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Abstract
In this paper, we introduce the conformable fractional Christoffel index symbols of a first and
second kind and also we study some of its basic properties. The transformations of conformable
fractional Christoffel symbols are obtained. We modify the covariant and absolute derivatives of
tensor by involving conformable fractional derivative and obtained conformable fractional
covariant, absolute derivatives of addition of two tensors. An illustrative example is presented.

Keywords: Conformable fractional, Christoffel index symbols, covariant derivative, absolute
derivative, fractional divergence.

1. Introduction

In 1965 L’ Hospital wrote a letter to Leibnitz and asked about what happen if number of times a
function was differentiated is not an integer. From this early beginning the subject of fractional
derivative was born. Since then many researchers have been trying to generalize the concept of
usual derivative to fractional derivative. Now a day’s many definitions of fractional derivatives
are available such as Riemann- Liouville, Caputo, Hadmard, Grunewald- Letnikov, Riez [1-
4]1.0ut of these definitions of fractional derivatives Riemann- Liouville and Caputo are popular,
but basic properties of usual derivatives like product rule and chain rule are lost in these
derivatives. The fractional calculus has many applications in Relativity and Cosmology.

In recent times El-Nabulsi [5] developed a new approach to cosmology and obtained fractional
Friedman equations. E. Raberi et.al. [6] formulate Hamiltonian- Jacobi with Fractional
derivative. EL-Nabulsi Ahmed Rami [7-9] studied Friedman Robertson Walker universe,
cosmology with fractional action principle, differential geometry and modern cosmology
respectively. V.K. shchigolev [10] studied cosmological models with fractional derivative.
F.Riewe [11] were investigated Non— Conservative Lagrangian and Hamiltonian mechanics with
in fractional calculus. M. Klimek [12] was studied Lagrangian and Hamiltonian fractional
sequential mechanics models with symmetric fractional derivative. M. Naber [13] studied
Schrodinger equation with in Caputo fractional derivative. Recently Alireza K. Golmakhaneh
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et.al. [14] generalized the tensor calculus by using the local fractional calculus on fractals and
obtained Einstein field equations within local fractional calculus.

Recently Khalil et.al. [15] Introduced new definition of fractional derivative depending on the
basic limit of the derivative called as conformable fractional derivative. The new definition is
simpler, more efficient and satisfies product rule of derivatives, quotient law of two functions
and has simple chain rule [16]. T. Abdeljawad [17] discussed Conformable fractional version of
Grownwall’s inequality, Taylor power series expansion, and Laplace Transforms. A. Tallatha
et.al. [18] Were studied Total and Directional fractional derivatives.Matheus J. Lazo et.al. [19]
Formulate an action principle for the particles under fractional forces. W.S. Chung [20]
introduced conformable fractional version of the calculus of variation and constructed the
fractional Euler-Lagrange equation.

This paper will be divided into several parts as follows, the definition of conformable fractional
derivative, notation and properties, formulae of some standard functions are presented. In section
2. In section 3 the conformable fractional christoffel index symbols are obtained and discussed
some of its properties, also we obtained conformable fractional transformation of christoffel
symbols. The conformable fractional derivatives of tensors and conformable fractional
divergence are studied in section 4.and section 5 is devoted to our conclusions.

2. A Review of Conformable Fractional Derivative.

In this section we review the conformable fractional derivative and its properties. Also we give
the conformable fractional derivatives of some standard functions.

2.1. Conformable Fractional Derivative

Suppose /:[0,0) >R, then the conformable fractional derivative of f of order « is defined
as

:d“f(f):hmf(”gtﬂ)_f(t) forallt >0, €(0,1]

Do )=y =im = ()

If the conformable fractional derivative of f of order o exists then we say that f is
a differentiable.

2.2. Properties of Conformable Fractional Derivative

Let ae (0, 1] and f,gbea differentiable functions at point# >0, then

1. D, (af +bg)=aD,(f)+bD,(g)

2. D,(4)=0 for all constant function f()=1

3. D,(fe)=rD,(g)+gD,(f)
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n Da[f}gl)a(f)—zfl)a(g)

g g

5. D, (t")=pt’™

6. If fbea differentiable then D, (f(t))ztl’“ ijl
t
2.3. Conformable Fractional Derivative of Certain Functions

The conformable fractional derivative of some standard functions [16] are

—

. D, (e“"):axl_“ e”,Vreal a

2. D, (sinax)=ax" cosax, Vreal a

3. D, (cosax)=—ax""*sinax,Vreal a

4. D, (tanax)= ax"sec’ ax,Vreal a

5. D,(cotax)=—ax" cosec’ ax,Vreal a

6. D, (secax)= ax'"secax.tan ax, Vreal a

7. D, (cosecax)=—ax'™ coescax.cotax, Vreal a

) &
R
VR /T\
R |—
=
]
~—
Il
Q
SR
=
]

3. Fundamental Metric Tensor & Conformable Fractional Christoffel
Index Symbols

In this section we defined fundamental metric tensor in fractional Riemann Space. also we
modify christoffel index symbols of first and second kind by involving conformable fractional
derivative and studied some of its basic properties and obtained transformation of conformable
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fractional christoffel index symbols. Each christoffel symbol is essentially a triplet of three
indices 1, j and k. Associated with different combination of values of the three indices are
different functions.

3.1. Fundamental Metric Tensor

The squared fractional distance between two points x" and x" +dx"in conformable fractional
Riemann space is given by

2
d’s) =g, d*x" d“x"
( ) gﬂ‘ll’l (2)
Eq. (2) gives fractal line element

where

p P

_ 0y’ oy
"ox™ oxt

m,n=12,....... N 3)

g, 1s called as metric tensor, which is symmetric in m and n. The inverse metric tensor is given

1 - -
by g™ =—— and it is symmetric in m and n. Also g, g"" =6,

mn

3.2. Conformable Fractional Christoffel index symbol of first kind

Consider a fractional Riemannian manifold (M “, g“) and a chart; we can define the

conformable fractional christoffel index symbol of first kind as

[ml’l’l"]a:l{a (gmr)_i_a (gm,)_a (gmn)}
2 ox”" ox™ ox”

(4)
M,I’l,I”:O,l, ............. ,N,O<a£1

Where [mn,r]a ,g,,, anda are called fractional index symbol of first kind, fundamental metric

tensor and fractal dimension respectively.
3.3. Conformable Fractional Christoffel index symbol of second kind

The christoffel index symbol of the second kind is defined on fractional Riemannian
manifold(M ‘g ) and a given chart as

8“(gﬁs)+_Ga(gm)__ﬁa(gﬁn)}

o 1
[24 FV — rs — rs
mn g [mn, S] 2 g { 8xna axma axsa

&)
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m,n,r=0,1,............ ,N,0<a<1

Examplel. Let V;* be a fractal space with fractal line
elernent(d"‘s)2 =dt’ -R2d“r’ -5’ (d‘”@2 +sin’ 9d“¢2) ,whereR, =R, (t)and S, =S, ()are

«a differential functions of time t. Then using eq. (2) the elements of metric tensors are

gllz_Razu 8xn :_Sazu g33:—S§sin2¢9, 8u=1

(6)
Here consider x'=r,x*=6,x’ =¢,x4 =t
The inverse of metric tensor is obtained by using the formula
mn __ L
gﬂll’l
. 11 _1 _1 _1
-8 "R 82 “s g33:ma 8u =1 -

Using Eq. (4) the conformable fractional christoffel symbols of first kind are

[11,4]" =R, R'a, whereR'a :dza

[14.1] == R, R, =[41,1]", [22,4]" =¢S,5,
[24,2] =—15, S, =[42,2] ,[33.4] =15, S, sin’ 6
[43,3] == 5, S, sin? 0 =[34,3]" [33,2] =6"“ 5 sinOcos O

[23,3]" =—-6"" SsinfcosO=[32,3]"

The non vanishing conformable fractional christoffel index symbols of second kind are obtained
using Eq. (5)

. . dR
“TY,=t"“R, R, , whereR = d“
t

R y S
arl a1 - a a4 l-a a2 a2 l-a a
Ly =", =—t R Iyp=—-t7"8,8, , Ty="T,=-t S_

[21
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a4 l-a Y 2 a3 _ap3 _ l-a a2 _ pl-a .-
[,=—tS§, S, sin" 0, “T,,="T3, =t , ‘I'5;=60""sinfcosl

c/;|Qc/;.

a3 a3 l-a
[5,=T;,=0"cotd
All the result in this example will leads to standard results by choosing a =1
3.4. Properties of Conformable Fractional Christoffel index symbols

1. The conformable fractional christoffel index symbols are symmetric in mandn

. 22 a
l.e.[mn,r] :[nm,r] and ‘I’ =°T"

nm

Proof
[mn,r 1 a“(gmr)Jraa(gm)_aa(gmn)
] 2 axna axma axra
21{8 (8,) 0 (8w) 2 (g,,m)}:[nm’r]a
2 ox™ ox"™ o’
epe 1 gnv{a (8,) 0 (8.) 0 (gm)}
2 ox"* ox™ Ox*®

axma axna axSa’ nm

gm{a (gnx)_i_a (gms)_a (gmn)}:arr

Ers arfnn =8 gSp [mn’ p]a :é;p [mn’p]a =[mn,r]a
3. The conformable fractional derivative of the metric tensor can be expressed as

Sum of conformable fractional christoffel index symbol of first kind

Le. %‘i’f"):[mr,n]a +[nr,m]a
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Proof:

[mr,n]a +[nr,m]a= —

1 {a«(g,,m)+ o (2.,) _aa(g,m)}g {a“(g,m) L (8) a“(g,n}

21 ox'™ ox™” ox" 21 ox™ ox" Ox™
— aa (gmn)
axra
aa’ mn
4. Mz_g’m a’r‘f:r _gns al—w::’
ox" : :

Proof: we know that
8" 8,=9]

Taking conformable fractional derivative of above equation, we get

o* g 0% gmp
gmp a(xr:q)-i'gpq 8(xm)

o g @“a(j:q) pgmg L&)

qn gmp o (gpq) +O" o (g’"p) =0

g

aaf mn aa " "
% =—g” g””’a(x—g,fq) =—g" {gq” [pr.q] }—gq” {g"”” [ar, p] }

_ __gMmparn _ qnaypm __ _ms gy _snoapm
=—g 1_‘pr 8 qu_ 8 r‘sr g r‘sr

5. Contraction of the conformable fractional christoffel index symbol of the second kind

2~ (1ny3)

axl’l!l

Proof:

mn
w _cofactorof g, A

g g

Tg_ T UEY)_ o Ol

Now .
axna axna axna
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e
g ox"™ i
1 0o“%g 0
LT =— = In
" 2g ox" ax”( \/g)

3.5. Transformation of conformable Fractional Christoffel Symbols

We know that g” is a contarvariant second order tensor

0“x" 0°x"

= ma Ana Sab
mn axma axna a

(®)

Taking the conformable fractional derivative of eq. (8) w. 1. t. x we get

aag"nn aaxa aaxb aagab aa aaxa aaxb aaxa aa aaxb aaxb
V7 = \ma \na \ra + ra " ma na gab + vra vra na na ggb
ox ox Ox Ox ox \ Ox ox ox oOx \ Ox ox

o

Gag;m _o 0°x" 0"x° 08, +{(an )HZ (x'm )lia o’x" +(1_a)(x”. )w 0“x" }aaa—x})gab +

ox ox oOx ox Ox° ox Ox Oox X

)7 il ) 0

" ' yma ab
ox Ox Ox Oox

Rotating m, n, and r cyclically (and also a, b, c in the first term on RHS of eq. (9) we get

g, 0°x" 0“x° 0“x" dg, { w\a e 97X o\~ Gaxa}éaxb
= — <+ —+(1— —— &t
ox” ax” ox” ax ox° (x ) (x ) ox Ox ( a)(x ) ox Oox Sa
o\ 1-a o \l-a a2xb o\ aaxb aaxa
—+(1- _— 10
{(x ) (x ) ox ox’ +( a)(x ) 8x'm}8x'm Sa (19
a ' a._c a_.a a b —a o 2_a e a_.a a b
T B ) () e ) D s
Ox ox oOx oOx Ox Ox Ox ox ox
e e 9ix? w\@ 0%x | 0% x*
1- _— 11
{(x ) (x ) ox ox” +( a)(x ) Gx'm}éxm Sa (n
Eq. (10) +Eq. (11)-Eq. (9) gives.
a ' a ' a ' a_.a a b a ¢
e R e R )
ox ox ox Oox Ox Ox ox* ox¢  ox°
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, a.a Aa b Aa _c
2[mn,r]a =2[ab,c] 2 xm g x o'

o o o +B,+ B, + B, (12)
I N T I N Nla nea P " a
() S )
(-a)x ) TR g sima) () SR, (13)

By interchanging a & b in the second and third term and replacing m by r in the last term of Eq.
(13), we get

B1=0 (14)

e ) e (T e e

o\ 9%xY 9%x” w\e 0%x” 0%x“
(1- 9X e (1- L
( a)(x ) axvma axua gab ( a)(x ) axvma axumz gab (15)

By interchanging a & b in the second and third term and replacing n by r in the last term of Eq.
(15), we get

(16)

e e 9Px 9%x? RN RN C R L vt 5% x¢
B3 ={x X 'm " \ra gab +1x X m " vra gab
ox Ox ox

- 0% x4 aaxb \-a aaxb 0% x*
+(1—a)(x ) e e Sap +(1—a)(x ) e e 8w

19 ox ox (17)
By interchanging a & b in the second and fourth term and replacing n by m in the last term of Eq.
(17), we get

e (e Sab
ox ox

aaxb aa aa’xa
B3 = 2 e \ ma \na gab
ox Ox ox

Substituting B,,B,and B; in eq. (12) we get,

n () () )

(18)
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- aa a aa b aa c a b a a_.a
] = [ab, ] S O O O[O (19)
ox Ox Ox ox Ox ox
Eq. (19) gives the transformation of conformable fractional christoffel symbols of first kind.
Also we know that g” is a covariant tensor of second order
_ g'W _G“x”' o°x” e
. 8x - Gx(m (20)
w a.a aa b ~a_c aa a a_a a b Aa " Aa P
B e e e S
ox Ox oOx Ox ox ox o ox™ ox!

l-a
=lab,c|o; (¥ o, —.—8"g,
[ab.c]5:(x") " g ~ R

v ma 1 na

o 07 x° o%x? 0°x" o* [ 0%x° e, 0%x
o (x')
ox ox  Ox7 Ox

W oy-a 0%x 0%x" o%x" 0% (0%x" ), e %%
=[ab,s]g" (»') "t = = (') g%
ox ox Ox ox ox ox
e 0%x 0%x” 0%x” o* [ 0%x? e 0%x”
=I';, (x ) e o aa + — T (x ) P
ox Ox X Ox ox X
a_a a_ b a a._.s o 0% P
vy, TR0, OO () T
ox  Ox ox \ ox ox’
a_a ~a_b a a_s o A% '
sepr o OX O O | OX (x) 0 o 1)
ox Ox ox  \ ox ox

Eq. (21) gives the transformation of conformable fractional christoffel symbols of second kind.

4. Conformable Fractional Derivatives of Tensor

In this section we study two types of conformable fractional derivatives of tensors; first one is
conformable fractional Absolute derivative and second is conformable fractional covariant
derivative. The covariant derivative is generalization of partial derivative, while the absolute
derivative is generalization of ordinary derivative.
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4.1 Conformable Fractional Absolute Derivative

Let C”“be a fractal space curve which is described by the parametric equation in Vy such as
C” :x"*=x""(u)where uis a parameter. Then for any contravariant vector 7" along the curve
C*we define conformable fractional absolute derivative as

o°T"  d“T’ d“x"

+ T T ——— (22)
ou®  du” du®

and for covariant vector 7., the conformable fractional absolute derivative is given by

o“T. d°T

a_n
ro__ ro_ O!de

Su®  du” "M du”

(23)

Similarly we can define the conformable fractional absolute derivative of higher order tensors

o°T” :d T" L “F;md X arfnnd X
ou” du” du” du” (24)
S A VL. Sl
ou”  du” ‘ du® " odu® (25)
Ol prery, L gy X
ou”  du” ‘ du” " du” (26)

Conformable fractional absolute derivative describes the rate of change of vector field along the
curve. And it also preserves the order and type of the tensor.

o (ZA (ZB
Theorem: Let 4and B be any tensors then o (A+B): o +5
ou” ou®  ou”
Proof:
O (4+B)=L (4+B)+°T", (4+B) >
ou” du” du”
_ dA+"’F:mAdx N dB+"’F:dex :5 A+5B
du” du” du” du” ou®  ou”
2 (A+B):5 A,0°B
ou” ou®  ou”
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4.2 Conformable Fractional Covariant Derivative

Consider a contarvariant vector field 7" defined in the region R* of ¥y The conformable

fractional contravariant derivative of 7" along any curve C“in the region R* is defined as

T
axua

T u +T" T (27)

*7T".uis a mixed tensor and it is called as conformable fractional covariant derivative of 7" with
respective fundamental metric tensor g, .

For a covariant vector field we have

0T _T e

Tiu=—un_
ox (28)

Similarly we can define the conformable fractional contravariant derivatives of higher order
tensors.

O!T}’S;u — a Yu—'a‘ + TmS O!Fl"mu + Trm ar;u

ox (29)
Tou=Llo_ orn_7 o

ox (30)
“T";u :8 Z:; + Tf “F’mu—Tﬂf “F;’;

ox (31)

The conformable fractional covariant derivative describes how fast vector field varies in all
directions. It also increases the order of tensor by one in covariant place.

Theorem: The Conformable fractional covariant derivative of g, andg™ vanishes.

Proof: The conformable fractional covariant derivative of g, 1is given by

a

ox"

agmn;r = (gmn)_ arfnr agxn - ar;r gmx

:[mr,n]a +[nr,m]a —[mr,n]a —[nr,m]a =0

. a _
.. gmn;r _O
The conformable fractional covariant derivative g is given by
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g =L g T g T g

— arm gS}’l _ (lr\f;lr ng + ar:’; gS}’l + (lr\;lr ng — 0

sfg™ =0
Theorem: Let Aand B be any tensors then “ (A+B);n: “ (A );n+ “ (B );n
Proof:

o

(4+B)+°T, (A+B)

“(4+B);n= 0
x

na

na na

:(a"’A +* annAJ+(aaB + T BJ:a(A);n+a(A);n
X X
.'.a(A+B);n:a(A);n+a(B);n

4.3 Conformable Fractional Divergence
Let 7"be a contravariant vector field defined in a regionR”, the conformable fractional

divergence of 7" is the contraction of the conformable fractional covariant derivative of 7" and
it is denoted by div® (T ’)

sodiv® (T’):“T’;r

T
axra

LT 1, {a“g,s L8 08, }Tm

a r m
+°07 T

axra Eg axlﬂ!l axra axsll

o“T" 1 0“g 0’g 0“g
— +— rs rs + rs ms 518 rm Tm
axra 2 {g axma g axra g axsa

. div® (T,):a“ " +lgrs {%}Tm

axra 2 axma
(32)
Above equation gives the conformable fractional divergence of the contravariant vector
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Theorem: div*T" =ﬁ ;;a (T’ \/g)

Proof:
div“Tr:aar;+“F;n ™
S me)r =S (in )T

T J{ 1 angJTr

o Jg o

P W
div T \/gax””(T Jg) .

5. CONCLUSIONS

In this work we generalized the tensor calculus by using the conformable fractional derivative.
The conformable fractional christoffel index symbols are suggested and its properties are
studied, the transformations of conformable fractional christoffel index symbols are obtained.
We define the conformable fractional absolute and covariant derivative of tensor and verified the
summation rule of differentiation. The conformable fractional divergence is defined.
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