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Abstract 
The covariant derivative ∇𝐴�̇� of the spin-frame metric 𝜀𝐶𝐷 is zero, then here we show that this 

fact implies the existence of a spinor  𝛾𝐴𝐵𝐶�̇� whose components in the dyad (𝜊𝐴, 𝜄𝐵) are the spin 

coefficients of the corresponding null tetrad. Besides, we exhibit the tensor associated to 𝛾𝐸𝐹𝐺�̇� 

via the Infeld-van der Waerden symbols (with the important participation of the Wünsch’s 

vectors), which generates a possible link between the Lanczos spinor and  𝛾𝐴𝐵𝐶�̇� . 
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1. Introduction 

 

The spinor dyad (𝜊𝐴, 𝜄𝐵), with 𝜊𝐴 𝜄
𝐴 = 1, gives the null tetrad of Newman-Penrose [1, 2]: 

 

  𝑙𝜇   ⟷   𝜊𝐴 𝜊�̇� ,            𝑛𝜇   ⟷   𝜄𝐴 𝜄�̇� ,            𝑚𝜇   ⟷   𝜊𝐴 𝜄�̇� ,          �̅�𝜇   ⟷   𝜄𝐴 𝜊�̇� ,             (1) 

 

and the spin-frame metric [3]: 

                    𝜀𝐴𝐵 = 𝜊𝐴 𝜄𝐵 − 𝜊𝐵 𝜄𝐴 ,                                       (2) 

such that  ∇𝐶�̇� 𝜀𝐴𝐵 = 0, that is: 

                         𝜄𝐴 ∇𝐶𝐷 ̇ 𝜊𝐵 − 𝜊𝐴 ∇𝐶�̇� 𝜄𝐵 = 𝜄𝐵 ∇𝐶𝐷 ̇ 𝜊𝐴 − 𝜊𝐵 ∇𝐶𝐷 ̇ 𝜄𝐴 ,                 (3) 

which introduces the spinor [4]: 

                                  𝛾𝐸𝐹𝐺�̇� = 𝜄𝐸 ∇𝐶�̇� 𝜊𝐹 − 𝜊𝐸  ∇𝐶�̇� 𝜄𝐹 ,                              (4) 

 

and (3) implies the symmetry  𝛾𝐴𝐵𝐶�̇� = 𝛾𝐵𝐴𝐶�̇� . 

 

In Sec. 2 we see that the components of (4) in the dyad (𝜊𝐴, 𝜄𝐵) are the twelve spin coefficients 

[1, 2, 5] of the null tetrad (1). In Sec. 3 we employ the Infeld-van der Waerden symbols [6] to 

determine the tensor associated to  𝛾𝐸𝐹𝐺�̇� , with the important presence of the Wünsch’s vectors 

[7-9], which suggests a possible relationship [4] between (4) and the Lanczos spinor [10, 11]. 
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2. Spin coefficients 

 

   From the analysis realized in [5] is immediate the spinor covariant derivative of the dyad 

(𝜊𝐴, 𝜄𝐵): 

 

    ∇𝐶𝐷 ̇ 𝜊𝐵 = (𝛾 𝜊𝐶 𝜊�̇� + 𝜀 𝜄𝐶 𝜄�̇� − 𝛼 𝜊𝐶 𝜄�̇� − 𝛽 𝜄𝐶 𝜊�̇�)𝜊𝐵 + (−𝜏 𝜊𝐶 𝜊�̇� − 𝜅 𝜄𝐶  𝜄�̇� + 𝜌 𝜊𝐶 𝜄�̇� +

𝜎 𝜄𝐶  𝜊�̇�)𝜄𝐵, 

         (5) 

     ∇𝐶𝐷 ̇ 𝜄𝐵 = (𝜈 𝜊𝐶 𝜊�̇� + 𝜋 𝜄𝐶 𝜄�̇� − 𝜆 𝜊𝐶 𝜄�̇� − 𝜇 𝜄𝐶 𝜊�̇�)𝜊𝐵 − (𝛾 𝜊𝐶 𝜊�̇� + 𝜀 𝜄𝐶  𝜄�̇� − 𝛼 𝜊𝐶 𝜄�̇� −

𝛽 𝜄𝐶  𝜊�̇�)𝜄𝐵, 

 

then (4) acquires the structure: 

 

  𝛾𝐴𝐵𝐶�̇� = 𝜄𝐴 𝜄𝐵(𝜌 𝜊𝐶 𝜄�̇� + 𝜎 𝜄𝐶  𝜊�̇� − 𝜏 𝜊𝐶  𝜊�̇� − 𝜅 𝜄𝐶 𝜄�̇�) − 𝜊𝐴 𝜊𝐵(𝜈 𝜊𝐶  𝜊�̇� + 𝜋 𝜄𝐶  𝜄�̇� − 𝜆 𝜊𝐶 𝜄�̇� −

𝜇 𝜄𝐶  𝜊�̇�) +  (𝜊𝐴 𝜄𝐵 + 𝜊𝐵 𝜄𝐴)(𝛾 𝜊𝐶  𝜊�̇� + 𝜀 𝜄𝐶  𝜄�̇� − 𝛼 𝜊𝐶  𝜄�̇� − 𝛽 𝜄𝐶  𝜊�̇�),                                            (6) 

 

and therefore the spin coefficients of the corresponding null tetrad are given by: 

 

            𝜅 = 𝜊𝐴 𝜊𝐵  𝜊𝐶  𝜊�̇� 𝛾𝐴𝐵𝐶
�̇� ,           𝜎 = 𝜊𝐴 𝜊𝐵 𝜊𝐶  𝜄�̇� 𝛾𝐴𝐵𝐶

�̇� ,            𝜌 = 𝜊𝐴 𝜊𝐵 𝜄𝐶  𝜊�̇� 𝛾𝐴𝐵𝐶
�̇� , 

 

            𝜈 = 𝜄𝐴 𝜄𝐵 𝜄𝐶  𝜄𝐷 ̇  𝛾𝐴𝐵𝐶
�̇� ,               𝜆 = 𝜄𝐴 𝜄𝐵 𝜄𝐶  𝜊�̇� 𝛾𝐴𝐵𝐶

�̇� ,               𝜇 = 𝜄𝐴 𝜄𝐵 𝜊𝐶  𝜄�̇� 𝛾𝐴𝐵𝐶
�̇� , 

                (7) 

            𝜏 = 𝜊𝐴 𝜊𝐵 𝜄𝐶 𝜄�̇� 𝛾𝐴𝐵𝐶
�̇� ,              𝜀 = 𝜄𝐴 𝜊𝐵 𝜊𝐶𝜊𝐷 ̇ 𝛾𝐴𝐵𝐶

�̇� ,              𝛼 = 𝜊𝐴 𝜄𝐵 𝜄𝐶  𝜊�̇� 𝛾𝐴𝐵𝐶
�̇� , 

 

            𝜋 = 𝜄𝐴 𝜄𝐵 𝜊𝐶  𝜊�̇� 𝛾𝐴𝐵𝐶
�̇� ,             𝛾 = 𝜊𝐴 𝜄𝐵 𝜄𝐶  𝜄�̇� 𝛾𝐴𝐵𝐶

�̇� ,              𝛽 = 𝜄𝐴𝜊𝐵𝜊𝐶 𝜄�̇�𝛾𝐴𝐵𝐶
�̇� . 

 

   The expressions (7) for  𝜅 and  𝜎 imply that the congruence  Γ(𝑙𝑎)  is geodesic and shear-free 

if and only if  𝜊𝐴 𝜊𝐵  𝜊𝐶  𝛾𝐴𝐵𝐶�̇� = 0, that is [12]:  

 

                           𝜅 = 𝜎 = 0           ⟺           𝜊𝐵 𝜊𝐶  ∇𝐶�̇� 𝜊𝐵 = 0,                                       (8) 

 

which is important to constructing the Kerr-Schild spacetimes [1, 13]. 

 

 

3. Wünsch’s vectors 

 

   It is easy to see that in (6) are the spinorial versions of the Wünsch’s vectors [7-9]: 

 

    𝐿𝑎 = 𝜈 𝑙𝑎 + 𝜋 𝑛𝑎 − 𝜆 𝑚𝑎 − 𝜇 �̅�𝑎 ,             𝑀𝑎 = 𝛾 𝑙𝑎 + 𝜀 𝑛𝑎 − 𝛼 𝑚𝑎 − 𝛽 �̅�𝑎 ,            (9) 
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                                                  𝑁𝑎 = −𝜏 𝑙𝑎 − 𝜅 𝑛𝑎 + 𝜌 𝑚𝑎 + 𝜎 �̅�𝑎 ; 

 

besides the anti-symmetric tensors [11, 14]: 

 

   𝑉𝑎𝑏 = 𝑙𝑎 𝑥 𝑚𝑏 ,           𝑈𝑎𝑏 = �̅�𝑎 𝑥 𝑛𝑏 ,          𝑀𝑎𝑏 = 𝑚𝑎 𝑥 �̅�𝑏 + 𝑛𝑎 𝑥 𝑙𝑏 ,                          (10) 

 

allow to deduce the relations: 

 

    𝜊𝐴 𝜊𝐵 = −
1

2
𝜎𝑎

𝐴
�̇� 𝜎𝑏

𝐵�̇�  𝑉𝑎𝑏 , 𝜄𝐴 𝜄𝐵 = −
1

2
𝜎𝑎

𝐴
�̇� 𝜎𝑏

𝐵�̇� 𝑈𝑎𝑏 ,    𝜊𝐴 𝜄𝐵 + 𝜊𝐵 𝜄𝐴 =
1

2
𝜎𝑎

𝐴
�̇� 𝜎𝑏

𝐵�̇� 𝑀𝑎𝑏 ,       

(11) 

 

therefore if we use (9) and (11) into (6) appears the tensor: 

 

                      𝑊𝑎𝑏𝑟 ≡
1

2
(𝑉𝑎𝑏 𝐿𝑟 − 𝑈𝑎𝑏 𝑁𝑟 + 𝑀𝑎𝑏 𝑀𝑟),                                                (12) 

 

that under the action of the Infeld-van der Waerden symbols leads to (4): 

 

                    𝛾𝐴𝐵𝐶�̇� = 𝜎𝑎
𝐴

�̇� 𝜎𝑏
𝐵�̇� 𝜎𝑟

𝐶�̇� 𝑊𝑎𝑏𝑟 ,                                                     (13) 

 

which is equivalent to (2.18) of Torres del Castillo [6]. 

 

In [9] was proved that for arbitrary spacetimes with Petrov types O, N or III [15], the Newman-

Penrose components of (9) determine the corresponding Lanczos potential [16-18]; hence the 

presence in (12) of the Wünsch’s vectors suggests some possible link between  𝛾𝐴𝐵𝐶�̇�  and the 

Lanczos spinor  𝐿𝐴𝐵𝐶�̇� [8, 10, 11, 19, 20], which we will study in other paper in accordance with 

the approach indicated by Andersson-Edgar [4]. 
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