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Abstract
For the Godel geometry we obtain several potentials for the Lanczos generator associated with
the Weyl tensor.
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1. Introduction
The Lanczos potential K, has the properties [1, 2]:
Kabe = —Kbac Kave + Kpca + Kean =0, Ko’ =0, (1)
and for the Godel’s geometry [3-9]:
ds? = (dx°)? + 2 e*’dx" dx? +§ e2*’ (dx1)? — (dx?)? — (dx?)?, 2)
we have the expression [10-16]:
Save = Kave + 1 "Kape = 5 [Uap ¢ + Vap e — Mgy (I + 1)), (3)

with the canonical null tetrad [17]:

1 1 i
(19 =51,0-1,0, @Y ==(10,10) (ma>=(1,—e—x3,o,—),

2 2 2
_ .3 i
@) = (1,-e™,0,-3), (4)
and:
Vop =l xmy, Uy =mgxny, My =mgxmy+ngxl,. (5)

The corresponding expression for the conformal tensor is given by [6, 18]:
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.o 1
Sabcr = Cabcr +1 Cabcr = _g(Mab Mcr + Vab Ucr + Uab Vcr)r (6)

with the following non-zero Newman-Penrose (NP) quantities [19-21]:

p=p=2y=2e=V2a=\V28=_,19,

1 1
T ¢00:¢22:2¢11:Z: R=-1,

(7)
and from (3) it is clear that the NP components of the Lanczos generator are:
i
Ql:QG:_E’ Q. =0, r+1,6, (8)
which gives the following components different to zero:
_ 1 x3 1 o2x3
Koz1 = K103 = 5 K130 = € Ki31 = PR
* 1 & \/E * * \/E 3 * 5\/5 2 3
K33 == "Kypo =— Kyo1 = Ky =—€* Ky1, =— e
233 =35 K200 = 75 201 210 = 75 ) 211 = 3¢ )
_ 1 _ 1 X3 _ _ 3 2x3 _ _ X3 _ 2x3
Ryz03 = > Roz13 = € Ri313 = 3 Ro101 = 2€7 Roo = =1, Rpy = —€*, Ry = —e™",
Cosos = —Crazs = —~Cozoz = %, Coms = 2Crzz0 = 2%, Coror = Crans = =2 Crprp = S
0303 = ~Cl2323 = —3Coz202 = ¢ » Co313 = Fl1z220 = €7, Lotor = 701313 = — 7 li21z = /5
©)

(e®) = (% (e + na)) =(1,0,0,0), (ew?) = (% (m® + ma)) = (V2,-v2e™",0,0),

3
er

2

(e?) = <é (m® — 771“)) =(0,0,0,-1),(es)) = (é(la - na)) =(0,0,—1,0),[3;; =

3

3
X — —
e*, T3 =-I311 =

_ _ _ 2x3 3 _r1po0 _ x3 ro
[o13 = o3 = —T301 = e, [P =T 13=-e" T3 =1,

N =
N =
N | =

F103 = _e_X3.
We note that (e(o)b ) is a Killing time-like vector and (6(3)b ) is a constant space-like vector, that
is:
e(O) a;b + e(O) b;a = 0, 6(3) ab = 0. (10)
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In Sec. 2 we employ all above information to construct potentials for the Lanczos spintensor in
according with the fundamental relation [1]:

Cabcd = Kabc;d - Kabd;c + cha;b - chb;a + Kad Ibc — Kac Ibd + Kbc Jad — Kbd Yac (1 1)

where:
Kab — Kba — Kacb;c , Kabc;c =0, (12)

with the non-zero components:

__K00:K11:K33:%, Kolz—iex_ (13)

2. Several generators for the Lanczos potential

Now we study if the following relation has solution for some constant g:
q Kabe = caber (14)
which is equivalent to a set of eight differential equations in the NP formalism:
q Qo = Dy — 6o + (4a — 1) Yo — 2(2p + €) Py + 3K Yy,
q Q= D, — 8y + Aho + 2(a — 1) Yy — 3p Wy + 2K 1P,
q Qz = D3 — 8Py + 24Py — 3wty + 2(e — p) Y3 + K Uy,

q Qs :D¢4_&/J3+3/11/)2_2(2”‘*‘“)1/)3‘*‘(45_9)1/)4'

(15)
q Q=8P — Apg + (4y — ) Yo — 22T + B) 1 + 30 Yy,
q Qs =8, — APy + vy + 2(y — ) Yy — 3T, + 20 Y5,
qQe =0Y3 =AYy +2vih; —3uth, +2(B — 1) Y3 + 0 Yy,
qQ; = 6Py —Aps +3vih, —2Q2p +y) Y3 + (48 — 1) Y,
where we can employ the values (7) and (8) to obtain g = —3 , thus (14) implies the expression:
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Kabc — _g Cabcr;r , (16)

which may be considered as the inversion of (11), that is, the Weyl tensor is a generator of the
Lanczos potential in the Gédel’s cosmological model.

The next stage is to search solutions for the tensor equation:

Kabc = Feq:p _Pcb;al Pjr :Prjl P :Prrl (17)

via its corresponding NP equations:

QO = Z[DQ()l - 5900 + (Zd + Zﬁ - ﬁ) QOO - 2(p_ + S) QOl - 20- QlO + ’EQOZ + ZK Qll]'

Ql = Z[Dﬂll _5910 +§DP+MQOO +(2d_ﬁ) QlO _T[Q()l _O-QZO _zp_Qll +K921 +
ROy

QZ = 2 [5911 _AQ:lO _ggp +VQOO + (ZV_ﬁ) QlO _/1901 _TQZO - 27?911 +p921 +
o le],

Q3 = 2[5921 - AQZO + 21/ QlO + (2]7 - 2]/ - ﬁ) QZO - 2/1 Qll + 2(0( - f) QZl + O_-sz],

Q4_ = Z[DQOZ - 5901 + /TQOO + Z(B - ﬁ) QOl + (28__ 28 - p_) QOZ - 20- Qll + ZK le],

(18)
QS = Z[DQ:lZ _5911 +§5P+MQ()1 +l1—QlO_T[QOZ _Zﬁﬂll +(2£__p_) le _0-921 +

K sz]'

QG :2[5912_A911_§AP+V901 +17.(210_/1902_2ﬁ911+(2ﬁ__f)912_7:921+

P sz]'
Q7 = 2[5922 - AQZl + 17.(220 + 21/ Qll - Z(ﬁ + y) QZl - 2/1 912 + (20( + Zﬁ_ - f) sz],
Ql + ﬁl = 2 I:DQ:ll - AQOO - gDP + 2(]/ + ?)QOO - (27.T + T[)-QOl - (ZT + ﬁ)-QlO + EQlZ +

K.Q.Zl],
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ﬁZ_QS :2[5911_5902 +§5P+(2ﬁ_ﬂ) QOl_){_QlO-}_z(a_ﬁ_)QOZ +(p__
2p) 1z + 0 Oy,

QG + 56 = 2 DQZZ - AQll + 1DP) + VQOl + 17910 - (f+ 27-[).(212 - (T + Zﬁ)QZZl +
8

2(e + )05,

where Qg, = Q,, are the NP components of Qg = Pgp — g Jap- It is easy to see that a solution
of (18) is P, = —% R,p, thatis, Qgup, = —% ¢ap and P = —% R = é , therefore (17) gives the

relation:
1
Kabc = - ; (Rca;b - Rcb;a)' (19)

which is compatible with (16) due to the Bianchi identities [5, 6, 21]; hence the Ricci tensor also
is a generator of the Lanczos spintensor in Gddel spacetime.

With (9) is possible to deduce the wave equation for some quantities of interest, for example:
OKabe = Kaber, = —3 Kabe, ORgp = 20Ky = —6 Kgp, O€(0)a = —€(0)a (20)

besides:
Kap.c + Kpc.a + Kegp = 0, Kab;b =0, Raper Kabe =0,

Rr[aKb]cr - chKabr - quKr[ang]c = Rape (21)
— 1 — 1 cr
Kab T 6 (2 €(0)a €(0)b + €(1)a €(1)p + €(2)a e(Z)b) - E(Rab - 2Racrb G ):
and K, turns out to be a potential for the Lanczos tensor:

2
Kabc = _; (Kca;b - ch;a)' (22)
thus (22) is the inversion of (12).

An adequate linear combination of R,;, and K,. gives an interesting generator:

V2
Kabc = _E (Bca;b - Bcb;a ’ Bac;c =0,
(23)
1(61’( R,.) 1(ZR + Gac + €(3)q€ ) V2(Gye + Sepmy e
Bac :E ac — Rac :E ac ac 3)a€B)c) = ( ac T 5,6@3)a (3)C)l
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OBgc = _6\/§ Kac)

where Gg, = Rgp — g Jap 18 the Einstein tensor, and it is remarkable the fulfillment of the Gauss

equation:
Rabcr = Bac Bbr - Bar BbC'
(24)
Bac = _\/E Rabrc Gbr , *R*abcr Rabcr = O'

hence B, generates the Lanczos potential via the differential relation (23) and also the curvature
tensor through the algebraic expression (24).
Finally, in [22] were obtained the following properties in Godel geometry:

V2
Kabc = ?

V2

*Cabcr 3(3)T ’ *Kabc = - 3 Cabcr 3(3)T ’ (25)

which indicate an algebraic connection between Lanczos and Weyl tensors, unlike the
differential relationship (16).
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