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Abstract
In this paper we study the Einstein’s field equations with variable gravitational and

I “"

cosmological “constants” for a spatially homogeneous and anisotropic Bianchi type-l space
time. To study the transit behaviour of universe, we consider a law of variation of scale factor
which yields a constant value of deceleration parameter comprising a class of models that
depicts a transition of the universe from the early decelerated phase to the recent accelerating
phase. Cosmological models admitting binary mixture of perfect fluid and dark energy. The

physical significance of the cosmological models are also discussed.

Keywords: Anisotropic universe, dark energy, perfect fluid, variable cosmological term,
chaplygin gas.

1. Introduction

The gravitational constant G and cosmological constant A are considered to be fundamental
constants in Einstein’s theory of gravity. The Newtonian constant of gravitation G plays an
important role between geometry of space and matter in Einstein’s field equations. The
investigation of relativistic cosmological models usually has the energy momentum tensor of
matter generated by a perfect fluid. High precision data from type la supernova, the cosmic
microwave background and large scale structure which seems to hint the universe is presently
dominated by an unknown form of energy, that is known as dark energy [1-7]. One of the
obvious contender for the role of dark energy is Einstein’s cosmological constant; whereas
particle physics have failed to predict the correct density. Astrophysical observations indicate
that the accelerated expansion of the universe is driven by exotic energy with large negative
pressure which is known as dark energy [8].

Another candidate for the dark energy density has been used by Kamenshchik [9] purposed the
use of perfect fluid with an exotic equation of state called as Chaplygin gas. Earlier researchers
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on this topic are Saha [10] , Setare [11] , Setare[12] , Malekjani[13] , Jamil , M.[14] , Sheykhi ,
A.[15] ,Setare [16] .Some of the recent discussions on the cosmological constant problems have
been studied by Dolgov [17,18] , Tsagas and Maartens [19] , Sahani and Starobinsky [20] ,
Padmnabham [21,22] , Vishwakarma [23-26] and Pradhan et al [27-31]. Solving Einstein
equations for a Bl universe in the presence of dust, stiff matter and cosmological constant are
reported in [32, 33]. A variety of cosmological models with varying A term have been tested by
researchers to overcome these cosmological puzzles and to explore the accelerating behavior
of the universe R.K. Tiwari et.al [34-39]. Among the anisotropic Bianchi Models, Bianchi type-I
cosmological models are the simplest anisotropic universe models which are the generalization
of FRW models.

In this paper we have investigated Bl cosmological model with variable gravitational and
cosmological constant in the presence of perfect fluid in an expanding universe. The Einstein
field equation is solved in the homogeneous and anisotropic space time.

2. Solution of the field equation
The Bl cosmological model is given as

ds® = —dt® + A%dx? + B°dy* + C°dz’, (1)
where, A, B, C, are only functions of time, t.

The Einstein’s field equations with G and A is

1
R; B Rg; =—-82GT; + Ag; (2)

where Rij is the Ricci tensor and R is the scalar curvature.

The distribution of matter in the space-time consists of a perfect fluid given by the energy
momentum tensor

Ty = (,0"‘ p)ViVj + Pg; (3)
where v, is the four-velocity vector satisfying

vy =-1 (4)
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Here P is the total energy of perfect fluid and dark energy and p is the corresponding pressure.
The Einstein field equations from the Bl space time as

B C BC
871Gp—A=————— =
P B C BC )
A C AC
821G —A =————— Ly
P A C AC (©)
B A AB
82Gp—A=————— =
P B A AB )

AC CB

872Gp+/\=ﬁ+—+—,
AB AC CB

(8)

where over-dot means differentiation with respect to t. We can obtain the Hubble parameter
as

Holg-1[A B, C) 2 (©)
A B C) a

where a=(ABC)}/3 and a is the scale factor and @ = U;JJ- is the scalar expansion. The

deceleration parameter (q) is related to H as

d(1 H
q:a(ﬁ]‘lz‘l‘w 10

The deceleration parameter is negative for an accelerating and positive for decelerating phase
of universe. It is defined the shear scalar oy; as [35]

Oij =Vij +%(Vi:kvkvj +Vj;kaVi)+%9(gij +ViVi)’ (11)

By using equations (1) and (11), we obtain
1(AY (BY (¢)| 1
cl=Z||=| +|=| +|=| |-=6? (12)
2/ A B C 6
Using equations (5) - (8), we find
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3H?*=81Gp+c° +A
H?(29-1)=82Gp+0c° - A

Eliminating p and A from equations (5) - (7), we find

SANL 4 A

O ] - A

and by integrating equations (15) and (16), we get

A B_ |
A B ABC
d 5 ¢,
n —_—— =
@ B C ABC

where |, and |, are the integration constants.
On account of equations (17), (18) and (12), o is derived as

2 2 2
; _li+ly+ll, b

3a° 3a°

o)

where b? =17 +12 +1,1,. Equation (19) implies that
+3Ho =0.
From equation (13), we obtain

o’ 82Gp A
2 =1- 2 2
3H 3H 3H

=1-0-0Q,

1137

(13)

(14)

(15)

(16)

(17)

(18)

(19)

(20)

(21)

where Q:p/pc and Q, = p,/p. are the total density parameter and cosmological

constant density parameter. Here p, =3H 2/87zG and p, =A/87G are the critical density and

cosmological constant density. For p=0, equation (14) gives
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2

A o
CEEANE 2
Putting equation (22) into equation (21) gives
2 o?
Q=S{g+1-— 23
3 (q H j (23)

If the space time is isotropic, o =0, we observe that in an anisotropic space time value of total
density parameter Q is smaller in comparison to its value in the isotropic space. The
deceleration parameter is constant

i.e., q=k (24)
where k is a constant.

Let us consider a universe with power law
a = [k (k +1) +k, <+
Put, [k (k +1)t+k,]=T , we get

a=T/ (25)

Hubble parameter H and shear scalar o, for this model are given by

a 1
H = g = W (26)
b2
f= (27)
¢ 3(T)4+1

we see at the beginning of the universe o’ is very large which indicates that the universe is
very anisotropic at the early time and when time is growing the shear tensor tends to zero
which shows that the anisotropic parameter is disappeared and the universe is isotropic at late
time.
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3. General non Linear Equation of State

The equation of state is defined as

p=awp-Ap’ (28)

where A>0, @ # —land 75 are the constants. The conventional energy conservation separated

‘. / ( / 177) O ( )
a

Inserting equation (25) into equation (29), we get

1+a)
p: +a) 77 1) (30)
A+Ca+mﬁ ket

Substituting equation (25) - (27) and (28), (30), (31) into equation (13) and (14) the gravitational

parameter G and cosmological constant A are given by

1 b
2 e
G (k +1)T}/ 3T - (31)
1+w " 1+w "
dr (1+60 (o) l) - A 3(1+0)(n l)
A+C(l+o)T kit A+Cl+o)T kil
o 1 p
3 b? (k+2T* g7
- 242 & (32)
(k+1°T?  g1%n . "
(1+ CO)— A 3(L+o)( 77—1)
A+C(l+o)T kst
and
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%—1 %—1

3 (1+ » 1+ w A 1+ w
(k+17T? A+C(l+ )T R A+C(l+ )T kR
Pe = 2 _E b2
and then we can obtain
2 B 2b?
2 6,
0= (k +1)T 3T A+1 77 (34)
3 l+ow
1+w)- A
(k+2)°T? tra) A+C(l+ )T N
2 _ 2b?
(k+1T2 37 %a b?(k +1)
Q, =1- ] T 42
3 1+ w
(k 4 1)2T 2 (1+ a))_ A 3(L+w)(n-1)
A+Cl+a@)T <2
(35)
4. Typical Example
4.1: For n = 2,the equation of state is written as
p=awp-Ap* (36)
o= l+o (37)
= 3(rw)
A+Cl+ )T e

where Cis the constant. From eq. (37) it can be seen that at the earlier time p tends to finite,
for o> -1 give p=(1+w)/A+C(l+ w)

The gravitational constant G and cosmological constant A are given by
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1 b?
2 o
G- (k+1T% 3T : (38)
47| (14 @ 1+w _A 1+w
A+C(1+a))I' K A+C(1+a>)|’ K
and
5 1 b?
A 3 b2 (k +1)T 2 3T %+l (39)
- (k +l)2'|'2 3T%+1 2
(1+a))_ 1+w
3(1+(o)/
A+Cl+a)T  /kn

For O<L<1, we have G —> o whenT =50 and for L:l and b? <1, we have
k+1 3 k+1 3

G o>+wand A > atT=0. For -1<w<1, G andAtends to zero as T — 0. The critical
density

2

3 ( l+w l+w

——l+w -A
(k+2)°T? A+C(1+a))l' e A+C(1+a))T3(1 e
pc - 2 _g b2
(k+2T%  31%x (40)
The total density parameter
2 2p
o) (k + 1)T 2 T %+1
- 2
(41)
(k+2)'T A+Cr o)
and
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2 2p?
(k +1)T? 37 %~ b2(k +1)°
QA =1-— > ] T472k
3 1+ w
(k N 1)2T 2 (1 + a)) —A 3(1+w)(n-1)
A+ClL+ )T K2

(42)
1 1 1 1
For -1<w<land ——== we get Q> and Q, »>—0 as T—>0. For — ==
k+1 3 k+1 3

inserting the value of Q and Q,, equation (21) becomes O'/H = \/§ the anisotropy does not

die out asymptotically. Also for —1<w <1 and ﬁz% we get Q—>0and Q, —>1as
+

T —> .

1 : N
4.2: For n =1+=, the equation of state is written as
n

1
14+~

p=awp—-Ap " (43)

where A and n are the polytropic constant and the polytropic index respectively. Here n>0
and —1< w <1, in this case

1+w

3(1+w)
A+C(L+o)T ke

p= (44)

where C is the integration constant and energy density is positive for an arbitrary number of 7.

3(l+o)
In the case of C(1+ a))T %(k”) =—A, we have p — «© and therefore the polytropic gas has

n(k+1)
finite time singularity at T = —(A/C(1+ a))) A(lw). In this type of singularity, at characteristic
time T, the energy density p — o and the pressure density |p| —> 0, is indicated by type Il

singularity.

The gravitational parameter G and cosmological constant A are given by
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1 b
(k+1)T?  3T%=
G = n n+l (45)
l+w l+ow
4r| (1+ o s, ~-A Sy,
A+Cl+o)r /" A+C{l+ )T /"l
) 1P
3 b? (k+DT2 7%
= 22 & el (46)
(k + 1) T 3T St =
(1+ a))— L a)3(l+ay
A+C(l+@)r /Nt
and
n+1
3 1+ w 1+ w
S (l+e - A
22 3(l+w) 3(1+w)
(k+2)'T A+C(l+ )T e A+C(l+ )T e
pc - 2 ~ g b2
(+JT?  37% )
and then we can obtain
2 2
O- (k + 1)T 2 3T %+1
) = (48)
3 1+ w
(1+w)-A
242 3(1+w)

Prespacetime Journal
Published by QuantumDream, Inc.

www.prespacetime.com



Prespacetime Journal| September 2017 | Volume 8 | Issue 9 | pp. 1134-1147 1144
Tiwari, R. K., Tiwari, A. K. S. & Mishra, V., A Cosmological Model with Varying G & A

2 . 2b®
(k+1)T2 37 % b?(k + 1)
Q/\ 1_ L_'—l - T472k
3 1+ w
(k—|—1)2T2 (1+a))_A 3+ w)(n-1)
A+CQl+ )T *a

(49)
1 1 1 1
For -1<w<land ——== we get Q> and Q, »>—0 as T—>0. For — ==
k+1 3 k+1 3

inserting the value of QO and Q,, equation (21) becomes O'/H = \/§ this anisotropy decrease

as the universe expands and this explains the present isotropy of the universe. Also for

-l<w<land ﬁ:% weget Q—>0and Q, »>1asT —> .
+

4.3: For n = —«a, the equation of state is written as

A
P=wp—-——/0-1 (50)
Yo,
1
(a+1)
o l+w
= 3 o)) (51)
A+C(l+ )T e
The gravitational parameter G and cosmological constant A are given by
1 B b?
2 %4—1
G- (k+1)T : 3T (52)
1 “(a+1) 1 a+l
+ W + o
4z (L+ @ Slolert); —A Srolert);
A+C(l+ )T () A+C(L+ )T ()
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2
2{ 1 . b6 }
3 b? (k+1T2  37%a
A= (k+1°T2 g7%a @ (53)
1+ w
(1+a))—

—3(l+w)(a+1)
A+C(l+o)T Yo

and

a+l a+l

l+ow l+o
—3(1+e)(a+1) —3(1+o)(a+1)
A+C(l+o)T e A+C(l+o)T e

3

—— 1+
w+n%2( ©

Pe = 2 2 p?

(k +1)T2 _gT%H

(54)
and then we can obtain
2 2
O- (k +1)T 2 3T %+l
3 1+ o
T (l+w)- A
(k + 1)2_|_ 2 —3(1+a))(a+%+1)
A+C(l+o)T (55)
and
2 2p’ }
o -1 (k+1)T2 371 %n b2(k + 1)
AT T o] T 42K
3 1+w
(k+17T? 1+w)- A Sare) e
A+CLl+@)T  *1
(56)
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For b? <1 and L=l we obtain G and A >was T —->0. At T —> 00, G and A tend to

k+1 3

zero. Also Q—>owand Q, >—0asT—>0Q—>0. For -1<w<1 and ﬁz% we get
+

Q—>0and Q, »>1asT —>o.

5. Conclusion

We have studied Einstein’s field equations for Bianchi type | cosmological models with variable
G and A in presence of perfect fluid and dark energy. We have derived power law and energy
density solution, all of which isotropize at late time. The EoS parameters of the chaplygin gas in
anisotropic universe were obtained. It was observed that if b? < 0, total density parameter and
cosmological constant density parameter in anisotropic universe are larger than the O and Q,
in FRW space time, while the vice versa needs 0 <b? <1. We calculated the deceleration
parameter (q), obtained the decelerated and an accelerated phases of the expansion of the
universe in Chaplygin gas model and shows that this model corresponds to an accelerated
universe.
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