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Abstract

In this paper, we introduce a new Darboux vector and Darboux helix for timelike curves
in Minkowski 3-space. We defined Darboux vector in term of type-2 Bishop frame in R3

1. We
introduce new spherical images and call them as type-2 Bishop Darboux spherical images
for timelike curves. Later, we introduce new Darboux helix and constant precession of the
timelike curve. Moreover, we give characterization of the axis of the Darboux helices. Finally
we illustrate one example of our main results.

Keywords: Bishop spherical image, Darboux helix, Bishop frame, Darboux vector, con-
stant precession of the timelike curve.

1 Introduction

Bishop frame constructed by L.R. Bishop in 1975. Recently, many research papers related to
this frame have been studied in Euclidean and Minkowski space. In [22] the authors introduced a
new version Bishop frame using a common vector field as binormal vector field of a regular curve
and called Type-2 Bishop frame in Euclidean 3-space. In [10] extended this frame to Euclidean
4-space and called parallel transport frame in Euclidean 4-space. It is well known that Bishop
introduced the Relatively Parallel Adapted Frame of regular curves embedded in Euclidean
3-space and this frame was widely applied in the area of Biology and Computer Graphics [18].

Vectors Ω1, Ω2, B change while a point P on the curve drawing the curve. Hence these vectors
constitute of spherical indicatrices of the curve. Suppose that Bishop trihedral {Ω1,Ω2, B} of
the curve makes an instantaneous helix motion about an axis at each s time. The axis is called
Darboux Bishop axis corresponding s parameter at α(s) point. The vector giving oriented and
direction of this axis is Darboux Bishop vector at point α(s) of the curve.

Some curves in Minkowski space (especially spherical indicatrices) are used a lot of area.
For example, structure of the Higgs potential, cosmology on a brane, 4D gravity on a brane in
5D Minkowski space, vacuum tunneling of gauge theory, physical energy, the global stability,
spherical indicatrix camera, spherical indicatrix by fish-eye conversion lens [2,7,8,11,14,15,16,17].

In this work, using common vector field as the binormal vector of Serret-Frenet frame, we
introduce a new version of the Bishop frame in R3

1. We call it is “Type-2 Bishop frame” of regular
curves. We defined new Darboux helix, thereafter, translating new frames vector fields to the
center of unit sphere, we obtain new spherical images. We call them as ”Type-2 Bishop Darboux
Spherical Image” of regular curves.
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2 Preliminaries

The Minkowski three dimensional space R3
1 is a real vector space R3 endowed with the standard

flat Lorentzian metric given by
g = −dx2

1 + dx2
2 + dx2

3

where (x1, x2, x3) is rectangular coordinate system of R3
1. Since g is an indefinite metric. Let

u = (u1, u2, u3) and v = (v1, v2, v3) be arbitrary an vectors in R3
1, the Lorentzian cross product

of u and v defined by

u× v = −det

 −i j k
u1 u2 u3

v1 v2 v3.


Recall that a vector v ∈ R3

1 can have one of three Lorentzian characters it can be spacelike if
g(v, v) > 0 or v = 0, timelike if g(v, v) < 0 and null(lightlike) if g(v, v) = 0 for v 6= 0. Similarly,
an arbitrary curve δ = δ(s) in R3

1 can locally be spacelike, timelike or null (lightlike) if all of its
velocity vector δp are respectively spacelike, timelike, or null (lightlike), for every s ∈ I ⊂ R. The
pseudo-norm of an arbitrary vector a ∈ R3

1 is given by

‖a‖ =
√
|g(a, a)|.

The curve δ = δ(s) is called a unit speed curve if velocity vector δp is unit i.e, ‖δp‖ = 1. For
vectors v, w ∈ R3

1 it is said to be orthogonal if and only if g(v, w) = 0. Denote by {T,N,B} the
moving Serret-Frenet frame along the curve δ = δ(s) in the space R3

1.
For an arbitrary timelike curve δ = δ(s) in R3

1, the following Serre-Frenet formulae are given
in as follows  T p

N p

B p

 =

 0 κ 0
κ 0 τ
0 −τ 0

 .
 T
N
B

 (2.1)

where < T, T >= −1, < B,B >=< N,N >= 1, T (s) = δp(s),

N(s) =
T p(s)

κ(s)
, B(s) = T (s) × N(s) and first curvature and second curvature (torsion) κ(s),

τ(s) respectively.κ(s)=‖δpp‖, τ(s)=
det(δp, δpp, δppp)

κ2
[8].

Theorem 2.1 Let α = α(s) be timelike curve with a spacelike principal normal unit speed.
If {Ω1,Ω2, B} is adapted frame, then we have defined by “Type-2 Bishop Frame in R3

1” Ωp
1

Ωp
2

B p

 =

 0 0 ε1

0 0 ε2

ε1 ε2 0

 .
 Ω1

Ω2

B

 (2.2)

where g(Ω1,Ω1) = −1, g(Ω2,Ω2) = g(B,B) = 1, and
g(Ω1,Ω2) = g(Ω1, B) = g(Ω2, B) = 0. If Ω1 timelike Ω2 and B spacelike vectors. First curvature
ε1 and second curvature ε2 of the curve are defined by

ε1 =< Ωp
1, B >, ε2 =< Ωp

2, B > . (2.3)
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Theorem 2.2 Let {T,N,B} and {Ω1,Ω2, B} be Frenet and Bishop frames, respectively.
There exists a relation between them as T

N
B

 =

 sinh θ(s) − cosh θ(s) 0
cosh θ(s) − sinh θ(s) 0

0 0 1

 .
 Ω1

Ω2

B


where θ is the angle between the vectors N and Ω1.

Proof: We write the tangent vector according to frame {Ω1,Ω2, B} as

T = sinh θ(s)Ω1 − cosh θ(s)Ω2 (2.4)

and differentiate with respect to s

T p=κN= θp(s) [cosh θ(s)Ω1 − sinh θ(s)Ω2]

+ sinh θ(s)Ωp
1 − cosh θ(s)Ωp

2

(2.5)

substituting Ωp
1 = ε1B and Ωp

2 = ε2B into equation (2.5), we get

κN = θp(s) [cosh θ(s)Ω1 − sinh θ(s)Ω2]
+[sinh θ(s)ε1 − cosh θ(s)ε2]B.

(2.6)

In above equation let us take θp(s) = κ(s). So immediately arrive at

N = cosh θ(s)Ω1 − sinh θ(s)Ω2

Considering the obtained equations, the relation matrix between Frenet-Serret and type-2 Bishop
frames can expressed  T

N
B

 =

 sinh θ(s) − cosh θ(s) 0
cosh θ(s) − sinh θ(s) 0

0 0 1

 .
 Ω1

Ω2

B.

 (2.7)

Since there is a solution for θ satisfying any initial condition, this show that locally relatively
parallel normal fields exist. Besides equation (2.1) can also written as

B p = τN = ε1Ω1 + ε2Ω2

taking the norm of both sides, we have

τ =
√∣∣ε2

2 − ε2
1

∣∣ (2.8)

1 =

√∣∣∣∣(ε1

τ

)2
−
(ε2

τ

)2
∣∣∣∣ (2.9)

From equation (2.6) we get θ(s) = arg tanh( ε2ε1 ), from equation (2.9) we obtain

{ ε1 = τ(s) cosh θ(s), ε2 = τ(s) sinh θ(s).
The frame {Ω1,Ω2, B} is properly oriented, and τ and θ(s) =s

0 κ(s)ds are polar coordinates
for the curve α = α(s). We shall call the set {Ω1,Ω2, B, ε1, ε2} as type-2 Bishop invariants of
the curve α = α(s) in R3

1.
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3 Bishop Darboux Vector in Type-2 Bishop Frame

Consider the rigid object moving smoothly along the regular curve. Once the translation “fac-
tored out”, the object is seen to rotate the same way as it’s Bishop frame in Minkowski 3 space.
The total rotation of the Bishop frame is the combination of the rotations of each of the three
Bishop vectors;

w = wΩ1 + wΩ2 + wB

each Bishop vector moves about an “origin” which is the centre of the rigid object. The areal
velocity of the tangent vector Ω1, Ω2 and B are

ωΩ1 =
Ω1(t)∧Ωp

1(t)

2
,

ωB =
B(t)∧Bp(t)

2
,

ωΩ2 =
Ω2(t)∧Ωp

2(t)

2

Theorem 3.1: The rotation is determined by an angular velocity vector ω which is called
the Bishop Darboux vector and given by

ω = −ε1Ω2

Proof: Let be total rotation of the Bishop frame is the combination of the rotations of each
Bishop vectors

ω = ωΩ1 + ωΩ2 + ωB (3.1)

The areal velocity of tangent vector is

ωΩ1 = Lim
∆t→0

Ω1(t)∧Ω1(t+∆t)

2∆t
=

Ω1∧Ωp
1

2
(3.2)

substituting equations (2.1)1 to equations (3.2) we have

ωΩ1 = −1

2
ε1Ω2 (3.3)

similarly

ωΩ2 = Lim
∆t→0

Ω2(t)∧Ω2(t+∆t)

2∆t
=

Ω2∧Ωp
2

2
(3.4)

substituting equations (2.1)2 to equations (3.4) we have

ωΩ2 =
1

2
ε2Ω1 (3.5)

finally

ωB = Lim
∆t→0

B(t)∧B(t+∆t)

2∆t
= B∧Bp

2
(3.6)
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substituting equations (2.1)3 to equations (3.6) we have

ωB = −1

2
ε2Ω1 −

1

2
ε1Ω2 (3.7)

substituting equations (3.3), (3.5) and (3.7) to equations (3.1) we write

ω = −ε1Ω2 (3.8)

The rotation is determined by an angular velocity ω which satisfies

ω ∧ Ω1 = Ωp
1

ω ∧ Ω2 = Ωp
2

ω ∧B = B p.
(3.9)

Theorem 3.1.2: If B is binormal vector of α curve, then we can write following formulas
i) B p ∧B pp = (ε2

1 + ε2
2)(ε2

2Ω1 − ω) + ε2
2( ε1ε2 )pB

ii) det(B,B p, B pp) = ε2
2( ε1ε2 )p

iii) θp = ∓det(B,Bp,Bpp)

‖B∧Bp‖2 = ∓κ

Proof: i) From B p = ε1Ω1 + ε2Ω2 we get

B pp = εp1Ω1 + εp2Ω2 + (ε2
1 + ε2

2)B

Moreover one can easily find
< B pp, B >= ε2

1 + ε2
2

< B pp,Ω1 >= −εp1
< B pp,Ω2 >= εp2.

From definition Darboux vector ω we write ω ∧B = B p so we have

B p ∧B pp = −B pp ∧ (ω ∧B)

=< B pp, B > ω− < B pp, ω > B

= (ε2
1 + ε2

2)ω− < B pp,−ε1Ω2 > B

= (ε2
1 + ε2

2)ω + ε1 < B pp,Ω2 > B

= (ε2
1 + ε2

2)ω + (ε1ε
p
2)B.

= (ε2
1 + ε2

2)(ε2
2Ω1 − ω) + ε2

2( ε1ε2 )pB.

ii) Since

det(B,B p ∧B pp) = −

 0 0 1
ε1 ε2 0
εp1 εp2 ε2

1+ε2
2


= −(εp2ε1 − ε2ε

p
1)
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we get
< B,B p ∧B pp >= ε2

2( ε1ε2 )p. (3.10)

ii) From the equation (3.9)3 B
p = ω ∧ B using equation (2.1)3 we can write −ω = B ∧ B p

and then ∥∥B ∧B p∥∥2
= ε2

1 − ε2
2

If we differentiating equality θ(s) = arg tanh( ε2ε1 ) we find

θp(s) =
( ε2ε1 )p

1− ( ε2ε1 )2

and using equation (3.10) we have

θp(s) = ∓det(B,B
p, B pp)

‖B ∧B p‖2
= ∓κ.

4 Bishop Darboux Spherical Indicatrix Curve and Result

Let unit Darboux vector ω0 =
ω

‖ω‖
=
ε1Ω1

|ε1|
, ω0 = µΩ1 (here µ = ∓1).

We obtain a spherical indicatrix curve which is called Bishop Darboux spherical indicatrix
of the timelike curve α by translating the unit vector ω0 the center of unit sphere H2.

Let αw0(s) = ω0(s), with the arc-lenght parameter sw0 , be Bishop Darboux spherical indica-
trix of the timelike curve α(s). By differentiating αω0 , we get

dαω0

ds
=

dω0

ds
·
αω0

dsw0

ds
= ωp

0

and derivative of ω0 can be calculated as

ωp
0 = (µ0)pΩ1 = 0,

here ω0 is constant.
Result: Since ω0 is constant, tangent vector of Bishop Darboux spherical indicatrix is zero.

5 Darboux Helices

Definition 5.1: Let α = α(s) be a unit speed timelike curve in R3
1 with

ε2

ε1
6= 0 everywhere

with nonzero curvature and ε1 and ε2 in R3
1. If unit Darboux vector of α = α(s) makes constant

angle a fixed direction d, then we say that α = α(s) is Darboux helix.
Let α = α(s) be a unit speed timelike curve in R3

1. We define the Darboux vector ω from
Theorem 3.1.1 ω = −ε1Ω2. If we take norm the Darboux vector, we find

‖ω‖ = ε1
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and ω ∧ Ω1 = Ωp
1, ω ∧ Ω2 = Ωp

2, ω ∧B = B p.
Now we write the unit Bishop Darboux vector ω0;

ω0 = µΩ1 (here µ = ∓1).

or
ω0 = cosh(θ)Ω2.

If we take ω0 as unit vector, then it defines a curve on the Lorentzian sphere H2.
If we called the spherical image as β. β(s∗) = ω(s) = −ε1Ω2 where s∗ parameter of β.

dβ

ds
=

dβ

ds∗
· ds∗
ds

By taking the derivative on the both sides with respect to s, we can write

dβ

ds
=

dβ

ds∗
· ds∗
ds

= −εp1Ω2

so

Tβ =
·
Tβ ·

ds∗
ds

= −Ω2 (5.1)

where
ds∗
ds

= −εp1. Now, we will find curvature κβ of the curve β(s∗)

κβ =
∥∥β pp∥∥ =

∥∥β ps∗∥∥ .
Hence by taking the derivative equation (5.1) with respect to s. We have

T p
β =

·
T β · ds∗ds = −ε2B (5.2)

Since, we express

κβ =

∥∥∥∥ ·T β∥∥∥∥ =
ε2

εp1
(5.3)

Hence by using the equations (5.2) and (5.3), we have the principal normal

Nβ = −εp1B (5.4)

By the cross product of Tβ ∧Nβ, we obtain the binormal vector field

Bβ = εp1Ω1 (5.5)

Theorem 5.2 Let α is a regular curve with type-2 Bishop curvature ε1 6= 0 and ε2 6= 0. α
is a general helix if and only if type-2 Bishop curvature of the curve satisfy

ε2
1

(ε2
1 − ε2

2)3/2
(
ε2

ε1
)p = constant
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Proof: Let α : I → R3
1 be regular timelike curve. Moreover the Frenet curvature of α are

κ, τ and Bishop curvature of α are ε1, ε2. From equations (2.7) and (2.9) we get

κ = (arg tanh
ε2

ε1
)p and τ =

√∣∣ε2
2 − ε2

1

∣∣
therefore we can calculate that

τ

κ
=

ε2
1

(ε2
1 − ε2

2)3/2
(
ε2

ε1
)p. If the α is general helix ⇔ τ

κ
=constant.

This completes the proof.
Corollary: The rotation motion of the Darboux axis can be separated into two rotation

motions again. Here ω rotation vector is adulation of the rotation vector of the rotation motion.
When continued in the similar way, the rotation motion of the Darboux axis is done in a con-
secutive manner. In this way the series of Darboux vectors are obtained. That is ω0 = ω, ω1, ...

Theorem 5.3 Let α is a Darboux helix. If < B, d > is constant, then α is a general helix.
Proof: We first assume that α is a Darboux helix. Let be d the vector field such that the

function, < B, d >= c is constant. There exists k1 and k2 such that

d = k1Ω1 + k2Ω2 + cB. (5.6)

Then if we take the derivative of the equation (5.6) and using Bishop equations, we have

dp = (kp1 + cε1)Ω1 + (kp2 + cε2)Ω2

− (k1ε1 + k2ε2)B.

Since the system {Ω1,Ω2, B} is linear independent, we get

kp1 + cε1 = 0
kp2 + cε2 = 0
k1ε1 + k2ε2 = 0

(5.7)

So, from equation (5.6) and equations (5.7)1, (5.7)3, respectively

k1 = − ε2
ε1
k2

< d, d >= −k2
1 + k2

2 + c2.
(5.8)

substituting equation (5.8)1in the equation (5.1.8)2 we have

−
(
ε2

ε1

)2

k2
2 + k2

2 + c2 = const. (5.9)

or we arrangement to (5.9) we obtain

k2 =
c√

1−
(
ε2
ε1

)2
. (5.10)

Taking the derivative in each part of the equation (5.10) and by using equation (5.8)2, we obtain

kp2 = − ε2
1 · ε2 · c(

ε2
1 − ε2

2

)3/2 (
ε2

ε1
)p (5.11)
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substituting equation (5.11) to equation (5.7)2, so we get

ε2
1(

ε2
1 − ε2

2

)3/2 (
ε2

ε1
)p = constant, (5.12)

from theorem 5.2, α is a general helix. This proof is completed.
Theorem 5.4: Let α is a Darboux helix. If < B, d > is constant, then curvatures ε1 and ε2

of the timelike curve α satisfy the following non-linear equation system(
c · ε2√
ε2

1-ε2
2

)p

+c · ε1=0 and

(
c · ε1√
ε2

1-ε2
2

)p

+c · ε2=0

where c 6= 0, c ∈ R, (ε2
1 − ε2

2) 6= 0.
Proof: Since α is a Darboux helix, the axis of the α

d =
c · ε2√
ε2

1 − ε2
2

Ω1 −
c · ε1√
ε2

1 + ε2
2

Ω2 + cB (5.13)

where ε1 and ε2 are curvatures of α according to type-2 Bishop frame. Taking derivative in each
part of the equation (5.6), we get

dp =

[(
c · ε2√
ε2

1-ε2
2

)p

c · ε1

]
Ω1 −

[(
c · ε1√
ε2

1-ε2
2

)p

c · ε2

]
Ω2=0. (5.14)

Since the {Ω1,Ω2} is linear independent, thus in equation (5.14) we have

(
−ε2√
ε2

1 + ε2
2

)p

+c·ε1 = 0

and −

(
ε1√
ε2

1 + ε2
2

)p

+ c · ε2 = 0 , where(
ε2

1 − ε2
2

)
6= 0 and c 6= 0, c ∈ R.

5.1 Constant Precession of the Curve

A unit constant precession of the curve is defined by the property that its Bishop Darboux
vector revolves about fixed line is a space with angle and constant speed. A curve of constant
precession is characterized by having

ε1(s) = $ sin(µ(s))
ε2(s) = $ cos(µ(s))

where $ > 0 and µ are constant [11].
Recall that centroid axis of the Bishop frame is given by

d = − ε2√
ε2

1 − ε2
2

Ω1 +
ε1√
ε2

1 − ε2
2

Ω2 + cB and

d =
ω

‖ω‖
+ cB (6.1)
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where ω = −ε1Ω2 from equation (6.1)

‖ω‖ d = ω + ‖ω‖ cB

by taking $ = ‖ω‖ =
√
ε2

1 − ε2
2 , $d = δ and $c = ξ, we have

δ = ω + ξB.

If we take ‖ω‖ =constant, Darboux helix is constant precession.

Theorem 6.1 Let α is a timelike curve in R3
1. We assume that

ε2

ε1
is not constant, where ε1

and ε2 Bishop curvature of α. Then α is general helix if and only if α is Darboux helix.
Proof: We assume that α is a general helix. From theorem 5.2 we can easy write σ(s) =

ε2
1

(ε2
1 − ε2

2)3/2
( ε2ε1 )p, similarly if the curve α is Darboux helix from theorem 5.2

σ∗(s) =
ε2

1

(ε2
1 − ε2

2)3/2
(
ε2

ε1
)p = constant.

Consequently, we have σ(s) · σ∗(s) = constant

σ(s) = constant⇔ σ∗(s) = constant.

6 Example

In this section,we illustrate one example of Frenet frame and new spherical images in R3
1.

Example 7.1: Next, let us consider the following unit speed timelike curve α(s) of R3
1 by

α = α(s) = (
√

2s, ln(sech(s)), arctan(sinh(s)). It is rendered in figure 1.
And this curves’s curvature and torsion functions are expressed as in R3

1

{ κ(s) = sech(s), τ(s) = −
√

2 sech(s)
The Serret-Frenet frame of the α = α(s) may be written by the aid Mathematical program

as follows

T = (
√

2, − tanh(s), sech(s)),

N = (0, − sech(s), − tanh(s)),

B = (1, -
√

2 tanh(s),
√

2 sech(s)),

θ(s) =s
0 sech(s)ds = arctan(sinh(s))
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Using transformation matrix equation (2.6) we get {Ω1,Ω2, B} type-2 Bishop frame of α = α(s).

Ω1=(-
√

2 sinh(arctan(sinh(s))),
sinh(arctan(sinh(s))) sinh(s)- cosh(arctan(sinh(s)))

cosh(s)
,

− sinh(arctan(sinh(s))) + cosh(arctan(sinh(s))) sinh(s)

cosh(s)
),

Ω2=(-
√

2 cosh(arctan(sinh(s))),
cosh(arctan(sinh(s))) sinh(s)- sinh(arctan(sinh(s)))

cosh(s)
,

− cosh(arctan(sinh(s))) + sinh(arctan(sinh(s))) sinh(s)

cosh(s)
),

B=(1, -
√

2 tanh(s),
√

2 sech(s))

Figure 1

Darboux vector see figure 2 , Darboux helix is colored with red for µ = 1 and colored with
navy µ = −1 see figure 3
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Figure 2

Figure 3
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