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Abstract 

Paule-Schneider applied the Mathematica package Sigma and the Zeilberger’s algorithm to find 

interesting identities for harmonic numbers; here we exhibit elementary proofs for some of those 

identities. 
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1. Introduction 

 

Paule-Schneider [1] used the Mathematica package Sigma [2] and the Zeilberger’s algorithm [3, 

4] to find the following identities for harmonic numbers [5, 6]: 

 

          ∑ 𝐻𝑗
𝑛
𝑗=1 (

𝑛
𝑗 ) = 2𝑛 [ 𝐻𝑛 − ∑

1

𝑗 2𝑗
𝑛
𝑗=1  ],                         𝐻𝑛 ≡ ∑  

1

𝑘

𝑛
𝑘=1  ,                               (1) 

 

                 ∑ 𝑗𝑛
𝑗=1 𝐻𝑗 (

𝑛
𝑗 ) = −

1

2
+ 2𝑛−1 [1 + 𝑛 𝐻𝑛 − 𝑛 ∑

1

𝑗 2𝑗 𝑛
𝑗=1 ],                                         (2) 

 

                      ∑  𝐻𝑗
𝑛
𝑗=1 (

𝑛
𝑗 )

2

= [2 𝐻𝑛 − 𝐻2𝑛 ] (
2𝑛
𝑛

),                                                       (3) 

 

                 ∑  𝑗𝑛
𝑗=1 𝐻𝑗 (

𝑛
𝑗 )

2

=
1

4
[1 + 4𝑛 𝐻𝑛 − 2𝑛 𝐻2𝑛 ] (

2𝑛
𝑛

).                                              (4) 

 

Here we employ known relations to give elementary proofs of these interesting identities. 

 

 

2. Proofs of (1) and (2) 

 

We have the expressions [7]: 

                                                 
*
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                             𝐻𝑗 = ∑  (
𝑗
𝑞

) 
𝑗
𝑞=1

(−1)𝑞+1

𝑞
 ,                                                         (5) 

 

      (
𝑛
𝑗 ) (

𝑗
𝑞

) = (
𝑛
𝑞) (

𝑛 − 𝑞
𝑗 − 𝑞 ) ,                 ∑ (

𝑛 − 𝑞
𝑗 − 𝑞 )𝑛

𝑗=𝑞 = 2𝑛−𝑞 ,                             (6) 

and [8]: 

 

  ∑ (
𝑛
𝑞) 𝑛

𝑞=1
(𝑥−1)𝑞

𝑞
= ∑  

𝑥𝑞

𝑞

𝑛
𝑞=1 − 𝐻𝑛  

𝑥 =
1

2
⟶   ∑ (

𝑛
𝑞) 𝑛

𝑞=1
(−1)𝑞+1

𝑞∙ 2𝑞 = 𝐻𝑛 − ∑  
1

𝑞∙ 2𝑞
𝑛
𝑞=1  ,             (7) 

then: 

 

∑  𝐻𝑗

𝑛

𝑗=1

(
𝑛
𝑗 )  

(5)
=   ∑  

(−1)𝑞+1 

𝑞

𝑛

𝑞=1

∑  (
𝑛
𝑗 )

𝑛

𝑗=𝑞

(
𝑗
𝑞

)  
(6)
=   ∑ (

𝑛
𝑞)

𝑛

𝑞=1 

 
(−1)𝑞+1

𝑞
 ∑ (

𝑛 − 𝑞
𝑗 − 𝑞 )

𝑛

𝑗=𝑞

, 

 

                                    
(6)
=   2𝑛  ∑  (

𝑛
𝑞)𝑛

𝑞=1  
(−1)𝑞+1

𝑞∙2𝑞   
(7)
=   identity (1),  q.e.d. 

 

It is simple to show the relations: 

 

                      ∑ 𝑗𝑛
𝑗=𝑞 (

𝑛 − 𝑞
𝑗 − 𝑞 ) =

1

2
 (𝑛 + 𝑞) 2𝑛−𝑞 ,                                                 (8) 

 

                         ∑ (
𝑛
𝑞) 𝑛

𝑞=1
(−1)𝑞+1

2𝑞 = 1 −
1

2𝑛 ,                                                     (9) 

therefore: 

 

∑ 𝑗

𝑛

𝑗=1 

𝐻𝑗 (
𝑛
𝑗 )  

(5, 6)
=  ∑  (

𝑛
𝑞)

𝑛

𝑞=1

 
(−1)𝑞+1

𝑞
 ∑ 𝑗

𝑛

𝑗=𝑞 

(
𝑛 − 𝑞
𝑗 − 𝑞 ) , 

 

(8)
=   2𝑛−1  [𝑛 ∑ (

𝑛
𝑞) 𝑛

𝑞=1 
(−1)𝑞+1

𝑞∙2𝑞
+ ∑ (

𝑛
𝑞) 𝑛

𝑞=1
(−1)𝑞+1

2𝑞
 ]   

(7, 9)
=   identity (2),  q.e.d. 

 

 

 

 

 

 

 



Prespacetime Journal| December | Volume 8 | Issue 12 | pp. 1373-1376 
Guerrero-Moreno, I., López-Bonilla, J. & López-Vázquez, R., Paule-Schneider’s Identities for Harmonic Numbers 

 

ISSN: 2153-8301 Prespacetime Journal 
Published by QuantumDream, Inc. 

www.prespacetime.com 

 

1375 

3. Proof of (3) 
 

We know the expressions [7]: 

 

∑ (
𝑛 − 𝑞

𝑘
)𝑛−𝑞 

𝑘=0 (
𝑦

𝑘 + 𝑞) = (
𝑛 − 𝑞 + 𝑦

𝑛
)

𝑦 = 𝑛
⟶    ∑ (

𝑛 − 𝑞
𝑘

)𝑛−𝑞 
𝑘=0 (

𝑛
𝑘 + 𝑞) = (

2𝑛 − 𝑞
𝑛

) ,           (10) 

 

∑ (−1)𝑞𝑘
𝑞=0 (

𝑘
𝑞

) (
𝑦 − 𝑞

𝑗 ) = (
𝑦 − 𝑘
𝑗 − 𝑘

) 

𝑦 = 2𝑛
⟶

𝑗 = 𝑛
∑  (−1)𝑞𝑘

𝑞=0 (
𝑘
𝑞

) (
2𝑛 − 𝑞

𝑛
) = (

2𝑛 − 𝑘
𝑛 − 𝑘

) ,          (11) 

 

besides [9, 10]: 

                           
1

𝑞
 (

𝑛
𝑞) = ∑  

1

𝑘

𝑛
𝑘=𝑞  (

𝑘
𝑞

),                                                        (12) 

and [11]: 

            (𝐻2𝑛 − 𝐻𝑛) (
2𝑛
𝑛

) = ∑  
1

2𝑛−𝑟
2𝑛−1
𝑟=𝑛  (

𝑟
𝑛

) = ∑  
1

𝑘

𝑛
𝑘=1  (

2𝑛 − 𝑘
𝑛 − 𝑘

) ,                        (13) 

thus: 

 

∑ 𝐻𝑗

𝑛 

𝑗=1 

(
𝑛
𝑗 )

2

  
(5)
=   ∑

(−1)𝑞+1

𝑞

𝑛

𝑞=1

 ∑ (
𝑛
𝑗 )

𝑛

𝑗=𝑞

(
𝑛
𝑗 ) (

𝑗
𝑞

)  
(6)
=   ∑ (

𝑛
𝑞)

𝑛

𝑞=1

(−1)𝑞+1

𝑞
 ∑  (

𝑛 − 𝑞
𝑘

)

𝑛−𝑞

𝑘=0

(
𝑛

𝑘 + 𝑞) , 

 

(10)
=   ∑  

(−1)𝑞+1

𝑞

𝑛

𝑞=1

 (
𝑛
𝑞) (

2𝑛 − 𝑞
𝑛

)  
(12)

=  ∑  
1

𝑘

𝑛

𝑘=1

 ∑  (−1)𝑞+1

𝑘

𝑞=1

(
𝑘
𝑞

) (
2𝑛 − 𝑞

𝑛
), 

= ∑
1

𝑘

𝑛

𝑘=1 

 [ (
2𝑛
𝑛

) − ∑  (−1)𝑞

𝑘

𝑞=0

(
𝑘
𝑞

) (
2𝑛 − 𝑞

𝑛
) ] = 𝐻𝑛 (

2𝑛
𝑛

) − ∑
1

𝑘

𝑛

𝑘=1 

 ∑  (−1)𝑞

𝑘

𝑞=0

(
𝑘
𝑞

) (
2𝑛 − 𝑞

𝑛
), 

 

           
(11)

=    (
2𝑛
𝑛

) 𝐻𝑛 − ∑
1

𝑘

𝑛
𝑘=1  (

2𝑛 − 𝑘
𝑛 − 𝑘

)   
(13)

=    identity (3),  q.e.d. 

 

A similar process allows show (4) but we do not give here.  
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