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Abstract 

Equations of the critical curve are obtained by the nonzero energy integral variation in 

accordance with principles of the calculus of variations in mechanics. This method is compared 

with the Fermat’s principle and geodesics principle. The force vector acting on the photon in 

Schwarzschild space-time is found for the weak gravity and corresponds to photon’s 

gravitational mass equal to the twice mass of a material particle of the same energy. Compliance 

with the law of conservation of energy as a source of gravity leads to the presence of particles 

with negative gravitational mass and zero kinematic momentum in the results of the annihilation 

reaction. Accretion of matter onto compact stars results in their absorption of positive energy 

from the vacuum and the release negative energy in a free deep space. The particles with 

negative gravitational mass create there anti-gravitating vacuum with negative pressure. 

Extended Space Model (ESM) is a generalization of the special theory of relativity at a 

5-dimensional space. Rotations in extended space correspond to the motion of a particle in 

gravity field in the embedded four-dimensional space-time. Within the framework of ESM the 

photons have a nonzero mass in a gravitational field. We study how a rotation in ESM agrees 

with photon dynamics in the Schwarzschild field. A non-conservation of energy in gravitational 

systems is interpreted by the ESM as the rotation of the energy-momentum vector in 

5-dimensional space. The comparison bubble cosmic structures of a type gravastar with electron 

an estimate of its radius is made. 
 

Keywords: Dynamics, relativity, quantum theory, integral variation, geodesics principle. 

 

 

1. Introduction 
 

It is known, that between the mechanical and optical phenomena there is a certain likeness, which 

historically was exhibited that a set of the optical phenomena managed uniformly well to be 

described both within the framework of wave, and within the framework of the corpuscular 

theories. In particular, motion of a beam of light in an inhomogeneous medium in many respects 

similar to motion of a material particle in a potential field [1]. In the given activity, we shall take 

advantage of this connection to describe the gravitational phenomena. 

 

The Fermat principle is the basis of geometric optics in media. It is also formulated for 

Riemannian space-time [2, 3]. In [4, 5] it is proposed a variational principle of the stationary 

energy integral of a light-like particle, which does not lead to violation of the isotropy of light path 

and agrees with Fermat’s principle for static gravitational fields. It is also applicable to 
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non-stationary gravitational fields in which the particle motion is free. This approach is the choice 

of Lagrangian of the particle and the definition of canonical momenta and forces in accordance 

with Lagrange’s mechanics. A correspondence is established between the physical energy and 

momentum of the particle, determined from non-gravitational interactions, and the contravariant 

canonical momentum vector. 

 

In [6-8] it is investigated a generalization of special theory of relativity in a 5-dimensional space �(1,4) with a metric (+ - - - -) having an additional coordinate �. In ESM, in addition to the 

rotations in plane (TX) relating to the Lorentz transformations, the rotations in planes (TS) and 

(XS) are considered. In this model the approach is used, where the 5-th coordinate is the interval in 

(1+3)-dimensions [9]. Movement along additional 5-th coordinate corresponds to the presence of 

particles rest-mass in (1+3)D. This is the case when a photon, get into gravitational field, gains a 

nonzero mass. 

 

At the same time, it is being localized [10], while in the Minkowski space it is compared to the an 

infinite plane wave. In this paper we study how (TS)-rotation agrees with photon dynamics in the 

Schwarzschild field, which is analyzed using the principle of extreme energy of a light-like 

particle based on Lagrangian mechanics [11]. 

Assuming that the standard model of cosmology and gravity theory are correct, astronomers have 

identified phenomena, whose essence is reduced to following statements [12-17]: 

 

1) The main part of the Universe mass (more than 0.9) is made of dark matter and dark energy, 

which is associated with physical vacuum. 

2) These dark substances do not emit electromagnetic radiation and do not interact with him, 

or exhibit such properties very weakly but have gravity. 

3) The space vacuum has negative pressure, or, in other words, shows properties of an 

antigravitation, which determines dynamics of Universe extension. 

 

In present work we develop an approach to explanation of above-mentioned phenomena. 

Accretion of matter onto compact stars results in the birth electron-positron pair with the 

appearance of additional particles from the vacuum having positive gravitational energy. 

Subsequent annihilation of �	�
 pair release particles with negative gravitational mass [11], 

which are thrown in free deep space and create there antigravitating vacuum with negative 

pressure. The possibility of existence of body with a negative mass was considered and in general 

relativity [18].The particles with positive energy form halo of compact stars and their possible 

contribution to dark matter is considered. 

 

The photons according to ESM having positive rest-mass in a gravity field are concentrated around 

massive stars and black holes. Various modes that proposes existing nonzero mass to a photon are 

discussed in review [19]. In quantum nonlinear medium photons interact with each other so 

strongly that they begin to act as though they have mass, and they bind together to form molecules 

[20]. 
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A gravitational model gravastar, or gravitational condensed star [21, 22] was offered as alternative 

to black holes. Such object corresponds to the solution of the Einstein equation, which outside of 

area occupied by masses, coincides with Schwarzchild solution. Inside of gravastar there is other, 

nonsingular solution, so that metric is as a whole received nonsingular. Gravastar has a structure 

similar to a structure of a bubble. This bubble has a dense rigid envelope, which is under tension 

because of liquid substance, pressed apart it from within. The general thin-wall formalism is 

developed and applied to the investigation of the motion of various bubbles arising in the course of 

phase transitions in the very early Universe [23, 24]. Regular superconducting solution for interior 

of the Kerr-Newman spinning particle for parameters of electron represents a highly oblated 

rotating bubble formed by Higgs field which expels the electromagnetic field and currents from 

interior to domain wall boundary of the bubble [25]. The external fields correspond exactly to 

Kerr-Newman solution, while interior of the bubble is flat. Along with this, the bubble 

configuration of atomic nuclei has been discussed [26]. In the present work we will show, that it is 

possible result for gravastar when transfer of energy, as a source of gravitational field, to the 

vacuum coincides with properties of microworld. 

 

 

2. (TS)-Rotation in Extended Space Model 
 

In Minkowski space �(1,3) a 4-vector of energy and momentum  �  =  ���  ,  � ,  � ,  �� 

is associated to each particle [2]. In the extended space �(1,4) [6-8] it is completed to 5-vector    =  ��� ,  �  ,  � ,  �  , ��� , 
where � is a rest mass of the particle. In blank space in a fixed reference system there are two 

types of various objects with zero and nonzero masses. In space �(1,4) to them there corresponds 

5-vectors � = �ℏ��  , ℏ�� , 0� 

and � = (�� , 0 , ��) .                     (1) 

For simplicity we have recorded these vectors in (1 + 2)-dimensional space. The vector �  

describes a photon with energy ℏ� and with speed �. The vector � describes a fixed particle. 

Next we will consider the motion of a photon. 

 

At hyperbolic rotations on an angle � ! in the plane (TS)  "#$ = "$ cosh� ! + *sinh� ! ,   -. = - ,′* = *cosh� ! + "$ sinh� !                                   (2) 

the photon vector (1) will be transformed as follows:  
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0ℏ1$  , ℏ1$  , 02  →  0ℏ1$ cosh� , ℏ1$  , ℏ1$ sinh�2 =0ℏ1$ 4 , ℏ1$  , ℏ1$ √46 − 12 .                        (3) 

In ESM this rotation is associated with the photon’s motion in a medium in enclosed 

three-dimension space with refraction index 4 > 1. In such areas the speed of light is reduced. 

The parameter 4 relates the speed of light in vacuum with the speed of light in a medium 9 as  4 = $: .                                          (4) 

According to the concept that the 5-th coordinate is interval in (1+3)-dimensions the photon gains 

a rest mass  

� = ℏ��6 sinh� = ℏ�√46 − 1�6  

in gravity field of embedded space-time. 

In addition to the (TS)-rotation of 5-momenta (2) in ESM there is (XS)-rotation �′� = ��  ,   -′ = -cosh�;! + *sinh�;!  , ′* = *cosh�;! + -sinh�;!  . 
With the help of these transformations from the components of photon 5-momentum  �  in a flat 

extended space, one can pass to the components of its 4-momentum in an arbitrary 4-dimensional 

space [11]:  �ℏ��  , ℏ��  , 0�  →  �ℏ�� F (x>) , ℏ�� F?(x>) , ℏ�� F!(x>)� , 
where F (x>) ,  F?(x>) , F!(x>)  are functions of coordinates. Transformations are not 

communicative at specified angles of rotation � ! and �;!:  (@A) − (BA) ≠ (BA) − (@A) . 
In the case of a material particle, a transformation (TX) is added to them. 

 

 

3. Principle of the Stationry Energy Integral of Photon 

 

In [4, 6] it is proposed a variational principle of the stationary energy integral of photon without 

violation of Lorentz-invariance. In it the interval in pseudo-Riemann space-time with metrical 

coefficients D�EE:  F�6 = D�>GFH>FHG 

after substitutions  D�EE = I6DEE ,   D�EJ = IDEJ ,   D�JK = DJK  

is rewritten in form  F�6 = I6DEEFHE6 + 2IDEJFHEFHJ + DJKFHJFHK . 
Here I is some quantity, which is assumed to be equal 1. Putting down HE as time, coordinates 

with indexes M, N = 2,3,4 as space coordinates and considering I as energy of light-like particle 

with F� = 0 we present it as 
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I = 0DEE O�POQ 2
E R−DEJ O�SOQ +
T U(DEJDEK − DEEDJK) O�SOQ O�VOQ WE/6Y ,                               (5) 

where T is ±1 and [ is affine parameter. 

 

The partial derivatives with respect to coordinates are written as  \]\�^ = − E6_P_P \`ab\�^ c>cG  ,                               (6) 

where c> = FH>/F[ is four-velocity vector. The partial derivatives with respect to components cd are  \]\_^ = − _^_P_P .                  (7) 

 

With DEE = 0 and DEJ ≠ 0 even if for one M the energy takes form  I = DJKcJcK2cEcE  . 
In this case the partial derivatives of I coincide with (6) and (7). 

 

For the free moving a particle Lagrangian is taken in form  e = −I      (8) 

and conforms to relation [27]:  I = cd fefcd − e . 
Partial derivatives of Lagrangian give the canonical momenta  d = \g\_^ = _^_P_P               (9) 

and forces  hd = \g\�^ = E6_P_P
\`ab\�^ c>cG  .                        (10) 

Components of the associated vector of the canonical momenta are d = _^_P_P .           (11) 

Physical energy and momenta of photon with frequency � in Minkowski space-time with affine 

parameter [ = �i form contravariant 4-vector of momenta j> = (ℏ�/�)c>. For arbitrary affine 

parameter it is rewritten as  j> = ℏ1$ _a_P .              (12) 

And in pseudo-Riemannian space-time similar energy and momenta of the photon will be put in 

line with the components of the contravariant vector of momenta. A certain fixed value of the 

photon’s frequency �k  is given by the corresponding equality � = �k/cE . Comparing 

expressions (11) and (12), we obtain  j> = ℏ1l$ >  .              (13) 

This one provides Lagrangian of the photon emn = ℏ�ke. The components of vector  
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hJ = DJdhd               (14) 

associated to (10), with this approach, are proportional to gravity forces:  o> = ℏ�kh>  ,             (15) 

which acts on the photon. That is, although the non-straight motion of a particle in space-time 

according to General relativity is due to its curvature, identified with the gravitational field, we, 

studying the motion in the coordinate frame of reference, consider the analogy with the action of 

forces on the particle. That is, although the indirect motion of a particle in space-time according to 

General relativity is due to its curvature, identified with the gravitational field, we, studying the 

motion in the coordinate frame of reference, consider the analogy with the action of forces on the 

particle. 

 

Taking into account equation (8) a motion equations are found by using Hamilton’s principle from 

variation of energy integral  A = p  QP
Ql eF[ = − p  QP

Ql IF[ , 
where [k, [E are values of the affine parameter in points, which are linked by found extremal 

curve. Energy I is non-zero, its variations leave interval to be light-like, and application of 

standard variational procedure yields Euler-Lagrange equations  OOQ \]\_^ − \]\�^ = 0 .          (16) 

The obtained equations of the isotropic critical curve can be rewritten as  Om^OQ − hd = 0 .       (17) 

 

 

4. Enery & Momentum of Particle Transferred to Gravity Field 
 

In accordance with conservation laws, the vector of energy and momentum of a system that 

includes a particle and the gravitational field generated by it, denoted by J
, can be written as the 

sum of the momentum and energy of the particle itself J  and transmitted it to the gravitational 

field ↔J . The vector J
 changes under the influence of the force from the source of gravity: F̅JF[ = FJF[ + F↔JF[ = hJ . 

Passing in equations (17) to the associated canonical momenta and forces, we obtain  hJ = FJF[ + DJd FDd>F[ >  . 
Comparing two expressions for hJ and passing to the partial derivatives of metrical coefficients 

we find the rate of exchange of energy and momentum between particle and gravitational field  F↔JF[ = DJd fDd>fHG cG> . 
When considering the dynamics of a single particle, this vector is an analogue of the pseudotensor 

used in the laws of conservation in tensor form. 
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From the conservation laws it follows that the force acting on the system, including the particle 

and the gravitational field generated by it, is equal in magnitude and opposite in sign to the force 

acting on the system of the source of gravitation from the side of the particle system. This is 

equivalent to fulfilling Newton’s third law. Its adherence to the Newtonian limit of gravity means 

the equality of the passive and active gravitational masses. 

 

 

5. Comparision of Null Geodesics, Energy Integral & Fermat Principles 
 

Let us clear whether proposed variational method conforms to Fermat’s principle, which for 

stationary gravity field [2] is formulated as follows  s p  1DEE (Ft + DEJFHJ) = 0 , 
where Ft is element of spatial distance along the ray  Ft6 = �DEmDEKDEE − DmK� FHmFHK . 
Comparing the integrand  Fu = ÈPP (Ft + DEJFHJ)                     (18)                    

with equation (5) we write  O�OQ = IcE .        (19)  

Null geodesics and extreme energy integral curves for light-like particle are identical in static 

space-time [5, 11]. In [28] the generalized Fermat’s principle is proposed and it is shown that 

obtained curves are null geodesics. It is applied Pontryagin’s minimum principle of the optimal 

control theory and obtained an effective Hamiltonian for the light-like particle motion in a curved 

spacetime. The dynamical equations for this Hamiltonian are  o = cE 

and  OOQ 0 \v\�w V2 − \v\�V − \v\�P \v\�w V = 0 .                             (20) 

Function o coincides with following from (18) expression for Fu/F[ under condition that the 

metric coefficients also depend on time. Following from (19) expression for energy I = o/cE 

substituted in Euler-Lagrange equations (16) yields  E_P OOQ 0 \v\_V2 − E(_P)x \v\_V O_POQ − E_P \v\�V = 0 .                           (21) 

The Euler-Lagrange equation for the time coordinate obtained from energy integral variation 

principle is reduced to the form  FcEF[ + cE2cE
fD>GfHE c>cG = 0 . 

Comparing its with equations (7) we write  FcEF[ = (cE)6 f(o/cE)fHE = cE fofHE . 
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Substituting this expression in (21) and multiplying it by cE gives equations (20), which confirms 

the consistency of principle of an extremal energy integral of light-like particle and generalized 

Fermat’s principle. 

 

 

6. Photon’s Dynamics in Schwartschild Space-Time 
 

6.1. Spherical Coordinates 

 

A centrally symmetric gravity field in the free space is described by the Schwarzschild metric. At 

spherical coordinates H> = (y, z, {, |) with y = �i its line element is F�6 = 01 − }~2 Fy6 − 01 − }~2
E Fz6 −z6(F{6 + sin6{F|6) ,                         (22) 

where � is constant. To find the photon motion, we solve the Euler-Lagrange equations, which 

give for Lagrangian (8) a solution that is identical with the geodesics. In plane { = j/2 equations 

(17) with canonical momenta (9) and forces (10) yield [4, 5, 11]:  O�OQ = 1 ,   O�OQ = �~x 01 − }~2 ,                                 (23) 

where � is constant. Substituting these values in equation F� = 0 we find  O~OQ = ± �01 − }~26 − 0�~26 01 − }~2��E/6 .                      (24) 

The value of the coordinate velocity in the remote frame is  

9 = ��z F|Fi �6 + �FzFi�6 = � 01 − �z2 . 
In 4D space-time for the Schwarzschild field the canonical momenta are E = 1 ,   6 = ∓ E0E
��2 �1 − �x~x 01 − }~2 , � = 0 ,   � = −� . 

Nonzero components of the contravariant vector of momenta are given by  E = 01 − �z2
E , 
6 = ±�1 − �6z6 01 − �z2 ,   � = �z6 . 

The physical energy and momentum are matched exactly with the contravariant vector, since in the 

limit of the Minkovsky space it has momentum components with a sign coinciding with the 

direction of motion. 
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6.2. Restangular Coordinates 

 

Considering the non-radial motion, in order to avoid the appearance of a fictitious component of 

momenta and force due to the sphericity of the coordinate system we use the Schwarzschild metric 

in rectangular coordinates [4, 5, 11]. To the isotropic form of metric one can go from its spherical 

form (22) with the help of the transformation  z = 01 + }�~26 z ,                (25) 

and it is written as 

F�6 = �6 �E
 ���E	 ����6 Fi6 −
01 + }�~2� (FH6 + F�6 + F�6) ,                          (26) 

where (i, H, �, �) is rectangular frame and z = �H6 + �6 + �6. 

 

We will consider the motion in the plane � = 0 and seek the force acting on the particle at a point (i, H, 0,0) that corresponds to the value of the angular coordinate | = 0 in the spherical frame. 

Coordinate transformations in the plane are  H = zcos|,   � = zsin| . 
The nonzero spatial components of the 4-velocity are  c6 = FHF[ = FzF[ ,   c� = F�F[ = F|F[ z . 
The transformation (25) implies the relation  Fz = 01 − }xE�~x2 Fz .                    (27) 

Equations (24)-(25) yield  cE = 1 ,   cE = �E
 ���E	 ����6 ,                                 (28)                                                                 

c6 = ± 0E
 ���2
0E	 ���2� �1 − �x0E
 ���2x

~x0E	 ���2��E/6 ,                              (29) 

c� = �0E
 ���2x
~0E	 ���2�  .             (30)  

 

Substitution of these velocities in (11) gives components of associated vector of the canonical 

momenta  

E = �1 + �4z1 − �4z�6 , 
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6 = ± 1�1 − �16z6� �1 − �6 01 − �4z26
z6 01 + �4z2� �

E/6
 , 

� = �z 01 + �4z2� . 
Passing back from the variable z to z, we write, in accordance with equation (13), the value of the 

photon energy and momentum in a remote coordinate frame  � = ℏ�k 01 − �z2
E , 
- = [(6) + (�)]E/6 = 1�1 − �16z6� ℏ�k�  , 

where �k is the photon frequency at infinity at the world line with unlimited z. Moving to the 

scale of the length of spherical frame in view of equation (27) we obtain - = ℏ�k/�.  

 

Using the analogy of geometrical optics with gravity [6-8, 28] the refraction index (4) is given by  4 = 01 − �z2
E . 
Turning to ESM we write four-momentum after rotation in the plane (TS) in space �(1,4) (3):  

��� , -, *� = � ℏ�� 01 − �z2 , ℏ�� , ℏ�� [�(2z − �)]E/6z − � � . 
We obtain the coincidence of the energy and momentum in the embedded four-dimensional 

space-time in ESM with the result given by variational principle of the stationary energy integral 

of photon in the Schwarzschild field. 

 

 

6.3. Forces & Gravity Mass of Photon 

 

At spherical coordinates the non-zero components of canonical forces vector (10) and associate 

vector hJ (14) are h6 = �z6 01 − �z2 − �6z� + ��62z�  , 
h6 = − }~x + �x~� 01 − }~2 01 − }6~2 .                           (31) 

For a gravitational constant �, active gravitational mass � and � = 2�� the first term of h6 

yields (15) for the radial motion (� = 0) twice Newton gravity force acting on a photon  o6 = −ℏ�k �z6 . 
It corresponds to the passive gravitational mass of the photon  �`m = 2ℏ�k .         (32) 
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Considering the non-radial motion we use the Schwarzschild metric in rectangular coordinates 

(26). Substituting nonzero 4-velocity components (28)-(30) in (10), we find nonzero component of 

the force vector (15) acting on the photon:  

o6 = −ℏ�k � 01 − �8z2
z6 01 + �4z2� 01 − �4z2 . 

Taking into account transformation (25) it is rewritten as  

o6 = −ℏ�k � 01 − �8z2
z6 �1 − �616z6� . 

Its magnitude does not depend on the direction of motion of the photon. This formula differs from 

force in spherical coordinates (31) because the expression for the canonical force (10) is 

non-covariant, that is, with this approach gravity force acting on the photon depends on the choice 

of the coordinate system. However, in the limit of weak gravity these expressions asymptotically 

converge and give Newton’s law of gravitation with passive gravitational mass of the photon 2ℏ�k (32). One conforms to the light deflection in central gravity field, which is twice value being 

given by the Newton gravity theory. 

 

Obtained gravitational mass of the light-like particle is independent on the direction of its motion. 

The gravitational mass of a photon for low gravity is equal to doubled mass of a material particle, 

equivalent to its energy. This corresponds to the result of Tolman [30] for active gravity mass of 

photon. He applied solutions of Einstein's equation for the electromagnetic field in the case of 

weak gravity to analyze the gravitational interaction of a light packet or beam with a material 

particle. 

 

This result can have the following application. At annihilation of an electron and positron the 

energy determined from non-gravitational interactions and the momentum are preserved. We will 

consider how the gravitational mass of system changes. Although it is not known exactly whether 

the gravitational mass of the positron is positive or negative, some estimates give its positive value 

[31]. Proceeding from this assumption the total gravitational mass of an electron and positron 2�� 

is twice less than the gravitational mass of the formed gamma quanta 4�� . This raises the 

question of mass conservation [32]. If to consider energy as a gravitation source, it means that on 

condition of its preservation at annihilation besides gamma quanta this process has to be allocated 

the particles D
 which are carrying away negative energy as a source of gravitational field, that is, 

having negative gravitational mass. Process of annihilation will look as follows  �	 + �
 → 2  + 2D
 .                (33) 

The particles D
 with gravitational mass  �`_ = −�� 

do not have a kinetic momentum and therefore their detection by standard means of particle 

registration, for example, a bubble chamber, is not possible. With the passage of light beams 

through the area with negative energy needs to produce the effect of defocusing, opposites 

focusing of light by the gravitational lens [33]. 
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7. Gravastar Structure 
 

The gravastar model was offered [21, 22] alternatively to black holes. It is considered as final 

object, which is formed in because of processes of elementary particles disintegrations. This is 

static spherically symmetrical field with the metric  F�6 = −u(z)Fi6 + O~xn(~) + z6(F{ + sin6{F|6) .                       (34) 

In the case of an isotropic medium and a constant density ¢ in the inner region of gravastars the 

solution of Einstein's equations yields a density �6¢ = −. This corresponds to the de Sitter 

metric with coefficients  u(z) = £ℎ(z) = £ 01 − ~x¥¦x 2 .                               (35) 

Here §¨ is the radius of a curvature of the de Sitter world and £ is arbitrary constant. Radius of a 

curvature is within the limits corresponding to the shell of gravastar zE < §¨ < z6  and is §¨ = �(zE)�/�, where � is a radius of Black Hole with equal mass. 

 

For the spherically symmetric static gravastar-like object with negative central pressure it is found 

[33] that shell cannot be perfect fluids. Anisotropic pressures in the "crust" are unavoidable. The 

anisotropic Tolman −  Oppenheimer −  Volkoff equation can be used to find them [34]. 

Existence of rotating gravastars cannot be ruled out by invoking its instability [35]. LIGO’s 

observations of gravitational waves from colliding objects have been found either to not be 

consistent with the gravastar concept [36, 37], but it does not deny the existence of gravastar in 

principle. 

 

Accretion of matter onto compact stars causes gamma radiation [38] and creates conditions for the 

birth of gamma-ray electron-positron pair. This reaction, the inverse of (33), occurs when 

extracting pairs of particles D
 and opposite to them in "a gravitational charge" particle D	 from 

a vacuum. Having negative gravitational mass, particle D
 is absorbed immediately leaving D	 

with a positive gravitational mass:  2  → �	 + �
 + 2D	 . 
The subsequent collision of a positron with an electron will cause annihilation with the release of a 

pair of D
. Gravastar and Black Hole will attract particles D	. On D
 the compact stars act like 

White Hole on particles with positive energy. They push these particles into free deep space. This 

process results in the compact stars’s absorption of positive energy from the vacuum compact star 

and the release negative energy around. In this sense, it is reversed by Hawking radiation, which 

leads to the evaporation of Black Holes. The particles D
 initiate the dynamics of cosmological 

expansion controlled by antigravity [40]. The particles D	 can form a halo of compact stars. Their 

ability to be part of dark matter depends on whether they have a rest mass. If it is absent, they will 

dissipate faster in the outer space. 
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8. Energy Density in Spherical Gravitational System 

 

The gravitational mass of a spherical body[2] described by metric (35) with radius zE is given by  � = 4j ª  ~Pk ¢z6Fz ,                                   (36) 

where ¢ is proper density of matter. Integration is performed here in case of the element of 

volume F«$ = 4jz6Fz, which corresponds to the coordinate frame, whereas in its proper frame 

the given element of space volume will be F«m = 4jz6ℎ
E(z)Fz. Condition ℎ(z) < 1 means 

that the gravitational mass of body is less than the sum of individual gravitational masses its 

constituent elements. This interprets as the transfer of energy, as a source of gravitational field, to 

the vacuum.[5] The whole mass of spherical body is defined as follows:  �m = 4j ª  ~Pk ¢z6ℎ
E(z)Fz .                         (37) 

In terms of ESM in static case the energy-momentum vector  with total density of matter ¢m = ¢ℎ
E(z) can be represented as 5-vector  �¬ = �¢ℎ
E(z) , 0 , �¢ℎ
E(z)®. 
Its hyperbolic rotation in the plane (TS) (2) on an angle � ! = lnℎ(z)® yields �` = (�¢ , 0 , �¢). 

This rotation corresponds transition from the total density of matter to the density as a source of 

gravity. 

 

Considering the mass of the gravastar we assume for simplicity that all of it is concentrated in 

interior area. The solution of Einstein equations for metric (34) with coefficients (35) gives [21, 

22] the density of matter ¢ = (3�6/8j�)°k6 , where it is denoted °k = 1/§¨. Substitution of ¢ 

in (36) yields gravitational mass  � = $x6± °k6zE� .                                     (38) 

The whole mass (37) turn out to be  �m = 3�62� �−zE + 12°k ln 1 + °kzE1 − °kzE� . 
 

A particular point of interest for applications to microphysical objects is a possibility of situation 

when �m exceeds gravitational mass twice: �m = 2�. For the bubble structures it will take 

place subject to °kzE = 0.998147. With this condition a particle with the mass of an electron �� = 9.1093835 ∗ 10
�E kg  according to equation (38) will have a radius z� = 1.3579 ∗10
�¸ m. This value is less than Planck length by 22 orders of magnitude. It does not include spin, 

magnetic moment and charge, but this result may be used to estimate the order of the electron 

radius via gravastar model.  

 

Observation of a single electron in a Penning trap [41] suggests the upper limit of the particle’s 

radius to be 10
66 m. 
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9. Conclusions 
 

Canonical 4-momentum is given by variational principle of the stationary energy integral of 

photon. The physical energy and momentum of photon are matched exactly with the contravariant 

4-momentum, since in the limit of the Minkovsky space it has momentum components with a sign 

conforms to the direction of motion. For the Schwarzschild space-time the result coinsides with 

energy and momentum in the embedded four-dimensional space-time obtained by (TS)-turn in 

ESM that is corresponded to the photon’s motion in space with refraction index 4 > 1. One 

provides localization of the photon and can be considered as the acquisition of rest mass by it. 

 

The identity of the generalized Fermat principles and the stationary energy integral of a light-like 

particle for velocities is proved. The virtual displacements of coordinates retain path of the 

light-like particle to be null in the pseudo-Riemann space-time, i.e. not lead to the 

Lorentz-invariance violation in locality and corresponds to the variational principles of mechanics. 

The equivalence of the solutions given by the first principle, to the geodesics, means that the use of 

the second also turns out geodesics. The stationary energy integral principle gives a system of 

equations that has one equation more. This makes it possible to uniquely determine the affine 

parameter and energy-momentum vector of the particle. 

 

A definite Lagrangian produces particle canonical momenta and forces acting on it in the 

coordinate frame. Contravariant forces are mapped to the components of the vector of the 

gravitational force. The four-force vector is not covariant. The value of the force acting on a 

particle depends on the choice of the coordinate frame, and therefore the quantities determined 

through them are meaningful only for weak gravity, for which its values asymptotically converge 

in the different coordinate frames. The analogy between the mechanics of particle motion in the 

Schwarzschild space and Newton’s gravity theory under this condition allows to determine 

passive gravitational mass of the photon, which is equal to twice the mass of a material particles of 

the same energy determined from non-gravitational interactions. This corresponds to the result of 

Tolman for active gravity mass of photon. This discrepancy suggests that at annihilation of an 

electron and positron in addition to gamma quanta the particles are released that have zero kinetic 

energy and momentum and carrying away negative energy as a source of gravitational field, that is, 

they have negative gravitational mass. 

 

These particles, together with similar particles with positive energy, can be generated by accretion 

of matter onto compact stars. As a result, positive energy is absorbed and negative energy is 

released in free space. Areas containing D
 are characterized by negative pressure and exhibits 

properties of antigravitation. The presence of such regions in the Universe causes its accelerated 

expansion. The ability of particles D	 to be part of dark matter depends on whether they can be at 

rest. 
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The (TS)-rotation of energy-momentum 5-vector of matter density describes gravitational defect 

of static mass. It is shown, that gravastar model can be used to describe the properties of the 

microworld, giving an estimate of the electron radius.  
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