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Abstract

We give an elementary proof of Roman’s identity between the Stirling numbers of the second
kind and the Bernoulli polynomials.
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1. Introduction

We use the relation:

k-1] _ D* on D Gl
Spo1 = n(k—-1)! “J=k j_g+1 Sn

n=>1 1<k<n, 1)

[r

where Sm] represents a Stirling number of the second kind [1-4], to prove the Roman’s identity
[5, 6]:
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with the participation of the Bernoulli polynomials B, (x) [3, 7], and the corresponding Bernoulli
numbers are given by B,, = B,,(0).
2. Roman’s expression

First we shall show that (1) implies the formula:
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in fact, we can employ the relation [8]:
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to obtain:
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by the convolution formula for Stirling numbers [3],
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hence (3) is correct.

Now in (3) we apply the Euler’s expression [1, 3]:
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then:
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but we have the known relationship between the numbers and polynomials of Bernoulli:

m

") B (7)

Bn(x) = Xyt

therefore (6) implies the Roman’s identity (2).

3. Bernoulli numbers

We may write (2) in the form:

k 1 k+1 . )

then from (4):
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where H,, =1+ % + -+ % is a harmonic number [1, 4, 9], besides [10]:

m (1) _1m :
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therefore (8) gives the relation:
n (-1J M .
Hy By +nBy1=—2j ] (j)Bn(])' nz=l, (10)
that is:
n -nB,_4, n=3,57,..
1
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—-H,B,, n=4,6,8, ...
here let’s remember that B, =1, B; = —% and B, = %.
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