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Abstract

In this paper, we introduce a new Darboux vector and Darboux helix for timelike curves
in Minkowski 3-space. We defined Darboux vector in term of type-2 Bishop frame in R3. We
introduce new spherical images and call them as type-2 Bishop Darboux spherical images
for timelike curves. Later, we introduce new Darboux helix and constant precession of the
timelike curve. Moreover, we give characterization of the axis of the Darboux helices. Finally
we illustrate one example of our main results.

Keywords: Bishop spherical image, Darboux helix, Bishop frame, Darboux vector, con-
stant precession of the timelike curve.

1 Introduction

Bishop frame constructed by L.R. Bishop in 1975. Recently, many research papers related to
this frame have been studied in Euclidean and Minkowski space. In [22] the authors introduced a
new version Bishop frame using a common vector field as binormal vector field of a regular curve
and called Type-2 Bishop frame in Euclidean 3-space. In [10] extended this frame to Euclidean
4-space and called parallel transport frame in Euclidean 4-space. It is well known that Bishop
introduced the Relatively Parallel Adapted Frame of regular curves embedded in Euclidean
3-space and this frame was widely applied in the area of Biology and Computer Graphics [18].

Vectors 21, 2, B change while a point P on the curve drawing the curve. Hence these vectors
constitute of spherical indicatrices of the curve. Suppose that Bishop trihedral {Q;,Q9, B} of
the curve makes an instantaneous helix motion about an axis at each s time. The axis is called
Darboux Bishop axis corresponding s parameter at «(s) point. The vector giving oriented and
direction of this axis is Darboux Bishop vector at point «a(s) of the curve.

Some curves in Minkowski space (especially spherical indicatrices) are used a lot of area.
For example, structure of the Higgs potential, cosmology on a brane, 4D gravity on a brane in
5D Minkowski space, vacuum tunneling of gauge theory, physical energy, the global stability,
spherical indicatrix camera, spherical indicatrix by fish-eye conversion lens [2,7,8,11,14,15,16,17].

In this work, using common vector field as the binormal vector of Serret-Frenet frame, we
introduce a new version of the Bishop frame in R. We call it is “Type-2 Bishop frame” of regular
curves. We defined new Darboux helix, thereafter, translating new frames vector fields to the
center of unit sphere, we obtain new spherical images. We call them as ” Type-2 Bishop Darboux
Spherical Image” of regular curves.
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2 Preliminaries

The Minkowski three dimensional space Ri’ is a real vector space R? endowed with the standard
flat Lorentzian metric given by
g = —dz} + dj + daj

where (71,79, 23) is rectangular coordinate system of R$. Since g is an indefinite metric. Let
u = (u1,u2,u3) and v = (v1,v2,v3) be arbitrary an vectors in R}, the Lorentzian cross product
of u and v defined by

-t j k
uxv=—det | u; uy us
(%1 Vg V3.

Recall that a vector v € R} can have one of three Lorentzian characters it can be spacelike if
g(v,v) > 0 or v = 0, timelike if g(v,v) < 0 and null(lightlike) if g(v,v) = 0 for v # 0. Similarly,
an arbitrary curve § = §(s) in R} can locally be spacelike, timelike or null (lightlike) if all of its
velocity vector 6' are respectively spacelike, timelike, or null (lightlike), for every s € I C R. The
pseudo-norm of an arbitrary vector a € R} is given by

lall = Vlg(a; a)].

The curve 6 = §(s) is called a unit speed curve if velocity vector ' is unit i.e, ||§'|| = 1. For
vectors v, w € R it is said to be orthogonal if and only if g(v, w) = 0. Denote by {T, N, B} the
moving Serret-Frenet frame along the curve § = §(s) in the space R}.

For an arbitrary timelike curve § = §(s) in R, the following Serre-Frenet formulae are given
in as follows

T 0 ~ O T
N |=|x 0 7]|.|N (2.1)
B 0 —7 0 B

where < T.7 >= -1, < B/,B >=< NN >= 1, T(s) = §(s),

T'(s)

N(s) = () (s) = T(s) x N(s) and first curvature and second curvature (torsion) x(s),
7(s) respectively.x(s)=||d"||, T(S):M 8].
K

Theorem 2.1 Let a = a(s) be timelike curve with a spacelike principal normal unit speed.
If {Q1,9Q9, B} is adapted frame, then we have defined by “Type-2 Bishop Frame in R}”

Q‘l 0 0 & Ql
G =]0 0 & [.] 2 (2:2)
B 1 &2 0 B

where  g(€21, ) = -1, g(, () = ¢(B,B) = L, and

9(1,Q2) = g(Q1, B) = g(Qo, B) = 0. If O timelike Q9 and B spacelike vectors. First curvature
€1 and second curvature o of the curve are defined by

e1=<Q,,B >, e=<Q, B>. (2.3)
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Theorem 2.2 Let {T, N, B} and {Q;,Q9, B} be Frenet and Bishop frames, respectively.
There exists a relation between them as

T sinhf(s) —coshf(s) 0 O
N | = | coshf(s) —sinhf(s) 0 |.| Q2
B 0 0 1 B

where 0 is the angle between the vectors N and ;.
Proof: We write the tangent vector according to frame {2, 22, B} as

T = sinh 0(s)Q; — cosh 0(s)$2y (2.4)
and differentiate with respect to s

T'=kN= 0'(s) [cosh0(s)Q1 — sinh §(s)]

(2.5)
+ sinh 0(s)€Y; — cosh 6(s),
substituting Q) = ¢;B and Q) = 2B into equation (2.5), we get
kKN = 6'(s)[coshf(s)Q; — sinh 0(s)y] (2.6)

+[sinh 6(s)e1 — cosh 0(s)ea] B.
In above equation let us take 0'(s) = k(s). So immediately arrive at
N = cosh0(s)Q; — sinh 0(s)$2s

Considering the obtained equations, the relation matrix between Frenet-Serret and type-2 Bishop
frames can expressed

T sinhf(s) —coshf(s) 0 O
N | = | coshf(s) —sinhf(s) 0 |.]| Q2 (2.7)
B 0 0 1 B.

Since there is a solution for 8 satisfying any initial condition, this show that locally relatively
parallel normal fields exist. Besides equation (2.1) can also written as

B ZTN:5191 +5QQQ

taking the norm of both sides, we have

2
1_\/‘ £ £2

From equation (2.6) we get 6(s) = argtanh(£2), from equation (2.9) we obtain

{ e1 =7(s)coshb(s), €9 =7(s)sinh 9( )

The frame {€,Q, B} is properly oriented, and 7 and 6(s) ={ x(s)ds are polar coordinates
for the curve a = a(s). We shall call the set {Q1,Q9, B,e1,e2} as type-2 Bishop invariants of
the curve o = a(s) in R},
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3 Bishop Darboux Vector in Type-2 Bishop Frame

Consider the rigid object moving smoothly along the regular curve. Once the translation “fac-
tored out”, the object is seen to rotate the same way as it’s Bishop frame in Minkowski 3 space.
The total rotation of the Bishop frame is the combination of the rotations of each of the three

Bishop vectors;
w = wo, + wq, +wp

each Bishop vector moves about an “origin” which is the centre of the rigid object. The areal

velocity of the tangent vector 2y, 29 and B are

o, = m(t)gﬂa(w’
op — B(t)AQB'a)’
wa, m(t)gﬂ‘g(t)

Theorem 3.1: The rotation is determined by an angular velocity vector w which is called

the Bishop Darboux vector and given by

W = —8192

Proof: Let be total rotation of the Bishop frame is the combination of the rotations of each

Bishop vectors

w=wq, +wo, +wB

The areal velocity of tangent vector is

. Q)AL (t+AL) QAR
p— L p—
o= T 9 2

substituting equations (2.1); to equations (3.2) we have

1
wﬂl - _58192

similarly
QQ(t)AQQ(t+At) . QQ/\Q'2

= I1 —
W = AT aAT 9

substituting equations (2.1)3 to equations (3.4) we have

1
wq, = —&2f)
[P 2 2841
finally
. B(t)AB(t+A¢) BAB!
wp = Lim =
B RS0 2At 2
ISSN: 2153-8301 Prespacetime Journal
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substituting equations (2.1)3 to equations (3.6) we have

1 1
wp = ——e90y — —£10 :
B 282 1 261 2 (37)

substituting equations (3.3), (3.5) and (3.7) to equations (3.1) we write

The rotation is determined by an angular velocity w which satisfies

WAQ = Q)
w/\QQZQ|2 (3.9)
wAB=DB.

Theorem 3.1.2: If B is binormal vector of a curve, then we can write following formulas
i) B AB"= (e +€5)(6301 —w) + €5(2L)'B
ii) det(B, B', B") = e5(£L)

det(B,B',B"

i) 0' = TS5 = ¥

Proof: i) From B' = Q1 + £2Q2 we get
B" =¢&\Q1 +e,0 + (2 +2)B

Moreover one can easily find
< B" B >=¢? 4 £3
< B" Q1 >= —E‘l
< B",Qy >=¢,.

From definition Darboux vector w we write w A B = B' so we have
B'AB" =—-B"A(wAB)
=<B"'"B>w—<B“Yw>D0B
= (2 +e3)w— < B",—1Q9 > B
=(?+e3)w+e <B', Q> B
= (1 +e3)w + (e16,) B.
= (e +3)(e3 —w) +€3(2L) B.

ii) Since

0 0 1
det(B,B'AB") = —| &1 &9 0
€] & 6%4—5%

= —(epe1 — £26Y)
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we get
< B,B'AB'>=¢j5(£). (3.10)
ii) From the equation (3.9)3 B' = w A B using equation (2.1)3 we can write —w = B A B'
and then
|BAB| =<t -3

If we differentiating equality (s) = argtanh(Z2) we find

3
[
(&)

0(8) = 1oy
e
and using equation (3.10) we have
det(B, B', B'
el(s) — ( I 5 )
1B A B
= FkK.

4 Bishop Darboux Spherical Indicatrix Curve and Result

w . €1Q1
lwl el
We obtain a spherical indicatrix curve which is called Bishop Darboux spherical indicatrix
of the timelike curve « by translating the unit vector wy the center of unit sphere H2.
Let auy,y(s) = wo(s), with the arc-lenght parameter s,,,, be Bishop Darboux spherical indica-
trix of the timelike curve a(s). By differentiating a.,,, we get

Let unit Darboux vector wg = , wo = )y (here p = F1).

dow, _  dwo
ds  ds
N dSw, _
woqgs 0

and derivative of wgy can be calculated as
wp = (ko) =0,

here wq is constant.
Result: Since wy is constant, tangent vector of Bishop Darboux spherical indicatrix is zero.

5 Darboux Helices

€

Definition 5.1: Let a = a(s) be a unit speed timelike curve in R} with -2 # 0 everywhere
€1

with nonzero curvature and &1 and &5 in R$. If unit Darboux vector of o = a(s) makes constant

angle a fixed direction d, then we say that a = a(s) is Darboux helix.
Let a = a(s) be a unit speed timelike curve in R. We define the Darboux vector w from

Theorem 3.1.1 w = —&1§)s. If we take norm the Darboux vector, we find
lw[| = €1
ISSN: 2153-8301 Prespacetime Journal WwWw.prespacetime.com

Published by QuantumDream, Inc.



Prespacetime Journal | March 2018 | Volume 9 | Issue 3 | pp. 232 — 244 238
Saval, U. Z., & Yilmaz, S., The Darboux Rotation Axis & Special Curves According to Rotation Minimizing
Frame in Minkowski 3-Space

and wAQ =Q, wAQ=Q,, wAB =B\
Now we write the unit Bishop Darboux vector wy;

wo = pf (here p = F1).

or

wp = cosh(0)Qs.

If we take wg as unit vector, then it defines a curve on the Lorentzian sphere H?2.

If we called the spherical image as 5. 3(s«) = w(s) = —e1€2 where s, parameter of 3.
g dB ds.
ds  ds, ds

By taking the derivative on the both sides with respect to s, we can write

@_dﬁ‘ds*

— = —£'0
ds ds. ds 132
SO p
. S,
T =Tg - =-Q 5.1
B="Ts 2 (5.1)
ds, , .
where i —e'. Now, we will find curvature xg of the curve [3(s,)
rg = ||8"]] = |18

Hence by taking the derivative equation (5.1) with respect to s. We have

Ty= Ts- G =—eB (5.2)
Since, we express
. -
o =[] -2 -
1

Hence by using the equations (5.2) and (5.3), we have the principal normal
Ng = —&B (5.4)
By the cross product of Tg A Ng, we obtain the binormal vector field
Bg = &\ (5.5)
Theorem 5.2 Let « is a regular curve with type-2 Bishop curvature 1 # 0 and g2 # 0. «
is a general helix if and only if type-2 Bishop curvature of the curve satisfy
2

€1

2
W( )‘ = constant

€1
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Proof: Let a: I — R} be regular timelike curve. Moreover the Frenet curvature of « are
k,7 and Bishop curvature of «v are €1, 2. From equations (2.7) and (2.9) we get

K= (argtanhgﬁ)‘ and 7 =/|e3 — €3
€1
6% £9

T T
therefore we can calculate that — = )'. If the « is general helix < — =constant.
K K

ERERE
This completes the proof.

Corollary: The rotation motion of the Darboux axis can be separated into two rotation
motions again. Here w rotation vector is adulation of the rotation vector of the rotation motion.
When continued in the similar way, the rotation motion of the Darboux axis is done in a con-
secutive manner. In this way the series of Darboux vectors are obtained. That is wy = w, w1, ...

Theorem 5.3 Let a is a Darboux helix. If < B, d > is constant, then « is a general helix.

Proof: We first assume that « is a Darboux helix. Let be d the vector field such that the
function, < B,d >= c is constant. There exists k; and ko such that

d=Fki11 + k2Q9 + cB. (56)
Then if we take the derivative of the equation (5.6) and using Bishop equations, we have

d = (k"l + 661)91 + (k‘IQ + C€2)Q2
— (k161 + kQ&“Q)B.

Since the system {€Q1,Q9, B} is linear independent, we get

kll +ce1 = 0
ky +cea =0 (5.7)
kie1 + kogo =0

So, from equation (5.6) and equations (5.7)1, (5.7)s, respectively

ki =—2ko
(5.8)
<d,d>= —k? + k3 + 2.
substituting equation (5.8)1in the equation (5.1.8)2 we have
o\ 2
- (2> k3 + k3 + ¢ = const. (5.9)
€1
or we arrangement to (5.9) we obtain
[ — (5.10)

Taking the derivative in each part of the equation (5.10) and by using equation (5.8)2, we obtain

el-e9-c g9

ky = ——L1E2°° (52 (5.11)
2 2)3/2
(51 - 52) °1
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substituting equation (5.11) to equation (5.7)2, so we get

6% €9

2 2)3/2(5

)! = constant, (5.12)
(e <3

from theorem 5.2, « is a general helix. This proof is completed.
Theorem 5.4: Let « is a Darboux helix. If < B, d > is constant, then curvatures 1 and €5
of the timelike curve « satisfy the following non-linear equation system

| |
& +C . 5120 and & +C . 6220
ei-¢3 ei-€3

where ¢ # 0, ¢ € R, (e — &3) # 0.
Proof: Since « is a Darboux helix, the axis of the «

d Qo+ cB (5.13)

C- &9 0 c-&1
pu— 1 J—

Vet —e3 Vet +e3
where €1 and g9 are curvatures of a according to type-2 Bishop frame. Taking derivative in each
part of the equation (5.6), we get

|
c-£&1 c.e
it S - e
2-e5

|
C- &9
€1-¢3

Since the {21, Q2} is linear independent, thus in equation (5.14) we have (

Q- Qy=0. (5.14)

|
—&
% +C'€]_ :O
VET + €5

|
and Y S + c . €9 = 0 , where
Vet +e3

(e3—¢3) #0and ¢ #0, c € R.

5.1 Constant Precession of the Curve

A unit constant precession of the curve is defined by the property that its Bishop Darboux
vector revolves about fixed line is a space with angle and constant speed. A curve of constant
precession is characterized by having

£1(s) = wsin(u(s))
ea(s) = @ cos(u(s))

where w > 0 and p are constant [11].
Recall that centroid axis of  the Bishop frame is given by

€2 €1
d=——F+—————-O01 4+ ———=09 4+ cB and
2 2 /-2 2
w
d=——+cB (6.1)
]l
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where w = —£1Q from equation (6.1)
lwld = w + [lwl[cB
by taking @ = ||lw|| = /€7 — €3 , wd = § and wc = &, we have
0 =w+EB.

If we take ||w|| =constant, Darboux helix is constant precession.
. . . . €2 .
Theorem 6.1 Let « is a timelike curve in R‘rf . We assume that —2 is not constant, where £

€1
and e2 Bishop curvature of . Then « is general helix if and only if « is Darboux helix.
Proof: We assume that « is a general helix. From theorem 5.2 we can easy write o(s) =

2

(E%_gég)w@f)', similarly if the curve a is Darboux helix from theorem 5.2

z’:‘% £9

7 Tt

)! = constant.

Consequently, we have o(s) - 0*(s) = constant

o(s) = constant < o*(s) = constant.

6 Example

In this section,we illustrate one example of Frenet frame and new spherical images in R3.

Example 7.1: Next, let us consider the following unit speed timelike curve a(s) of R} by
o = a(s) = (v/2s, In(sec h(s)), arctan(sinh(s)). It is rendered in figure 1.

And this curves’s curvature and torsion functions are expressed as in R}

{ k(s) =sech(s), 7(s)=—+2sech(s)

The Serret-Frenet frame of the o = a(s) may be written by the aid Mathematical program
as follows

= (v/2, —tanh(s), sech(s)),

(0, —sech(s), — tanh(s)),
= (1, -v/2tanh(s), v2sech(s)),
0(s) =§ sec h(s)ds = arctan(sinh(s))
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Using transformation matrix equation (2.6) we get {21, Q2, B} type-2 Bishop frame of o = «(s).
sinh(arctan(sinh(s))) sinh(s)- cosh(arctan(sinh(s)))
cosh(s) ’
_ sinh(arctan(sinh(s))) 4 cosh(arctan(sinh(s))) sinh(s))
cosh(s) ’

Q1 =(-v/2 sinh(arctan(sinh(s))),

cosh(arctan(sinh(s))) sinh(s)- sinh(arctan(sinh(s)))

Q2=(-v/2 cosh(arctan(sinh(s))),

cosh(s) ’
_ cosh(arctan(sinh(s))) + sinh(arctan(sinh(s))) sinh(s))
cosh(s) ’
B=(1, -v/2tanh(s), v/2sech(s))
12
0.5
0.4
0 ,
40208 4 00
Figure 1

Darboux vector see figure 2 , Darboux helix is colored with red for ; = 1 and colored with
navy pu = —1 see figure 3
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