Prespacetime Journal| December 2016 | Volume 7 | Issue 15 | pp. 1974-1987 1974
Vinutha, T., Rao, V. U. M., Santhi, M. V., Aditya & Nigus, M. M., Bianchi Type-V Two-Fluid Dark Energy Cosmological Models in
Saez-Ballester Theory of Gravitation

Article

Bianchi Type-V Two-Fluid Dark Energy Cosmological
Models in Saez-Ballester Theory of Gravitation

T. Vinutha*, V. U. M. Rao, M. Vijaya Santhi, Y. Aditya & Molla Mengesha Nigus
Department of Applied Mathematics, Andhra University, Visakhapatnam, India-530003

Abstract

This paper deals with a spatially homogeneous and anisotropic Bianchi-V universe filled with
barotropic fluid and dark energy in the frame work of scalar tensor theory of gravitation
proposed by Saez and Ballester (1986). We consider both the cases when the dark energy is
minimally coupled to barotropic fluid as well as direct interaction with it. The exact solutions of
the corresponding field equations are obtained and also some important features of the models,
thus obtained, have been discussed in detail.
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1. Introduction

In the study of modern cosmology, we consider that the total energy density of the universe is
dominated by the densities of two components: the dark matter and the dark energy. The recent
observational data strongly motivate to study general properties of the cosmological models
containing more than one fluid. These universes are modeled with perfect fluids and with
mixtures of non interacting fluids under the assumption that there is no energy transfer among
the components. But, such scenarios are not confirmed by observational data. This motivates us
to study cosmological models containing fluids which interact with each other. In recent years
there has been immense interest in cosmological models with dark energy in general relativity
because of the fact that our observable universe is undergoing a phase of accelerated expansion,
which has been confirmed by several cosmological observations such as type la supernova by
several authors (Riess et al. 1998; Perlmutter et al. 1999). Caldwell (2002) and Huange (2006)
have discussed cosmic microwave background (CMB) anisotropy and Daniel et al. (2008) have
studied the large scale structure and strongly indicate that dark energy dominates the present
universe, causing cosmic acceleration. Based on these observations, cosmologists have accepted
the idea of dark energy, which is a fluid with negative pressure, making up around 70 % of the
present universe energy content to be responsible for this acceleration due to repulsive
gravitation.
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Cosmologists have proposed many candidates for dark energy to fit the current observations such
as cosmological constant, Tachyon, quintessence, phantom and so on. Evolution of the equation
of state (EoS) of dark energy w,, = p,./p, transfers from w, > -1 in the near past (quintessence

region) to w,, <-1 at recent stage (phantom region). Akarsu and Kilinc (2010), Yadav (2011),

Yadav and Yadav (2011), Pradhan et al. (2011a, b), Pradhan and Amirhashchi (2011) and Yadav
et al. (2011) have investigated different aspects of dark energy models in general relativity with
variable EoS parameter. The concept of dark energy was proposed for understanding this
currently accelerating expansion of the universe, and then its existence was confirmed by several
high precision observational experiments (Tegmark et al. 2004), especially the Wilkinson
Microwave Anisotropy Probe (WMAP) satellite experiment. The WMAP shows that dark energy
occupies about 73% of the energy of the universe, and dark matter about 23%. The usual baryon
matter, which can be described by our known particle theory, occupies only about 4% of the total
energy of the universe,

This motivates us to study cosmological models containing fluids which interact with each other.
Cataldo et al. (2008) have considered the simplest non-trivial cosmological scenarios for an
interacting mixture of two cosmic fluids described by power-law scale factors, i.e. the expansion
as a power-law in time. Whereas, an interacting and non-interacting two-fluid scenario for dark
energy in an FRW universe with constant deceleration parameter have been described by
Pradhan et al. (2011). Adhav et al. (2011) have investigated interacting cosmic fluids in LRS
Bianchi type-lI cosmological model. Saha et al. (2012) revisited two-fluid scenario for dark
energy models in an FRW universe investigated by Amirhashchi et al. (2011). Reddy and Santhi
Kumar (2013) have discussed two fluid scenario for dark energy model in a scalar-tensor theory
of gravitation. Amirhashchi et al. (2013) have studied interacting two-fluid viscous dark energy
models in a non-flat universe. Recently Rao et al. (2016) have discussed two-fluid scenario for
higher dimensional dark energy cosmological model in Saez-Ballester theory of gravitation

Saez and Ballester (1986) formulated a scalar-tensor theory of gravitation in which the metric is
coupled with a dimensionless scalar field in a simple manner. This coupling gives a satisfactory
description of the weak fields. In spite of the dimensionless character of the scalar field an
antigravity regime appears. This theory also suggests a possible way to solve missing matter
problem in non flat FRW cosmologies.

The field equations given by Saez- Ballester (1986) for the combined scalar and tensor fields
(using geometrized units with ¢ = 1, 8zG = 1) are

Gij — o r(¢,i¢,j _% gij¢,k¢'kj = _Tij (1.2)
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and the scalar field ¢ satisfies the equation
24" +1¢" ¢, 9" =0, (1.2)

1 : N .
where G; = R; _ERg” is an Einstein tensor, R is the scalar curvature, @ and I' are constants,

T.. is the stress energy tensor of the matter.

1)

The energy conservation equation is
TV =0. (L.3)

The study of cosmological models in the framework of scalar-tensor theories has been the active
area of research for the last few decades. In particular, Rao et al. (2007), Rao et al. (2008),
Katore et al. (2010), Rao et al. (2011), Pradhan et al. (2013), Reddy et al. (2014) and Rao &
Jayasudha (2015) are some of the authors who have investigated several aspects of the
cosmological models in Saez-Ballester (1986) scalar-tensor theory.

Bianchi type cosmological models are important in the sense that these are homogeneous and
anisotropic, from which the process of isotropization of the universe is studied through the
passage of time. Moreover, form the theoretical point of view anisotropic universe has a greater
generality than isotropic models. The simplicity of the field equations and relative ease of
solutions made Bianchi space times useful in constructing models of spatially homogeneous and
anisotropic cosmologies. Bianchi types V and VI1I;, represent the generalized open FRW models.

Motivated by above investigations, in this paper we will discuss Bianchi type-V space-time
filled with two fluids (barotropic and dark energy) in a scalar-tensor theory of gravitation
proposed by Saez-Ballester (1986) theory of gravitation. The paper is organized as follows, in
section 2 we discuss metric and field equations. In section 3 and 4, we obtained solutions for
interacting and non-interacting cosmological models respectively. In section 5, we discuss some
other important features of the obtained models. The last section contains some discussions and
conclusions.

2. Metric and field equations

We consider spatially homogeneous Bianchi type-V metric in the form

ds? = dt? —a,“dx® —e?*(a,’dy? + a,°dz?) (2.1)
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where @;, @, and d;are functions of time ‘t’ only and « is a constant.

The total energy momentum tensor for two fluids is given by
Tij =(po+ p)uiuj — PG; (2.2)

where p=p, + pPge and P =P, + Pq. Here p,, and p, are energy density and pressure of

barotropic fluid and p,, and p,, are energy density and pressure of dark fluid respectively, u'is
the four-velocity of the fluid satisfying the following condition,

giju'uJ =1 (233)
In a commoving coordinate system, we get
T'=T/=T)=-p , T,/ =p and T}=0for E| (2.4)

where the quantities p and P are functions of ‘t” only.

The field equations (1.1) for the metric (2.1) with the help of (2.2) to (2.4), can be written as

a® 4, d; aA,a8; @ ;)
e R R 28 4 = “W._ 0 +W
al2 a2 3.3 a2a3 2 ¢ ¢ mPm dePde (2.5)
2 .. .. < .
a a a o, .
_Z_ﬁ__s_a1 3+_¢ ¢2:mem+wdepde (2.6)
a” a a; aa; 2
a’ & & 4a, o
= -2_2_ +— =W_p_ +W
a‘12 a, a, aa, 2 ¢ ¢ mPm de Pde (2.7)
30° a3, da, Al o
>~ - - —— 9P =P~ P (2.8)
a, a, a,a; aa 2
Zaﬁ—aﬁ—a$:0 (2.9)
& a, as
. Ja a, a r .o
¢+¢[ﬁ+_2+_3]+_¢ =0 (2.10)
& 8 %) 29
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The conservation equation yields

: a | a _
'Om+3(1+Wm)pma+pde+3(1+Wde)pdea_o (2.11)

3. Non-interacting two -fluid model

Here we consider that two fluids do not interact with each other. Hence the general form of
conservation equation (2.11) leads us to write the conservation equations for the dark energy and
barotropic fluid separately as

P +3ﬁ(pm +Pp)=0 (3.1)
&
; 35i =0
and Pyt %fp%+p%%— (3.2)
The EoS parameter of barotropic fluid w,, is constant (Akarsu and Kilinc 2010),
e, w, = Pn =constant. (3.3)
Pnm

So, equation (3.1) is integrable, while w,, is a function of time.

In order to get a deterministic solution we take the following plausible physical condition, the
shear scalar o is proportional to scalar expansion@, which leads to the linear relationship
between the metric potentials a,and a,, i.e.,

a, =a, (3.4)

where a, and a,are metric potentials and n is positive constant.
2
From equation (2.9), we get a =Ca,a, ,

without loss of generality, by taking ¢, =1 , we get

2
& = a8 (3.5)
From equations (2.5), (2.6), (2.7) and (3.5), we get
d (3n +1j a,
—=+ —=0.
a, ( 2 )a, (36)

From equation (3.6), we get
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2
a, = (ct+¢,)°" (3.7)
1 3(n+1
where C, = 3(n2+ )kl and C; = ( > )kz.

k, , k,are constants of integration.

From equations (3.5) and (3.7), we get

2n
3(n+1
a, =(ct+c,) (n+D), (3.8)
From equations (3.4), (3.7) and (3.8) we get
1
a, = (Ct+¢,)3. (3.9)
From (2.10) we obtain the scalar field as
r+2
r+2)c,
$ 2 = %IOQ(CZH%) (3.10)
where ¢, is an integrating constant.
Now, the metric (2.1), in this case, can be written as
5 4n
ds? = dt? — (C,t +C,) 2 dx® —e 2[(c,t +c,) ("D gy?
4 (3.11)
+(c,t +¢,) 3D gz2]
From equation (3.3), (3.1) can be written as
=3(1+w,)
Pn = Pody (3.12)
where p, is an integrating constant.
Using (3.9) in (3.12), we get
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P = pPo(C,t+c,) ¢ (3.13)
From (3.3) and (3.13), we get
P = oW (Gt +C5) ™ (3.14)

From equations (3.10), (2.5) - (2.8) and (3.14), we get pressure and energy density for dark
energy as

2¢,”(n? +4n+1)(c,t +c,

-2
-2
pde B %C42 (Czt + C3)_2 + ) + az (Czt + C3) A - pOWm (Czt + Cs)i(hwm)

9(n+1)?
(3.15)
) L, 267N +4n+1)(c,t+c,)? -2 )
pde:EC42(Czt+C3)2+ 2 9(n+1)22 3 —3a2(02t+c3)4—p0(czt+c3) m
(3.16)

By using equations (3.15) and (3.16), we find the EoS parameter (wde = Pae > ) of dark energy
de

as
2¢,"(* +4n+1 2 ]
QC42(C2t+C3)—2 + CZ (n +4n+ )(202t+03) +(Z2(C2t+c3) % _pOWm(C2t+C3)7(1+Wm)
w. =2 9(n+1)
de ™ 2, 2 )
@ L, 20, (n“+4n+1)(ct+c,) -2 "
EC4Z(CZt+C3) 2.5 9(n+1)2 2 3 —3a2(C2t+C3) % _Po(czt+C3) (1+W,y)

(3.17)

Thus the metric (3.11) together with (3.10) and (3.12)-(3.17) constitutes Bianchi type-V non-
interacting two fluid cosmological model in Saez - Ballester theory of gravitation.
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Fig.1: Plot of density of ordinary matter
and dark energy versus time in non-
interacting model. Here n=2,
k,=c,=p,=1, k,=0, =0.1,

W, =w=2.

Fig.2: Plot of EoS parameter of dark
energy versus time for non-interacting
model. Here n=2, k, =¢, = p, =1,

k,=0, =01, w,=0=2.

The behavior of p, and pg4 in terms of

cosmic time t are shown in Fig. 1. Both are
positive decreasing function of time and s :
converge to zero for sufficiently large ¢

times. Figure 2 depicts the behavior of the EoS parameter of dark energy W, versus time. It is

observed that W, begins in the phantom region, increases and becomes —1 around t =0.5 then
passes into the quintessence region and tends to a constant which is in the quintessence region.

The expressions for the matter-density and dark-energy density are given by

O = 3p,(C,t + Cs)l_wm

3.18
m .’ (3.18)
2 2 2 (1-wp,)
2(n°“+4n+1 4 3p,(Ct+c "
Q, = 3“"3; + ( - )—9“2 (c2t+c3)4 3G - o) (3.19)
2¢, 3(n+1) c, c,
And the total density parameter Q is given by
3wc,” 2(n*+4n+1) 9o %
Q=—2 - C,t+C,) 3 3.20
2C22 3(n+1)2 022 ( 2 3) ( )
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Fig. 3: Plot of overall density
parameter versus time in non-
interacting model. Here n=2,
k,=¢c,=p,=1,k,=0, «a=0.1,

W, =w=2.

The variation of total energy C ' '

density parameter with cosmic time S
shown in Figure 3. It is observed that density parameter () is decreasing function of time and
varying in positive region throughout the evolution of the universe. This result is compatible
with the observational results.

4. Interacting two-fluid model

Now, here we consider the interaction between dark energy and barotropic fluids. For this
purpose we can write the continuity equations for dark fluid and barotropic fluids as

: a B
Pm +3€ (pm + pm)_Q (41)

and P + 3%(/%9 + Pge) =—Q (4.2)

The quantity Q expresses the interaction between the dark energy components. Since we are
interested in an energy transfer from the dark energy to dark matter, we consider Q>0 which
ensures that the second law of thermodynamics is fulfilled (Pavon and Wang 2009). Following
Amendola et al. (2007) and Guo et al. (2007), we consider

Q=3Hop, (4.3)
where O is a coupling constant.
Using equation (4.3) in equation (4.1) and integrating, we obtain

=3(1+w,—o)

pm = pOal (44)
where p, is an integrating constant.

Using (3.9) in (4.4), we get
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—(1+wy,—o
P = Pp(Ct+C5) (=) (4.5)
Now, the barotropic pressure is given by
-(+w,-o
P = PoWi (Cat +C5) 4™ (4.6)

From equations (3.10), (2.5) - (2.8) and (4.5), we get pressure and energy density for dark energy
as

2¢,°(N* +4n+1)(c,t+¢,) ™
9(n+1)°

1+w, o)

vt 4c) 2= pow (e t+c,)
LTl PoWin (Gl +Cy

® _
Pe :EC4Z(Czt+C3) ‘4
4.7)

2¢,7(n* +4n+1)(c,t+¢,)
9(n+1)°

+w,—o)

)
Pe :%Cf (Cot+C) " + -3’ (c,t+¢y) 7 _po(czt"'cs)i(

(4.8)
Using (4.7) and (4.8) we get the EoS parameter (wde = p% j of dark energy as
de

2¢,”(n* +4n+1)(c,t +¢;)

%042 (Ct+c) ™+ +a’(Ct+ Cs)_% — poW,, (C,t+¢,) )

W = 9(n+1)?
de ™ 24,2 -2
w L 2¢,°(n"+4n+1)(c.t+c -2 T
EC42(CZt+Cg) 22 ( 9(n+1))(2 1+C) -3’ (c,t+¢;) A—po(czt+c3) (¥ =0)
(4.9
Thus the metric (3.11) together with (3.10) ~
and (4.5) -(4.9) constitutes Bianchi type-V _pde
interacting two fluid cosmological model in
Saez - Ballester theory of gravitation.
Fig. 4: Plot of energy density of dark
energy and barotropic fluid in interacting
model. Here n=2, k, =¢, = p, =1,
k2=0,a=0.1, Wm:a):2,c7=O.4. 7 25 3 35 4
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Fig.5: Plot of EoS parameter of dark energy [ I — )

versus time for interacting model. Here n= 2, of et
k,=c, = p, =1, k, =0, a=01, 1/
W =w=2, c=04

4

L L L L
2 25 3 35
t

Figures 3 and 4 describe the behavior of density of dark energy & barotropic fluid and EoS
parameter of dark energy in terms of time ‘t’. We observed that the behavior of p,, p, and

L L L
(8] 0.5 1 1.5

W, in this case is almost similar to non-interacting case.

5. Some other important properties of the models

The rate of expansion in the direction of x, y and z are given by

H-4_ G
“a 3(ct+cy)

_a 2nc, 5.0)
Y a, 3(n+D(ct+cy) '

_%_ 2c,
“a, 3(n+D(c,t+cy)

The mean Hubble’s parameter (H), expansion scalar (§) and shear scalar (&%) are given by
C2
=—2 5.2
3(ct+c,) 6.2)
C
2 (5.3)

(Ct+c5)

., (n=1)7c,
To(n+12(ct+c) 5.4)
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The spatial volume (V ), mean anisotropy parameter ( A, ) and deceleration parameter () are

found to be
V =(ct+c,)e”™, (5.5)
_2(n-1)°
A= Snan 0)
d(1l

q qt ( H j . (5.7)
From equations (5.3) and (5.4), we get

o_(n-1)

0 3(n+1) (58)

6. Discussion and Conclusions

In this paper, we have obtained and presented spatially homogeneous Bianchi type-V
cosmological model filled with barotropic fluid and dark energy in a scalar tensor theory of
gravitation proposed by Saez-Ballester (1986). The following are the observations and
conclusions:

=  From (3.11) it can be observed that the models have no initial singularity i.e. at t=0. The

volume of the models vanishes at tz_% and expansion scalar tends to infinity, which
2

shows that the Universe starts evolving with zero volume at t = _% with an infinite rate of
2

expansion.

= The spatial volume increases and becomes infinitely large as t —o. We observe that
H,o%,0, p, and p, diverge at t =0 and they all vanish as t — oo. The scalar field (¢) is
diverge as t — oo and vanishes for small values of time i.e., at t=0. From (5.6), one can
observe that average anisotropy A, #0 (for n=1) throughout the history of the Universe,
this indicates that these models are anisotropic.

= It is observed that in both interacting and non-interacting cases the behavior of  EoS

parameter of dark energy is almost same, i.e., increasing function of cosmic time which
explains the late time acceleration of the universe.
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= From (5.7) we observed that the deceleration parameter is positive and hence the model
obtained is decelerating initially and will accelerate in finite time due to cosmic re-collapse
(Nojiri and Odintsove 2003).

The two models presented here are anisotropic, non-rotating, shearing and also accelerating in a
standard way. Hence they represent not only the early stage of evolution but also the present
universe.

Received October 31, 2016; Accepted November 20, 2016
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