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Abstract
In the paper, the linear codes over the ring D=Z, +uZ, +vZ,,u’ =u,v’ =v,uv=vu =0 are
studied. A Gray map ® from D" to Z," are defined. The Gray images of the cyclic, constacyclic and

quasi-cyclic codes over D are determined. Especially, cyclic DNA codes over D are introduced. A
nontrivial automorphism is given. The skew cyclic, constacyclic and quasi-cyclic are introduced.
The Gray images of them are determined. Furthermore, the skew cyclic DNA codes over D are
introduced.
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1. Introduction

Although a lot of research on error correcting codes are concentrated on codes over finite fields,
after Hammons et al's paper [20], a great deal of attention has been given to codes over the finite
rings. The certain type of codes over many finite rings are studied such as cyclic, constacyclic,
quasi-cyclic codes [7,12,13,15,23-27,29,33]. Their algebraic structure, Gray image, dual, rank,
self duality properties were investigated. They were characterized. The generators of them were
found. Many of good codes were obtained from them.

Some authors generalized the notions of cyclic, constacyclic and quasi-cyclic code. They
introduced skew cyclic,skew constacyclic and skew quasi-cyclic codes over many finite rings
[ 3,4,6,9,10,11,14,17,21,32]. The class of these type codes is more bigger than the others. Many
good codes were also obtained from them.

DNA computing were started by Leonhard Adleman in 1994 [5]. Some special error correcting

codes over some finite fields and finite rings with 4" elements wheren € N were used for DNA

computing applications. The construction of DNA codes have been discussed by several authors in
[1,2,16,18,19,22,28,30,31].
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In this paper is organized as follows. In section 2, some knowledges about the finite ring
D=Z,+uZ,+vZ,, where u® =u,v> =v,uv=vu =0are given. A new Gray map from D to Zj
is defined. The Gray images of cyclic, constacyclic and quasi-cyclic codes over D are found. A

linear code C over D is represented by means of three codes over Zs . In section 3, the constacyclic
codes are investigated. The cyclic codes of odd length over D satisfy reverse and reverse
complement properties are studied in section 4. The binary images of cyclic DNA codes over D are
determined in section 5. In section 6, a non trivial automorphism is found on D. The skew
cyclic,constacyclic and quasi-cyclic codes over D are introduced. The Gray images of them are
determined in section 7. The skew cyclic DNA codes over D are introduced in section 8.

2. Preliminares

LetD=Z, +uZ, +vZ,, where u’ =u,v’ =v,uv=vu=0. The ring D can be also viewed as the
quotient ring Z, [u,v]/<u2 —u, v —v,uv = vu>.

Let d be any element of D, which can be expressed uniquely as d =a+ub+vc, where
a,b,c € Z,. The ring D has the following properties:

* The finite ring D is with 64 elements.

* The units of the ring D are 1,3,1+2u,1+2v,2u+3,2v+3,1+2u+2v,3+2u+2v
Let(D,*)be a D -unit group, (D,*)=(Z,,*)®(Z,,%)®(Z,,*) , where (Z,,*) is Z4 -unit group.

*The ring D has 27 ideals. The trivial ideals are
(0)= {0}
(1)=(3)=(1+2v)=..=D

The ideals with two elements are
(2u),(2v),(2+2u +2v)

The ideals with four elements are
(1) = (3u),(v) = (3v),(2+ 2u), (24 2v),(2u + 2v),(1+ 3u + 3v)

The ideals with eight elements are
(2),(2u+v) = (2u+3v),(2+ 2u +v) =(2+ 2u+ 3v),(1+ 3u +v) = (3+u +3v),

<3+3u +v> =<1+u +3v>,<2+3u+2v>=<2+u+2v>,<u+2v>=<3u+2v>

The ideals with sixteen elements are
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(2+u)=(243u),(3+u) = (1+3u) = (3+u+2v) = (1+3u+2v),
<3u+3v>=<u+v>=<3u+v>=<u+3v>,<2+3v>=<2+v>
(3+2u+v)=(1+3v) =(3+v) =(1+2u+3v),(1+u+v) =(3+3u+3v)

The ideals with thirty two elements are
(3+3uy=(1+uy=(1+u+2v) =(3+3u+2v)

(1+2u+vy=(1+v)=(3+3v) =(3+2u+3v)
<2+3u+v>=<2+u+3v>=<2+3u+3v>=<2+u+v>

* D is a principal ideal ring
* D is not a finite chain ring.

A code of length n over D is a subset of D". Cis a linear iff Cis an D submodule of
D" . The elements of the code (linear code) is called codewords.

Let 0,0,,{ be maps from D" to D" given by
(al’ 2124 ) ( s Apseens A 1)
Gﬂ(al’ 12 )= ( s oo ’anfl)

((al e &y ) = (_ Oy peees anfz)
where A4 isaunitin D.Let C be a linear code of length » over D . ThenC is said to be cyclic
if U(C) =C, A-constacyclic if o, (C)= C, negacyclic, if ¢ (C)=C.

Let aeZ" with a=(ay.a,.,a,, )= (a(o) |a" |a(2)), a" e Z, for i=0,1,2. Let €
be a map from Za" to Z3" given by pla)= (O'(a(o))‘O'(a(lqo-(a(z))), where o is a cyclic shift from
Z4t0Zy given bya( ) (a"" ™), @"), (@M, ...,(@""?)) for every @) =(a"?,....a"""),
where a"/) e Z,, j=0,1,..,n—1. Acode oflength 3n over Z4is said to be a quasi-cyclic code

ofindex 3 if ¢o(C)=C.
The Lee weights of 0,1,2,3 € Z, are defined by w, (0)=0,w,(1)=w,(3)=1w,(2)=2.

Let d =a+ub+vc be an element of D, then Lee weight of 4 is defined as
w,(d)=w,(a,a+b,a+c), where a,b,ceZ,. The Lee weight of a vector ¢ =(c;,...,c,)€ D" to
be the sum of Lee weights its components. For any elements ¢,,c, € D", the Lee distance
between ¢i and ¢ is given by d,(c,,c,)=w,(c, —c,). The minimum Lee distance of C is
defined as d,(C)=mind, (c,c), where for any ce C,c#c.
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For any x= (xo,...,xrk1 ),y = (yo,...,yH) the inner product is defined as
n—1
Xy = zxiyi
i=0

If xy=0, then x and V are said to be orthogonal. Let C be a linear code of length 7

over D, the dual of C
C'={x :VyeC,xy=0}

which is also a linear code over D of length n. A code C is self orthogonal, if C < C* and
self dual, if C=C".

We define the Gray map as follows
®:D—>Z,
a+ub+ver (a,a+b,a+c)

This map is extended componentwise to
©:D"—>Z)"
(al,..., a, ) = (a,...,a,,a, +b,,...,a, +b, ,a, +c,..,a,+c,)

where «, =a, +ub, +ve, with i =1,2,...,n. ® isa Z4-module isomorphism.

Theorem 1 The Gray map ® is distance preserving map from ( D", Lee distance) to ( Z,",
Lee distance).

Proof Let z, =(z,,...,2,,,1),2, =(2595---s25,,) e the elements of D", where

0 1 2 0 1 2 .
z,; =a,,; tua, +va;, andzz,i =a,,tua,;+va,,;, i=0,1,..,n-1

Then
D172, = (ZI,O 25,0552y _ZZ,n—l) and O(z, —z,)=D(z))-D(z,)

So, d,(z,,z,)=w, (Zl _22): W (CD(ZI _22)) =W (CI)(zl)—(I)(z2))= d;(®(z,)),D(z,)).
Theorem 2 [f C is self orthogonal, so is CD(C )

Proof Let x, =a, +ub, +vc,,x, =a, +ub, +vc,, where a,,b,,c,,a,,b,,c,€Z,.

From xx, =a,a, +u(ab, +ba, +bb,)+v(a,c, +a,c, +c,c,). Since C is self orthogonal, so
we have aa, =0,a,b, + ba, +bb, =0,a,c, + a,c, +c,c, = 0.

From ®(x,)®(x,)=(a,,a, +b,a, +c,)a,,a, +b,,a, +c,) =0. Therefore ®(C) is self
orthogonal.

Proposition 3 Let ® be Gray map from D" to Z)", let o be the cyclic shift and let ¢ be a
map as above. Then ® o = p®.
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0 1 2 0 1 2
Proof Let a= (ao,...,an_l)eD”. Let a, =a; +ua, +va; where a;,a;,a; € Z,, for
i=0,1..,n-1. From definition ® , we have
0 0 0 0 1 0 1 0 2 0 2
D(a)=(ay,a, ,....a, ;,ay +ay,....a, | +a, ,0y +0y,nq,  +a, ;) .
By applying ¢, we have

P(P(a)) = (an 1aaoa ’an 2, +an 1o0ees ) 2 +an 2,0 +an 1500050 3—2 +a§—2)-
On the other hand, a(a)=( a1sQgseeer @ ) If we apply @, we have
O(o(a))= (anlaaoa ’an 2, +anl’ - n2+an 2, +anl’ - 3—2+a3—2)

Theorem 4 Let ¢ and @ be in section 2. A code C of length n over D is a cyclic code iff
CD(C) is a quasi-cyclic code of index 3 over Z, with length 3n.

Proof Let C be a cyclic code. Then o(C)=C. If we apply ®, we have ®(c(C))=®(C). By

using Proposition 3, ®(c(C))=p(®(C))=D(C). Hence, ®(C) is a quasi- cyclic code of index 3.

For the other part, if ®(C) is a quasi-cyclic code of index 3 , then we have o(®(C))=d(C).
By using Proposition 3, we have ¢(®(C))= ®(c(C))=®(C) Since @ is injective, we have
a(C)=cC.

Let A1,42,43 be linear codes.

A4 ®A4,Q®4,={(a,,a,,a;): a,€ 4,,i=1,2,3}
and

APA, DA ={a +a,+a; : a,€4,i=1,2,3}

Definition 5 Let C be a linear code of length n over D . Define
C ={a :3b,ceZ;,a+ub+vceC}

C,={a+b :3ceZ],a+ub+vceC}

C,={a+c :3beZ;,a+ub+vceC}
where C,,C, and C, are linear codes over Z, of length n .

Theorem 6 Let C be a linear code of length n over D. Then ®(C)=C, ®C,®C; and
A=laliclc

Corollary 7 If ®(C)=C,®C, ®C,, then C=(1-u—v)C, ®uC, ®vC,.
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Theorem 8 Let C = (l —u —V)C1 ®uC, ®vC, be alinear code of length n over D.Then C isa
cyclic code over D if and only if C,,C, and C, are all cyclic codes over Zs.

Proof It is proved that as in Proof of Theorem in [13].

Lemma 9 [8,15] Let n be an odd positive integer and x" —1=Hfi(x) be the unique

i=1
factorization of x" —1, where f,(x),..., f,(x) are basic irreducible polynomials over Z,.
Let C be a cyclic code of odd length n over Z,, then

C=(f,.2£,(0)= /o) +2£,(x))
where f,(x) and f,(x) are monic factors of x" —1 and f,(x)| f,(x).
If C is a linear code of any length n over Za, then there exist monic polynomials
f(x),g(x), p(x) € Z, such that
C=(f(0)+2p(x).28(x))
where g(x)| f(x)|x" =1, g(x)| p(¥)[x" =1/ f(x)] and |C|= 2"/ dees),

Theorem 11 Let C = (l—u —v)C1 @uC, ®vC, be a cyclic code of any length n over D there
exist f,(x),g;(x), p;(x) € Z,[x|fori=1,2,3 such that C, = (fl (x)+2p.(x),2g, (x)), then
C = ((1—u=v) £,(0) + ufy () +f; () + 21 =1 =) p, () +up, (x) + vp; (x)],
2A(1—u—v)g,(x) +ug, (x) +vg; ().
If n is odd, then C=((1—u—=v)(f,(x)+2g,(x))+u(f;(x)+2g, (X)) +Vv(f;(x)+2g;(x)).

Proof It is proved that as in Proof of Theorem in [26].

Definition 12 4 subset C of D" is called a quasi-cyclic code of length n=sl with index [ if
C is satisfies the following conditions

i) C is asubmodule of D"

i) if e= (eo,o,...,eo,,_l,el,o,...,el,,_l,...,es_l,o,...,es_l,,_l)e C |, then

Ts,/(e) = (es—l,O,...,es—l,l—l 5€0,0+++5€0 115++5€5_2 05++5€52 1 ) eC .

Definition 13 Let a € Z;}" with a=(a,,a,,...,a;, )= (a(o)‘a(l)‘a(z)) a"eZz!  for i=0,12. Let
T beamap from Z)" to Z)" given by

(@)= (la® e | a®))

n

where u is the map from Zi to Zi given by

ula”)= (@ (@)@ )
for every a¥ = (a("’o),...,a("’sfl)) where a®’) eZi, j=0,L...,s=1 and n=sl. A code of length
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3n over Z, is said to be [-quasi cyclic code of index 3 if F(C)= C.

Proposition 14 Let T, be the quasi-cyclic shifton D. Then ®T,, =T'D® where I' is as above.
Proof Let e= (eo,o,...,eo,,_l,el,o,...,el,,_l,...,es_l,o,...,es_l,,_l) with e, =a, , +ub, ; +vc, ;, where
i=0,1..s—1 and j=0,1,...,/—1. We have

Ts,/(e) = (es—l,O,...,es—l,l—l 1€0,05-++2€0,1-1 ""’eS—Z,O""’es—Z,l—l)

If we apply @, we have

Lj?

CD(TS,/ (e)) = (asfl,O seees @y g yseees Qg g gaeees g 11581 g T bH,o sers g o1y T bs—2,l—1 s 1.0

tCo gy T C ).
On the other hand,
[(®(e)) = (asfl,O seres gy jyseees B g goes g 158y 1o T bsfl,O sees @ o T bs—Z,l—l )

Ay 10T Co 10 @sp 1 TCon 1 )-

So, we have T, =1'D.

Theorem 15 The Gray image of a quasi-cyclic code over D of length n with index [ is a
[ -quasi-cyclic code of index 3 over Z, with length 3n.

Proof Let C be a quasi-cyclic code over D of length n with index /. So T ,(C ) =C. By applying
®, we have CD(TS,,,(C))ch(C). By using Proposition 14, CD(TY,,(C)):F(CD(C))zd)(C). Hence,
(I)(C ) is a /-quasi- cyclic code of index 3 over Z, with length 3n.

3. Constacyclic Codes over D

We investigate 4 -cyclic codes over D, where A is unit. The ring D has got eight units. They
are 1,3,1+2u,1+2v,3+2u,3+2v,1+ 2u +2v,3+ 2u + 2v.

Theorem 16 Let C :(l—u —V)C1 QuC, ®vC; be a linear code of length n over D. Then C
is (1 + 2v) -cyclic code over D if and only if C,, C, are cyclic codes and C, is a negacyclic code
of length noverZ,.

Proof Leta = (ao,...,an_l)e Cc D", wherea, =(1—u—v)a, +ub, +ve,,a,,b.,c, e Z,,0<i<n—1.
Then §, =(@yyr-r@, ) )sty = (BysersD, )51 = (CorsC, ) € Z4. By the definition of the (1+2v)
-cyclic shift 9, we have $(a)=((1-u—-v)a, +ub, ,—vc, ,,0y,....Q, ,) .

Theno(s))=(a, ,a,,....a, ,),0()=(b,,by,....b, ,) and {(r,)=(-c,,¢y>--nC, ,). That means
of C is (142v)-cyclic code of length » over D, then C,, C, are cyclic codes and C, is a
negacyclic code of length n over Z,. Other part is seen easily.
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Similarly, it can be obtain the following

C C, C, C;
(1 + 2u)-cyclic cyclic negacyclic cyclic
(3 + 2u)-cyclic negacyclic cyclic negacyclic
(3 + 2v)-cyclic negacyclic negacyclic cyclic
(1 +2u+ 2v)-cyclic cyclic negacyclic negacyclic
(3 + 2u + 2v)-cyclic negacyclic cyclic cyclic

4. The reverse and reverse complement codes over D

In this section, we study cyclic codes of odd length over D satisfy reverse and reverse
complement properties.

The elements 0,1,2,3 of Z, are in one to one correspondence with the nucleotide DNA bases
A,T,C,G suchthat 0 > 4,1 > T7,2— C and 3 — G. The Watson Crick Complement is given

by A=T,T=4,G=C,C=G.

Since the ring D is cardinality 4°, then we give a one to one correspondence between the elements
of D and the 64 codons over the alphabet {4,7,G,C}’ by using the Gray map. For example
Elements Grayimage Codons

0 (0,0,0)  AAA
1 (1,1,1) TTT
2 (2,2,2)  cccC
3 (3.3,3) GGG
u (0,1,0)  ATA
1+u (1,2 1) TCT

The codons satisfy the Watson Crick Complement.

Definition 17 For x = (xo,xl,...,xn_l) e D", the vector (xnfl,xH,...,xl,xO) is called the reverse

of x and is denoted by x". A linear code C of length n over D is said to be reversible if
x" eC forevery xeC.
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For x= (xo, X, ,...,xn_l) e D", the vector (xO,xl ,...,xn_l) is called the complement of x and is

denoted by x°. A linear code C of length n over D is said to be complement if x‘ € C for
every xeC.

For x= (xo,xl,...,xn_l) e D", the vector (xn_l,xn-z,...,xl,xO) is called the reversible complement

of X and is denoted by x'*. A linear code C of length n over D is said to be reversible
complement if x™ € C for every xeC.

Definition 18 Ler f(x)=a,+ax+..+a,x" with a, #0 be polynomial. The reciprocal of
f(x) is defined as f"(x)=x"f(L). It is easy to see that deg " (x)<deg f(x) and if a, #0,

then deg " (x)=deg f(x). f(x) is called a self reciprocal polynomial if there is a constant m

such that [ (x) = mf (x).

Lemma 19 Let f(x),g(x) be polynomials in R[x]. Suppose deg f(x)—degg(x)=m then,
D) (f(0)g(x))" =" (x)g"(x)
i) (f(x)+g()" =/"(x)+x"g"(x)

Theorem 20 Let C = (l—u —V)C1 @uC, ®vC, be a cyclic code of odd length over D. Then C

is reversible code if and only if C,,C, and C, are reversible codes over Z,.

Proof Let C,,C, and C, be reversible codes. For any b C,b=(1—u—v)b, +ub, +vb,, where
b,eC,, for 1<i<3. Since C,,C, and C, are reversible, b €C,,b, €C, and b; € C,. So,

b" =(1—u—v)b/ +ubj +vb, € C.Hence C is reversible code.

On the other hand, let C be a reversible code over D. So for any b =(1—u—v)b1 +ub, +vb,,
where b, € C,,b, e C, and b, € C;, we get b" =(1—u—v)b +ubj +vb} €C.

Let b" =(1—u—v)b/ +ub} +vb, =(1—u—v)s, +us, +vs,, where s, €C,,s,eC, and s, e C,.
Therefore C,,C, and C, are reversible codes over Z, .

Lemma 21 For any ce D, we have c+c=3+3u+3v.

Lemma 22 For any a € D, we have a+30=3a.

Theorem 23 Let C = (l—u —V)C1 QuC, ®vC, be a cyclic code of odd length over D. Then C

is reversible complement over D iff C is reversible over D and ((_),(_),,(_)) eC.

Proof Since C is reversible complement, for any ¢ =(c,,¢,,...,¢, ;) € C,c”* =(cn-1,Cn-2,....,c0) €C
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Since C is a linear code, so (0,0,..,0)eC . Since C is reversible complement, so
(0,0,...,0) € C. By using Lemma 21, we get

3¢" =3(¢, 5Cp g5 Co) = (CntyCn2yeesc0) +3(0,0,...,0) € C

Hence for any ce C, we have ¢" C.

On the other hand, let C be reversible code over D. So, for any c=(c,,c,,...,c, ;) € C, then
¢ =(c,,CpasCy)€C. Forany ceC,

€™ = (Cnty 2oy C0) =3(Cy 12 Cy g C) +(0,0,...,0) € C

So, C is reversible complement code over D .

Theorem 24 Let S, and S, be two reversible complement cyclic codes of length n over D.
Then S,+S, and S, NS, are reversible complement cyclic codes.

Proof Let d, =(c,,c,,....c, ) €S,,d, =(c},c},....c. ) €S,. Then,

d, +d,)" = ((Cnfl +C,1171)a--~=(01 +Cll)a (¢ +C(1)))

By using a_-i-b=;+5—3(l+u)(l+v) we have
Gy e =31+ )1+ V),rcy + 0 = 31+ 2)(1 4 7))
= (e, =30+ w)A+)ncy ~ 30 +u)(1+ 1))+ (cl_lc_(l))
= (dr =30+w)1+v))+dy €S, +5,

This shows that S, +S§, is reversible complement cyclic code. It is clear that S, S, 1is
reversible complement cyclic code.

S. Binary images of cyclic DNA codes over D

The 2-adic expansionof ce Z, is ¢ =a(c)+2p(c) suchthat a(c)+ f(c)+y(c)=0 forall

ceZ,

c al) p) y()
0 0 0 0
1 1 0 1
2 0 1 1
301 1 0
The Gray map is given by
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V:Z,>7Z;
e W(e)=(B(e).7(0))
forall ce Z, in[28]. We define
O:D—>Z!
a+ub+vers O(a+ub+ve) =¥ (®(a+ub +ve))

=Y(a,a+b,a+c)

= (B(a).7(a). Bla+Db).y(a+Db), fla+c),y(a+c))
where @ is a Gray map from D to Z,.

Let a+ub+vc be any element of the ring D . The Lee weight w, of element of the ring D is
defined as follows

w, (a+ub+vc)=w,(a,a+b,a+c)
where w, (a,a+b,a+c) described the usual Lee weight on Z,. For any c¢,,c, € D the Lee

distance d1 is given by d,(c,,c,)=w,(c,—¢,).

The Hamming distance d(c,,c,) between two codewords ¢, and ¢, isthe Hamming weight of

the codewords ¢, —¢,. Binary images of the codons;
AA4 — 000000

ITT — 010101
GGG — 101010
_)

ccce 111111

Lemma 25 The Gray map O is a distance preserving map from (D", Lee distance) to (Z3",
Hamming distance). It is also Z, -linear.

Proof For ¢,,c, e D" ,we have O(c, —c,)=0(c,)—0(c,). So,

dy(c1,¢,) =W, (¢, = ¢y) = Wy (O(c; = ¢,)) = Wy, (O(c) = 0e,)) = dy (O(€)),0(c)) .
Hence, the Gray map O is distance preserving map. For Z, -linear, it is easily seen that
O(k,c, +kyc,) =k,0(c,)+ k,0(c,) , where ¢,,c, e D" k,,k, € Z,.

Proposition 26 Let o be the cyclic shift of D" and 1 be the 6-quasi-cyclic shift of Z)". Let
O be the Gray map from D" to Z3". Then Oo =n0.

Proof Let c¢=(c,,c,,....c, ;) €D", wehave ¢, =a, +ua,, +va, witha,,,a,,,a,, € Z,,0<i<n-1.
By applying the Gray map, we have
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O(c) = (ﬂ(am)a y(ay), Blay, +ay), y(ay, +ay), Blay + ay), y(a, + ay),...,
(0)= .
Bla,, +as, ) y(a,  +as,.,)
Hence
= _ Blay, ), y(ay, ), Blay, +ay, ), 7(ay, + ay, ) Blayg), 7(ay)
n(0(c)) = :
goees B(a1, ), 7@y 0 )ses V(@5 + 05, 1)

On the other hand, o(c)=(c, ,c,,¢;>---»C, ,). We have

5(0(6)) _ Bla, ).y, ), Ba,  +a,, ), 7@, +ay, ) Blay), y(ay)
- yoens (a1, ), 7@ 0 ) V(@ 5 + a5, ) '

Therefore, Oc = né.

Theorem 27 If C is a cyclic DNA code of length n over D then O(C) is a binary quasi-cyclic
DNA code of length 6n with index 6.

Proof Let C be a cyclic DNA code of length » over D. So, o(C)=C . By using the

Proposition 25, we have O(O'(C)) = U(O(C))z O(C) Hence O(C) is a set of length 61 over
the alphabet Z, which is a quasi-cyclic code of index 6.

6. Skew codes over D

We are interested in studying skew codes over D, in this section. Firstly, we define a nontrivial
automorphism € onthe ring D as follows,
0:D—>D

a+ub+ver a+uc+bv
where a,b,ce Z,.

The ring D[x,0]={a, +ax+..+a,x"" : a, € D,ne N} is called skew polynomial ring. The
ring is a non-commutative ring. The addition in the ring D[x,d] is the usual polynomial
additional and multiplication is defined using the rule, (ax')(bx’)=a@'(b)x""’. The order of the
automorphism 6 is 2.

Definition 28 A subset C of D" is called a skew cyclic code of length n if C satisfies the
following conditions,
i) C isasubmodule of D",

ii) If c= (co,cl,...,c,H)E C , then o, (c): (9(6‘”71),9(6‘0),...,9(6‘”72))E C

Let f(x)+<x” —1> be an element in the set S, :D[x,H]/<x” —1> and let r(x)ED[x,H].
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Define multiplication from left as follows,
rOC )+ (" 1)) = (0 £ () +{x" ~1)
for any r(x)e D[x, 0].

Theorem 29 S is a left D[x, 0]—m0dule where multiplication defined as in above.

Theorem 30 A4 code C in S, of length n is a skew cyclic code if and only if C is a left
D|x,8]-submodule of the left D|x,6]-module S, .

Theorem 31 Let C be a skew cyclic code over D of length n andlet f(x) be apolynomial in
C of minimal degree. If f(x) is monic polynomial, then C =<f(x)>, where f(x) is a right

divisor of x" —1.

Definition 32 4 subset C of D" is called a skew quasi-cyclic code of length n if C satisfies
the following conditions,

i) C is asubmodule of D",

ii) If e= (eo,o,...,eo,,_l,el,o,...,el,,_l,...,es_l,o,..,es_l,,_l)eC , then

7y,()=(0e, 1 o) 8e, 11 1),0(€00)rrrO0(0,1),0(€, 5 o )rernrOle, 5 ,1))EC.

We note that x* —1 is a two sided ideal in D[x,8] if m|s where m is the order of 6. So
D[x,8]/(x* —1) is well defined.

The ring R! =(D[x,l9]/(x“‘—l))[ is a left R, :D[x,H]/(xs—l) module by the following

multiplication on the left f(x)(g,(x),....g,(x))=(f(x)g,(x),...f(x)g,(x)) . If the map A is
defined by
A:D"—>R!

s—1 .
(eo,o,...,eo,,_l,el,o,...,el,,_l,...,es_l,o,...,es_l,,_l)H (¢o(x),-..r¢; (X)) such that ¢, (x) = Z(])ei,jx’ ER,
where j=0,1,...,/—1 then the map A gives a one to one correspondence D" and the ring R!.

Theorem 33 A subset C of D" is a skew quasi-cyclic code of length n=sl and index [ if and
only if A(C) is aleft R, -submodule of R!.

Definition 34 Let 6 be an automorphism of D, A be a unitin D, C be a linear code D. A
linear code C is said to be a skew constacyclic code if C is closed under the 0 — A -cyclic shift

7y, : D" — D" defined by
Ty 1 (CosnensCpyy) = (0(4c,,),0(c),-.,0(c, »))
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7. The Gray images of skew cyclic, quasi-cyclic and constacyclic codes over D

Proposition 35 Let o, be the skew cyclic shift on D", let ® be the Gray map from D" to

Z)" and @ be as in the preliminaries. Then ®c,=ved , where v is map such that

v(x,y,z)=(x,z,y) for xeZ,.
Proof It is proved that as in the proof the Proposition 25.

Theorem 36 The Gray image of a skew cyclic code over D of length n is permutation
equivalent to a quasi-cyclic code of index 3 with length 3n.

Proof It is proved that as in the proof the Theorem 26.

Proposition 37 Let 7, , be the skew quasi-cyclic shift, " be as in the preliminaries, ® be the
Gray map from D" to Z.". Then Oz, , =0I'Q, where v is map such thatv(x, y,z) = (x,z,)

for xeZj.
Proof It is proved that as in the proof the Proposition 25.

Theorem 38 The Gray image of a skew quasi-cyclic code over D of length n is permutation
equivalent to a [ -quasi-cyclic code of index 3 with length 3n.

Proof It is proved that as in the proof the Theorem 26.

Proposition 39 Let 7, , bethe 0-A-cyclic shifi, let ® be the Gray map from D" to Z)" and
o, be constacyclic shift. Then ®z, , =D o, where v is map such that v(x,y,z)=(x,z,y)

for xeZj.
Proof It is proved that as in the proof the Proposition 25.

Theorem 40 The Gray image of a skew constacyclic code over D of length n is permutation to
the Gray image of a constacyclic code over D of length n.

Proof It is proved that as in the proof the Theorem 26.

8. Skew cyclic DNA codes over D

In this section, we introduce a family of DNA skew cyclic codes over D . We study its property of
being reverse complement.
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For all x e D, we have
O(x)+ O0(x) =3+3u +3v

Theorem 41 Let C = <f(x)> be a skew cyclic code over D, where f(x) is a monic polynomial

in C of minimal degree. If C is reversible complement, the polynomial f(x) is self reciprocal
and (3+3u+3v,3+3u+3v,...3+3u+3v)eC.

Proof Let C = < f (x)> be a skew cyclic code over D, where f(x) isa monic polynomialin C.
Since (0,0,...,O)e C and C isreversible complement, we have
(0.0,...0)=(3+3u+3v,3+3u+3v,...343u+3v) e C.

Let f(x)=l+ax+..+a,_x""' +x'. Since C is reversible complement, we have f"(x)eC.
That is
X)) = G+3u+3v)+G+3u+3v)x+...+G+3u+3v)x"" 7 +
Q2 +3u+3)x"" Faax" + ot arx" 2 + (24 3u+3v)x

n—1

Since C is a linear code, we have f"“(x)—(3+3u +3v)*=te C. This implies that

x-1

X" (@~ GA3u+3N T o+ (a1 - G4 3u+ 3" —x" e C

By multiplying on the right by x'*™", we have
~14+ (a1 —G+3u+3v)O)x +...4+ (a1 —B+3u+3v)0 " (Hx" =" (Hx' e C
Byusing a+a=3+3u+3v, for acD, wehave
~l-a,_x—a,_x"—..—ax" —x"=3f"(x)eC

Since C = < f (x)> , there exist g(x)e D[x, 0] such that 3/ (x)=¢(x)f(x) . Since

deg f(x)=deg /" (x), we have g(x)=1. Since 3/ (x)= f(x), we have " (x)=3f(x). So,
f(x) is self reciprocal.

Theorem 42 Let C = <f(x)> be a skew cyclic code over D, where f(x) is a monic polynomial
in C of minimal degree. If (3+3u+3v,3+3u+3v,...3+3u+3v)eC and f(x) is self

reciprocal, then C is reversible complement.

Proof Let f(x)=1+ax+..+a,_x"" +x' be a monic polynomial of the minimal degree. Let
c(x)eC . So, c(x)=¢q(x)f(x), where g(x)e D[x,d]. By using Lemma 18, we have
c"(x)=(q(x) f(x))" =q (x)f (x). Since f(x) isselfreciprocal, so ¢ (x)=gq" (x)ef(x), where
ee Z,\{0} . Therefore ¢"(x)eC =<f(x)> . Let c(x)=c,+cx+..+¢,x' €C. Since C is a

Prespacetime Journal www.prespacetime.com
Published by QuantumDream, Inc.



Prespacetime Journal| March 2019 | Volume 10 | Issue 2 | pp. 196-213 211
Dertli, A. & Cengellenmis, Y., On the Codes Over the Ring Z, + uZ, + vZ, Cyclic, Constacyclic, Quasi-Cyclic Codes, Their Skew Codes,
Cyclic DNA & Skew Cyclic DNA Codes

cyclic code, we get

T e e X+ tex" e C

c(x)x
The vector correspond to this polynomial is
(0,0....,0,¢y,¢5...,c,) € C

Since (3+3u+3v,3+3u+3v,....3+3u+3v)e C and( linear, we have
B3 +3u+3v,3+3u+3v,..,34+3u+3v)-(0,0,...,0,c,,c,....c,) = (3+3u+3v,
w3+ 3u+3v,3+3u+3v)—cy,.... 3+3u+3v)—c,)e C

By using a+a=3+3u+3v,for aeD, we get

(B+3u+3v,3+3u +3v,....3+3u+3v,co,..,c ) € C

which is equal to (c(x)*)m. This shows that ((c(x)*)m )* =c(x)“ eC.

9. Conclusion

Firstly, the finite ring D =27, +uZ, +vZ,,u’ =u,v* =v,uv =vu =0 is introduced. The cyclic,
constacyclic, quasi-cyclic codes and their skew codes over D are studied. After a Gray map @ is

defined, the Gray image of them are determined. Moreover, the cyclic DNA and skew cyclic DNA
codes over D are introduced.
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