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Abstract
We employ the Gauss hypergeometric function to study the Murphy’s combinatorial identity.
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1. Introduction

Here we consider the expression:

omm =T, -0F () (“F™), mn=01,.; (1)

Murphy [1, 2] proved that:
Q(m,n) =0, 0<m<n, 2)

and Quaintance-Gould [3] give the value:
Q(n,n) = (-1, n = 0. 3)
In Sec. 2 we show that in the general case [4]:
m
— (_1\n
Qmn) = (-1 (7), )

hence the results (2) and (3) are evident from (4).
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2. Murphy’s identity
From (1):
omm =Tgote, =0 () (7).

m

tke1 _ (k—m)(k+m+1)
tk - (k+1)2

thus , then:

'(n-m)
n!T(-m) ’ (5)

Q(m,n) = ,F;(—mn,m + 1;1;1) =
where was applied the Chu-Vandermonde’s identity [5]; the relation (5) implies the values (2)
and (3).

If m > n, the expression (5) acquires the form [N = m —n = 0]:

[6]
I(-N .
Q(m,n) = #_;) = equation (4), g.e.d.

We emphasize that (4) is valid V. m,n > 0. The present study of the Murphy’s combinatorial
identity exhibits the important participation of Gauss hypergeometric function ,F; and of the
Euler’s gamma function. The property (2) is useful to prove the orthogonality of Laguerre
polynomials L, (x)[1, 2].
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