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Abstract 

We exhibit an elementary deduction of Boyadzhiev’s formula which turns power series into 

series of functions. 

 

Keywords: Stirling numbers, Euler operator, Dobinski’s relation, Bell numbers. 

 

 

1. Introduction 

 

Boyadzhiev [1, 2] obtained the expression: 

 

                𝑄 ≡ ∑
𝑓(𝑘)(0)

𝑘!

∞
𝑘=0   ∑  𝑆𝑘

[𝑗]𝑘
𝑗=0  𝑥𝑗  𝑔(𝑗)(𝑥) = ∑  

𝑔(𝑟)(0)

𝑟!
∞
𝑟=0  𝑓(𝑟) 𝑥𝑟 ,                           (1) 

 

where 𝑓(𝑧) is an entire function, 𝑆𝑘
[𝑗]

 are the Stirling numbers of the second kind [3, 4],  𝑔(𝑧) is 

an analytic function in a region around the origin, and 𝑥 belongs to this region. We observe that 

(1) turns power series into series of functions. 

 

In Sec. 2 we give an elementary proof of (1) and we noted that it implies the identities of 

Quaintance-Gould [3] and Dobinski [3, 5, 6]. 

 

 

2. Boyadzhiev’s formula 

 

We know the following property satisfied by the Euler’s operator  𝑥
𝑑

𝑑𝑥
  [1-3, 6-10]: 

 

                            (𝑥
𝑑

𝑑𝑥
)𝑚 ℎ(𝑥) = ∑  𝑆𝑚

[𝑗]𝑚
𝑗=0  𝑥𝑗  ℎ(𝑗)(𝑥),                                              (2) 

then: 

               𝑄  
(2)
=   ∑  

𝑓(𝑘)(0)

𝑘!

∞
𝑘=0  (𝑥

𝑑

𝑑𝑥
)𝑘 𝑔(𝑥) = ∑  

𝑔(𝑟)(0)

𝑟!
∞
𝑟=0  ∑  

𝑓(𝑘)(0)

𝑘!

∞
𝑘=0  (𝑥

𝑑

𝑑𝑥
)𝑘 𝑥𝑟 ,                  (3) 
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but from (2): 

                                              (𝑥
𝑑

𝑑𝑥
)𝑘 𝑥𝑟 = ∑  𝑆𝑘

[𝑗]𝑘
𝑗=0 𝑥𝑗  

𝑑𝑗𝑥𝑟

𝑑𝑥𝑗
= 𝑟! ∑ 𝑆𝑘

[𝑗]
 𝑘

𝑗=0 
𝑥𝑟

(𝑟−𝑗)!
 , 

thus (3) implies: 

 

𝑄 = ∑  
𝑔(𝑟)(0)

𝑟!
 ∞

𝑟=0 𝑥𝑟  ∑  
𝑓(𝑘)(0)

𝑘!

∞
𝑘=0  ∑  (

𝑟
𝑗)𝑘

𝑗=0 𝑗!  𝑆𝑘
[𝑗]

= ∑  
𝑔(𝑟)(0)

𝑟!
∞
𝑟=0  𝑥𝑟  ∑  

𝑓(𝑘)(0)

𝑘!

∞
𝑘=0  𝑟𝑘,        (4) 

 

where was applied the relation [3, 11]: 

                                     ∑  𝑗!𝑘
𝑗=0  (

𝑟
𝑗) 𝑆𝑘

[𝑗]
= 𝑟𝑘.                                              (5) 

 

The entire function  𝑓(𝑥) accepts expansion in Taylor’s series, therefore  

𝑓(𝑟) = ∑  
𝑓(𝑘)(0)

𝑘!

∞
𝑘=0  𝑟𝑘,  hence (4) coincides with (1), q.e.d. 

 

If in (1) we employ  𝑔(𝑥) = 𝑒𝑥 and the expression [3]: 

 

                            𝑆𝑘
[𝑗]

=
1

𝑗!
 ∑  (−1)𝑟𝑗

𝑟=0 (
𝑗
𝑟

) (𝑗 − 𝑟)𝑘 ,                                         (6) 

 

we obtain the identity of Quaintance-Gould [3]: 

 

           ∑
𝑥𝑗

𝑗!

𝑛
𝑗=0    ∑  (−1)𝑟𝑗

𝑟=0 (
𝑗
𝑟

) 𝑓(𝑗 − 𝑟) = 𝑒−𝑥  ∑  
𝑓(𝑘)

𝑘!

∞
𝑘=0  𝑥𝑘  ,     ∀ 𝑥,                     (7) 

 

where 𝑓(𝑥) is a polynomial of degree 𝑛. For the special case  𝑓(𝑥) = 𝑥𝑛 the result (7) gives the 

Dobinski’s formula [3, 5, 6]: 

                                𝑒−𝑥  ∑  
𝑘𝑛

𝑘!
 ∞

𝑘=0 𝑥𝑘 = ∑  𝑆𝑛
[𝑗]𝑛

𝑗=0  𝑥𝑗  ,                                         (8) 

 

which for  𝑥 = 1 implies the known relation for the Bell numbers [3, 12-14]: 

 

       𝐵(𝑛) ≡ ∑  𝑆𝑛
[𝑗]𝑛

𝑗=0 =
1

𝑒
 ∑  

𝑘𝑛

𝑘!

∞
𝑘=0  . 
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