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Abstract 

The Lagrangian associated to  𝑝(𝑥)𝑦′′ + 𝑞(𝑥)𝑦′ + 𝑟(𝑥)𝑦 = 0  accepts a variational symmetry 

which allows one to obtain the complete solution of this differential equation if we know one 

solution for the corresponding homogeneous equation. 
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1. Introduction 

 

We study the differential equation: 

 

                                     𝑝(𝑥) 𝑦′′ +  𝑞(𝑥) 𝑦′ +  𝑟(𝑥) 𝑦 =  𝜙,                                                        (1)   

 

if we know the solution 𝑦1(𝑥) of its homogeneous equation: 

 

                                     𝑝 𝑦1
′′ +  𝑞 𝑦1

′ +  𝑟 𝑦1 =  0;                                                                (2)    

 

the relation (1) is the Euler-Lagrange expression of the variational principle  𝛿 ∫ 𝐿
𝑥2

𝑥1
𝑑𝑥 = 0, 

such that: 

 

                              𝐿 = (𝑦′2
−

𝑟

𝑝
𝑦2 +

2𝜙

𝑝
 𝑦) exp (∫

𝑞(𝜉)

𝑝(𝜉)
 𝑑𝜉

𝑥
).                                                 (3) 

 

   In Sec. 2 we show that the infinitesimal transformation:    

 

                                     𝑦̃(𝑥) = 𝑦(𝑥) + 𝜀 𝑦1(𝑥),        𝜀 ≪ 1,                                                        (4)    

 

is a symmetry of the Lagrangian (3), which leads to the general solution of (1). 
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2. Variational symmetry  

 

   We employ (4) into (3) to deduce: 

 

   𝐿̃ = 𝐿 +
𝑑

𝑑𝑥
[2𝜀 𝑦 𝑦1

′ exp (∫
𝑞

𝑝

𝑥 
 𝑑𝜉)] −

2𝜀

𝑝
𝑦 (𝑝𝑦1

′′ + 𝑞𝑦1
′ + 𝑟𝑦1) exp (∫

𝑞

𝑝

𝑥 
 𝑑𝜉) + 2𝜀 𝐴,    

 

with: 

                                              𝐴 ≡
𝑦1

𝑝
 𝜙 exp (∫

𝑞

𝑝

𝑥 
 𝑑𝜉),                                                        (5) 

then from (2): 

                          𝐿̃ = 𝐿 +
𝑑

𝑑𝑥
[2𝜀 𝑦 𝑦1

′ exp (∫
𝑞

𝑝

𝑥 
 𝑑𝜉)] + 2𝜀 𝐴,                                          (6) 

 

which represents a variational symmetry if  𝐴  is an exact derivative. 

   In fact, the analysis of 𝐴 suggests multiply (1) by  
𝑦1

𝑝
exp (∫

𝑞

𝑝

𝑥
 𝑑𝜉), thus we obtain the 

interesting relation: 

 

                
𝑑

𝑑𝑥
[(𝑦1𝑦′ − 𝑦1

′  𝑦) exp (∫
𝑞

𝑝

𝑥 
 𝑑𝜉)] =

𝑦1

𝑝
 𝜙 exp (∫

𝑞

𝑝

𝑥 
 𝑑𝜉),                              (7) 

 

therefore the transformation (4) is a symmetry of (3). From (7), two integrations imply the 

solution of the homogeneous equation: 

                                 𝑦2(𝑥) =  𝑦1(𝑥) ∫
𝑒

− ∫  
𝑞
𝑝

𝑑𝜉
𝜂

[𝑦1(𝜂)]2

𝑥 
𝑑𝜂,                                                      (8)  

 

and the particular solution:   

 

                   𝑦𝑝 = 𝑦2(𝑥) ∫
 𝑦1𝜙

𝑝

𝑥
𝑒

∫
𝑞

𝑝

𝑥 
𝑑𝜉

𝑑𝜂 − 𝑦1(𝑥) ∫
 𝑦2𝜙

𝑝

𝑥
𝑒

∫
𝑞

𝑝

𝑥 
𝑑𝜉

 𝑑𝜂,                                (9) 

 

in harmony with the Lagrange’s variation of parameters [1, 2]. 

 

We emphasize that (5) gives the factor  
𝑦1

𝑝
 exp (∫

𝑞

𝑝

𝑥 
 𝑑𝜉) to reduce (1) to an exact derivative, in 

complete agreement with [3, 4]. 
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