), 6;-1(a;_1))
= (fi—1(9i—1(ai—1 + bi_1)), fi—1(9i—1(ai—1)))

where i = 2, ..., k.

This map can be extended as follows. For any d; = (d(i,, s dﬁl_l) € A}, where i = 2, ...,k
. . . r
(&(dd). &(d), ... &(dir)) =w
where w = <§i (6:(di-)), - & (8:(dD). (Hi(dé))).

Example 4: Let i = 3. If d5 = (1 + uquy) + uz(1 + u; + u,) € A5, then we get
&(ds) =vs (@3(d3)) = y3(1 + uguy, up + uy +uguy)
= (52(1 + uluz), gz(ul + uz + uluz)) = TCGT
On the other hand,

£3(03(d3)) = &(6,(1 + uguy) + (1 +uz)0,(1 + uy +uy))
= &(0, (uy + up + wguy) + uz8,(1+ uy + uy))
=73 (@3(92(111 + Uy +usuy) Fuzfr (1 +uy + uz)))
=73 (92 (ug +up +uguy), 0,(1 + u1u2))
= (8(2(92(“1 +uy + uuy)), &, (6, (1 + u1u2)))
=TGCT

Definition 5: Let C; be a code of length n over A;, for i =2, ..., k. If §(d;)" € &(C;) for all
d; € C;, then C; or equivalently é;(C;) is called a reversible DNA code.

Definition 6: Ler g;(x) = ab + aix + abx? + -+ qéxs be a polynomial of degree s over
A;. gi(x) is called a palindromic polynomial if a; = a;_, for all t € {0,1, ..., s}. g;(x) is called a
0;-palindromic polynomial if at = Hi(aé_t)for allt € {0,1,...,s}, fori = 2,..., k.

As the order of 6; is 2 , a skew cyclic code of odd length n over A; with respect to 8; is an
ordinary cyclic code. So we will take the length n to be even.

The next two theorems show that palindromic and 6;-palindromic polynomials generate
reversible DNA codes.
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Theorem 7: Let C; = (f;(x)) be a skew cyclic code of length n over A;, where f;(x) is a right
divisor of x™ — 1 and deg(f;(x)) is odd. If f;(x) is a 0;-palindromic polynomial, then &;(C;) is a
reversible DNA code, fori = 2, ..., k.

Proof. Let f;(x) be a ;-palindromic polynomial and f;(x) = a + aix + ...+ abs_;x>1. So
al = 0;(abs_;_¢), forallt = 0,1,...,s — 1. Let hy(x) = h + hix + -+ + hi,_x?*~1. Let b} be
the coefficient of x! in h;(x) f; (%), where [=0,1,..,n—1. For any p < n/2, the coefficient of

xP in h; () fi(x) is
14
b= > hi6!(a-)
j=0
and the coefficient of x™ P is bl,_, = X0_ hby ;07 (abs_1_p-jy)-

The polynomial h; (x)f;(x) = YK hix?f;(x) corresponds to a vector b; = (b, bi, ..., b5_;) €
c,.

T
The vector &;(b;)" = <(€i (b), .., & (b,il_l))) is equal to the vector &;(z;), where the vector z;
corresponds to the polynomial $.2¥516; (kY )x2%=1=4f,(x). So &;(C;) is a reversible DNA code.
Theorem 8: Let C; = (f;(x)) be a skew cyclic code of length n over A;, where f;(x) is a right

divisor of x™ — 1 and deg(f;(x)) is even. If f;(x) is a palindromic polynomial, then &;(C;) is a
reversible DNA code, fori = 2, ..., k.

Proof. Let f;(x) be a palindromic polynomial with even degree so that f;(x) = a} + alx + -+ +
absx?s and al = ab,_,, forallt = 0,1, ...,s. Let h;(x) = h + hix + --- + h}, x?¥. Let b} be the
coefficient of x! in h;(x)f;(x), where | = 0,1, ...,n — 1. For any p < n/2, the coefficient of x?

in h; (%) f; (x) is
p
b= > hi6!(a-;)
j=0

and the coefficient of x™ 7P is b,il_ Z] -0 (Zk) j l(2k) ]( Azs—(p— 1))

The polynomial h;(x)f;(x) = 2K, hix%f;(x) corresponds to a vector b; = (b}, bl, ..., b}_,) €
c.

T
The vector &;(b;)" = <(§i (b), .., & (b,il_l))) is equal to the vector &;(z;), where the vector z;
corresponds to the polynomial 2% 8; (ki )x2¥=4£;(x). So &;(C;) is a reversible DNA code.
Theorem 9: Let x™ — 1 = h;(x)f;(x) € A;[x, 6;], where the degree of f;(x) is odd. If f;(x) is a
0;-palindromic polynomial, then h;(x) is a palindromic polynomial.
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Proof. Let fi(x) = al +alx + -+ ab;_,;x?°71. As the length n is even, then h;(x) = h} +
hix + -+ hi,_,x%*~1. Since f;(x) is a 6;-palindromic polynomial, then a} = 6;(ab,_,_,) for
allt = 0,1,..,5s — 1. Let b} be the coefficient of x! in h;(x)f;(x), where [ = 0,1, ...,n — 1. For
any p < n/2, the coefficient of x? in h;(x)f; (x) is

p
by = Z nie! (a.,)
j=0

and the coefficient of x™ 7P is b,il_ Z Ryk-1-j 12k - ]( Azs—1-(p— ])) By using the fact that
bt =b. =0 and b} =0 for all t = 1,2,..., — 1, it can be shown that hi = hi, _,_, for all

t =0,1,..,k — 1 by induction, as in [7].

4. Reversible and reversible complement codes over A,

In this section, the necessary and sufficient conditions of cyclic codes over A; to be reversible
and reversible complement are given. By using the map, the DNA codes are obtained from these
codes.

Firstly, we characterize the reversible codes over 4;, where i = 1,2, ..., k.

In [9], it is proved that the cyclic code over GF(q) generated by the monic polynomial g(x) is
reversible if and only if g(x) is self reciprocal.

Theorem 10: Let C; = u;CL D (1 + u,)CE be a cyclic code of arbitrary length n over A,. Then
C, is reversible if and only if C and C? are reversible codes over F, and both of them are cyclic
codes over F,.

Theorem 11: Let C; = u;CL, @ (1 + w;)C2, be a cyclic code of arbitrary length n over A,
where i = 2,3, ..., k. Then C; is reversible if and only if CL, and C%, are reversible codes over
A;_q, where i = 2,3, ..., k and both of them are cyclic codes over A;_1, where i = 2,3, ..., k.

Proof. Let C,,C%, be reversible codes. For any b; € C;,b; = u;b_; + (1 + u;)b%;, where
b}_, € CL,,b%, € C~,. As C1,,C%, are reversible codes, (b}_;)" € C},, (b2 )" € C2,, so
b’ =u;(b_ )"+ (1+ ul)(b )" € C;. Hence C; is reversible codes.

On the other hand, let C; be a reversible code over 4;. So for any b; = u;b}_; +
(1 +uy)b%; € C;, where b} € CL,,b?, € C2 1 W get bY = u;(b}_ )" + (1 + ul)(b 1)r
C;. Let bY = w;(b{_ )" + (1 + up) (b7 ,)" = w;si; + (1 +u;)s?,, where s}, € CL,,s%, €
CZ ;. Therefore C; and C? , are reversible codes over 4;_;.

Secondly, we characterize the reversible complement codes over A4;, where i = 1,2,3, ..., k.

Definition 12: For x; = (x§, xi, ..., x,_;) € A, the vector (x4_y, X}_y, ., x5, x8) is called the
reversible complement of x; and is denoted by x, where x} represents the complement of the
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elements x},j =0,1,..,n—1. A4 linear code C; of length n over A; is said to be reversible
complement if x;¢ € C;, for every x; € C;.

Lemma 13: For any c; € A;, wherei =1, ...,k we have c; + ¢, = 1.
Lemma 14: Let a;,b; € A;, where i =1, ...k, thena, + b, = @, + b, + 1.

Theorem 15: Let C; = u;CL, @ (1 + w;)C2, be a cyclic code of arbitrary length n over A,
where i = 1,2,3,...,k. Then C; is reversible complement if and only if C; is reversible and
(0,0, ...,0) € C;, where C-,, C%, are both cyclic codes over A;_1,i = 1,2,3, ..., k.

Proof. Since C; is reversible complement, for any d; = (d(i), dﬁl_l) € C,di° =
(CTL N1 ses cfi) € C;. Since C; is a linear code, so (0,0, ...,0) € C;. By using Lemma 13, we get

&7 = (diss o ds) = (@, @5) + (LI, D) €

Hence for any d; € C;, we have d] € C;.

On the other hand, let C; be reversible code over 4;. So, for any d; = (d}, ...d%_;) € C;, then
d; = (d;—y ) d(i)) € C;. For any d; € C;,

dre = (di_, .., dy) = (di_y, ... dd) + (1,...,1) €C;

n—-1,

So, C; is reversible complement code over A;. By a cyclic DNA code over A; of length n, we
mean a cyclic code that has the reverse complement property, where i = 1,2,.., k.

Corollary 16: Let C; be a cyclic DNA code of length n over A; and minimum Hamming distance
d, where i = 2, ..., k. Then &;(C;) is a DNA code of length 2'='n over the alphabet {A,T,C, G}
with minimum Hamming distance at least d.

5. Reversible and Reversible Complement DNA Codes

In this section, we will design linear codes over A;, where i = 2, ..., k, by using 6;-set, where 6;
is a non trivial automorphism for i = 2,.., k in order to obtain DNA codes.

Definition 17: Let fy 1, ..., f ,i be polynomials dividing x™ — 1 over F, and let f;_, 1, fi—1,, be
polynomials with deg f;_1, = ti_11, deg fi_1, = ti_1, and both are over A;_; fori =2, ..., k.
Let f; = wifi—11 + (A +uy)fi—1, € A;[x] and
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ficin = wicificon + (L) fion
fic1z = wicificaz + (L +ui_)fioa
fizq = wiaficsr + (L+uio)fisn
fi-zp =Wiaficss + (L+uio)fiza
fi-23 = UWiafiszs + (L +ui2)fize
fiza= UWiafizz + (L+uio)fize

fir= uifor + A +udfo,
fiz = uifoz+ A +ufoa

fl,zi—1 = ulfo,zi_1 + 1+ ul)fo,zi
Let my =min{n — t;_y;,n — t;_y,}. The set L(f;) is called a 0;-set and is defined as L(f;) =
{Eo,Ey, e, Emmy—1,Fo, Fyy e, Py q ), where Ej = x1f;, F; = x76;(h),0 < j <m; — 1,i = 2, ..., k.
If deg fo,2s = deg fo,25-1
higs = uyxde8fozs=degfoas—1fo )\ 4+ (1 4+ uq)fo 26
otherwise,
hivs = Usfozs-1 + (1 +uy)x 98 ozs-1mdegfozsf,

where s = 1,2, ..., 21 and
If deghi,l,Zt = d98hi,1,2t—1

— degh; —degh; _
hipe = upx“8Min2e=Ce8Minae=1h; 15 1 + (1 +up)hy e
otherwise,
— deg h; _1—degh;
hige = Ughigpe-1 + (1 + up)x e Mirat-17ABRir2eh, | 5,

where t = 1,2, ...,272 and

If degh;;—2 2y = deg;;—22v-1,
— degh;;_ —degh;;_ —
Riji—1p = Uj_yxOC8 iz 20708 Mi-2.20-1 Ry ;55 g 4+ (14 Um1)Ryi—220

otherwise,

Rij1p = Ui—1hii—220-1 + (1 + u;_,)xdeeh hii-22v-1-deghiizzvh. .

where v = 1,2 and

If degh;; 1, = degh;; 1,

hy = wxdeghii-izmdeMiiaap, ;0 4+ (1 4+ udhyq,
otherwise,

hi = uihy;qq + (14 u)xde8hii-ia=deghizazp,, )
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L(f;) generates a linear code C; over A;, where i = 2, ..., k. It will be denoted by C; = (f;)g, or
C; = (L(f;)). It means that it is A;-submodule generated by the set L(f;), where i = 2, ..., k.

Let f; = ab +aix + -+ atxt € A;[x],6;(h;) = b} + bix + ---+ bix®, where i = 2, ..., k. The
A;-submodule can be considered to be generated by the rows of the following matrix

Eo1 . . ] ]
F, aé ai a, .. a% O’ 0
E, bt bi - - B i bé 0 0
E, 0 b(i) bi’ bé’ b; 0
FZ L cee . . . .

Theorem 18: Let fy 4, ..., f 51 be self reciprocal polynomials dividing x™ — 1 over F,, where
i =2,..,k. SoC; =(L(f,)) is a linear code over A; and &;(C;) is a reversible DNA code, where

i—1
&; is from C; to S;;i_l,fori =2, ..,k

Proof- 1t is proved as in the proof of the Theorem 4.3 in [11].

Corollary 19: Let fo4, ..., fo,i be self reciprocal polynomials dividing x™ — 1 over F, and
C; = (L(f;)) be a cyclic code over A;. [f% € C;, then &;(C;) is a reversible complement DNA

code.

Example 20:
for(x) =x+1
fo,(X) =x*+x+1
fop(xX) =x°+x3+1
foa(x) =x+1

where all of them divide x° — 1 over F,. Hence

f2= uz(u1f0,1 + 1+ u1)f0,2) + 1+ uz)(u1f0,3 + 1+ u1)f0,4)

over A,. That is
fo=u (T4 uy)x® +u (1 +u)x® +up(T+u)x? + (u, (1 +uy) + Dx + 1.

Since hp1q = uixfo +(L+upfy, and hyio =uifoz +x°(1+udfos, we get hy =
Upx*hy 11 + (L4 uxdhy1, = 2 + (1 +uy + wyuy)x® + x*(1 4+ upu, +x3(1 + uy)u, +
u; (1 +uy). So 0,(hy) = x% + (1 4+ uguy)x® + (1 +uy + uy + uguy)x?* + uguyx® + ugu,.
Since m, = 3, we consider the generator matrix of C,
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where Ey = f5,E; = xf5, E; = x2f5, Fy = 0,(hy), F; = x0,(hy), F, = x%20,(h,). If we take
ay=0,0;=1,0,=1,0=uy, L1 =0,,=0 then ayE,+ aE; +ayE; + foFy + [1F; +
BoFy == (ug + ujuy)x® + (ug + ugup)x” + upx® + (uy +uy)x® + x*(uy +uy) +

(1 +uy +up + uguy)x® + (ug + uguy)x? + x + uqu,.

It is correspondence to the codeword
d; = (uuy, 1, ug + ugy, 14 ug + up + Uy, Uy + Uy, Uy + Uy,
Uy, Uy + UgUy, Uqy + UgU,)

Hence &,(d,) = AGTTGACAGCGCATGAGA.
Moreover,  0,(ag)F, + 0;(a)Fy + 60;(az)Fy + 0,(Bo)E; + 0,(B1)E; + 0,(B2)Eg = (ug +
U U)X + x7 +ugux® + (up + uguy)x® + (T +uy +uy)x* + (1 +uy +uy)xd+ 1+
Uy)x% + uyuyx + u u, correspondences to the codeword
d, = (uug, uquy, 1+ uy, T+ uy +uy, 1+ uy + Uy, uy + uguy,
Uy, 1,uq + uquy)

Hence &,(d,) = AGAGTACGCGACAGTTGA. So (&,(d,))" = &,(d,).
Received April 11, 2023; Accepted August 13, 2023
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