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Abstract

The present work deals with a five-dimensional spherically symmetric space-time filled with two
minimally interacting fluids: matter and holographic dark energy in Saez-Ballester (m) scalar
tensor theory of gravitation. We have investigated geometric and kinematic properties of the
model and the role of the holographic dark energy in the evolution of the spherically symmetric
universe. We established a correspondence between the holographic dark energy model with the
generalised Chaplygin gas dark energy model. We also reconstructed the potential and dynamics
of the scalar field which describes the Chaplygin cosmology.
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1 Introduction

One of the outstanding developments in cosmology is the discovery of the accelerated ex-
pansion of the Universe which is believed to be driven by some exotic dark energy (Perlmutter
et al. (E), Reiss et al. (B)) The nature and composition of dark energy is still an open prob-
lem. The thermo-dynamical studies of dark energy reveal that the constituents of dark energy
may be massless particles (bosons or fermions) whose collective behavior resembles with a kind
of radiation fluid having negative pressure. Also, it is commonly believed by the cosmological
community that this unknown exotic physical entity known as dark energy is a kind of repul-
sive force which acts as antigravity responsible for gearing up the Universe. The Wilkinson
Microwave Anisotropy Probe (WMAP) satellite experiment suggests that 73% content of the
Universe is in the form of dark energy, 23% is in the form of non-baryonic dark matter and rest
4% is in the form of usual baryonic (normal) matter as well as radiation.

It has been conjectured that the simplest dark energy candidate is the cosmological constant,
but it needs to be extremely fine tuned to satisfy the current value of the dark energy. Chap-
lygin gas as well as generalized Chaplygin gas has also been considered as possible candidates
for dark energy due to negative pressure (Bertolami et al. (@), Bento et al. (B)) Some authors
have also suggested that interacting & non-interacting two fluids scenario is possible dark energy
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candidates (Setare et al. (Ia), Pradhan et al. (ﬁ)) and some have considered modified gravita-
tional action by adding a function f(R) (R being the Ricci scalar curvature) to Einstein-Hilbert
Lagrangian where f(R) provides a gravitational alternative for dark energy causing late time
acceleration of the Universe (Nojiri & Odinstov (|§), Caroll et al. (@)) A review of modified
ravity to explain dark energy is made available by Nojiri & Odintsov (IE) and Copeland et al.
ﬁﬂ) In spite of these attempts cosmic acceleration is, still, a challenge for modern cosmology.
Recently, a different idea has attracted considerable attention, proposing a model which has
its roots on quantum gravity and is known as the holographic principle (t Hooft ); Cohen et
al. (@), Susskind (15)). The foundation of the holographic principle resides in the idea that
the entropy of a given system does not depend upon the volume, but rather on the surface area
surrounding it. In a cosmological context, the holographic principle establishes an upper limit
for the entropy of the universe. Cohen et al. @) conjecture that in a quantum field theory there
exists a relationship between an ultraviolet (UV) cutoff and an infrared (IR) cutoff, L, which
origins lies on the constraint imposed to a region of space preventing a black hole formation.
The size of this region should not be larger than L, meaning that if there is an energy density
pa (zero-point quantum energy density) in a region associated to the UV, then the total energy
in a region of size L cannot overpass the mass of a black hole with the same size, so that

3 2
LPpp < LM2. (1.1)

In the cosmological context, the holographic energy density corresponds to the dark energy
density (holographic dark energy) (Hsu (IE), Li )). The maximum value L can take is
obtained by considering the equality in equation (1), such that the holographic energy density
is given by

PA = 302M5L*2 (1.2)

where ¢ is a numerical constant and M, 2 = 871G is the reduced Planck mass.

Several approaches for the IR cutoff L have been proposed in the literature (Li (Iﬂ), Gao et
al. (IE), Granda and Oliveros (IE)) For instance, in Nojiri and Odintsov (@), a generalized
holographic dark energy model was proposed, identifying the IR cutoff with combination of FRW
parameters. In this work, we consider the one given by Granda and Oliveros (IE), where the
authors took the holographic dark energy density to depend on the usual quadratic term in the
Hubble parameter (H) as well as on the time derivative of H, i.e., pp = Mg(ﬂlfﬂ + ,BQH). This
model has been widely studied by the scientific community in various contexts and it has been
known as the new holographic dark energy model (NHDE).

There has been a number of works done concerning the reconstruction of the holographic
scalar field models of dark energy. For instance, Setare have studied the correspondence be-
tween the holographic dark energy and each one of Chaplygin gas (Setare (Iﬂ) and generalized
Chaplygin gas (Setare (Iﬁ)) in FRW universe. On the other hand, Setare (@) has shown a
correspondence between the interacting generalized Chaplygin gas and phantom dark energy
model in non-flat FRW universe. Sarkar (25) has discussed holographic dark energy model with
linearly varying deceleration parameter and generalized Chaplygin gas dark energy model in
Bianchi type-I universe. Jalil (@) has investigated interacting holographic generalized cosmic
Chaplygin gas model. Kiran et al. (Iﬁ), Reddy et al. (@), (IE) have studied Bianchi type min-
imally interacting holographic dark energy models in Brans-Dicke and Saez-Ballester theories
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of gravitation. Santhi et al. (@) have investigated LRS Bianchi type-V universe with variable
modified Chaplygin gas in Brans-Dicke scalar-tensor theory of gravitation. Rao and Sireesha
(@) have studied axially symmetric holographic dark energy model with generalized Chaplygin
gas in Brans-Dicke Theory of gravitation. Santhi et al. ) have discussed spherically symmet-
ric universe with holographic dark energy and generalized Chaplygin gas in Brans-Dicke theory
of gravitation.

One of the interesting concept is the theory of extra dimensions due to Kaluza (@) and
Klein (@) They used an extra dimensions in addition to usual four spacetime dimensions to
unify gravity and electromagnetism. Kaluza-Klein model has been used in many literature for
studying the models of cosmology as well as particle physics (@), (@) It may be pointed out
here that one does not need to insert matter by hand because the matter is induced in 4D by 5D
vaccum theory (@)—(@ in a five-dimensional noncompact Kaluza-Klein theory. It is known from
Campbells theorem (Iﬂ) also that the curvature of five-dimensional spacetime induces effective
properties of matter in four dimensions. Faraz ) and Darabi (@) further studied Kaluza-Klein
cosmology by including matter as well. But the old Kaluza-Klein-approach does not work well.
However, the higher dimensional theories revived once again in recent times due to the advent
of string theory which led a paradigm shift in higher-dimensional cosmology. Samanta and
Debata (@) have discussed two-fluid cosmological models in Kaluza-Klein space time. Recently,
Ghose et al. ) have studied holographic dark energy with generalized Chaplygin gas in higher
dimensions. Rao and Jayasudha (@) have investigated five dimensional spherically symmetric
cosmological models in different scalar-tensor theories of gravitation.

Inspiring by above investigations, we consider higher dimensional spherically symmetric holo-
graphic dark energy model correspondence with generalized Chaplygin gas in Saez-Ballester (Ij)
scalar-tensor theory of gravitation. In section 2, we present Saez-Ballester field equations for
spherically symmetric metric. In section 3, we obtain the solution of the equations and properties
of the obtained model. The correspondence between the holographic dark energy with general-
ized Chaplygin gas is shown in section 4. Conclusions of the obtained model are presented in
section 5.

2 DMetric and the field equations

We consider the five dimensional spherically symmetric space time in the form
ds? = dt? — eMdr? 4 r?df? + r’sin®0dp®) — et dip? (2.1)

where A and p are cosmic scale factors and functions of time only.
The energy momentum tensor for matter and the holographic dark energy are defined as

Tij = pmuiu;

Tij = (pa+ pa)uitiy — PAgij (2.2)

where pp, pa are the pressure and energy density of holographic dark energy and p,, is the
energy density of the matter.
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Saez-Ballester (Ij) field equations for combined scalar and tensor fields are given by
1 . 1 l _
Rij = 51gij —wd™ | 0,i0,5 — 599" | = —(Tij + Tiy5) (2.3)
and the scalar field ¢ satisfies the equation

20"¢%; +nd" ' h it =0 (2.4)

where w is a dimensionless constant.
Also, the energy conservation equation is given by

T + T =0. (2.5)

In a commoving co-ordinate system, Saez-Ballester field equations (2.3]) and (24)) for the
metric (1) with the help of (Z2)) can be written as

B3 L 1, Lo w
AT AT Sl AT SR = 5907 = —pa (2.6)
3 /. . :
§(A+)\2>—%¢"¢2 — —pa (2.7)
3/ N W,
Z<>\2+)\M)+§¢ o = (pa+pm) (2.8)
M . = 2.
¢+¢(2+2>+2¢ 0 (2.9)
The energy conservation equation (23] is given by
o N i
Pt P+ (3545 | (pm+pa+pa) =0 (2.10)

For minimally interaction between the matter and dark energy, we can write the continuity
equation of matter and dark energy as

A
- Za B, = 2.11
p +<32+2>p 0 (2.11)
. Ao
PA + 354—5 (I+wa)pp = O (2.12)

where py = wppa is equation of state (EoS) parameter and an overhead dot denotes differentia-
tion with respect to time.
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3 Solution of the field equations

In order to solve the system of four independent field equations (Z))-(29), we use the relation

between the metric potential given by
A=ku (3.1)

where k # 0 is a constant.
Now using above condition in equations (2:6) and (1), we get

2
3k + 1 T
=In |: + (k‘lt + k?z):| (3.2)
Consequently from equation ([B.]), we get

2k

(k?lt + k‘g):| o . (33)

3k +1

A=lIn [
Now the metric (1)) can be rewritten as

2
3k + 1 T
kit k)| dwt.

(3.4)
From equations (29), 1)), B2) and B3), we get scalar field (¢) and energy density of matter
(pm) as

2k
3k+1
(kit + kg)} (dr® + r2d6? + r2sin*0dp?) — [

n-+2 =
¢ = [(31@ )t £ @)2} (3.5)
o = &l (3.6)

Bk + 1) (k1t + k2)

Using (32), B3) and (B.6) in the field equations ([2.6)-(2.8]), we get energy density (pa) and
pressure (pa) of holographic dark energy as

k2 (k* + k + 2w) 20
PN = 2 9 (3'7)
(3k 4+ 1)2(k1t + k2)?  (3k + 1)(kit + ko)

~2(5k + 1)(3k 4+ 1) + k3 (4w — (9k* + 2k + 1))
ba = 8(3k + 1)21(k:1t T+ ka)? (3.8)

and the EoS parameter (wy) of holographic dark energy is given by

205k +1)(3k + 1) + ki (4w — (9K* + 2k + 1))
- 8]{:%(/{32 + k + 2w) — 16pg(3k + 1) (k1t + ko)

(3.9)

Thus the metric ([B4) together with (33)-(39) constitutes five dimensional spherical sym-
metric holographic cosmological model in Saez-Ballester scalar tensor theory of gravitation.
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The coincidence parameter (r) is given by

L PA k2(k% 4+ k + 2w) — 2p0(3k + 1) (K1t + k2)

= 3.10
Pm 2p0(3k + 1) (K1t + k2) (3.10)
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Figure 1: Plot of energy density and pres- Figure 2: Plot of holographic dark energy
sure of holographic dark energy versus time. EoS parameter versus time.
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Figure 3: Plot of coincidence parameter (r) versus time.

Figure [ depicts holographic pressure and energy density in terms of time. It is observed
that energy density (pa) is decreasing positive function of ¢, whereas pressure (py) is increasing
negative function of time and both are vanish for sufficiently large values of time. From figure
we observed that the EoS parameter (wp) of holographic dark energy is always varying in
quintessence region (wp > —1).

Figure [ explains the variation of coincidence parameter in terms of cosmic time t. We
observed that coincidence parameter r is varies in very early stage of evolution, but after some
finite time ¢ it converges to a constant value and remains constant throughout the evolution of the
universe. To avoid the coincidence problem recent observations predicted that the coincidence
parameter r remains constant in spite of their different rates of time evolution.
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4 Some important properties of the model

The spatial volume and average scale factor are given by

V= <3k;‘1>(k¢-+kg and a::[<3k;'1)(kﬂ-+kg}w4 (4.1)

The directional Hubble’s parameters and average Hubble’s parameter are given by

kkl k?l kl
Hy=Hy=Hs= , Hy = d H=—"— 4.2
L T S T S Dkt + ko) T Bkt D)kt + ko) ey
The expansion scalar () is given by
4k
f=—— 4.
kit + ko (4.3)
The shear scalar is ) )
_ 18k —
52— ki (5 — 18k — 3k*) (4.4)
16(3k + 1)2(k1t + k2)2
Average anisotropic parameter
k—1)\2
Ap =4 4.5
h <3k + 1> (45)

The deceleration parameter ¢ = 3(> 0). This shows that universe in five dimensions decelerates
in the standard way. Viswakarma has shown that decelerating models are also consistent
with recent cosmic background observations made by WAMP as well as with the high-redshift
supernova la data including SN 1997 ff at Z = 1.775.

5 Correspondence between the holographic and generalized Chap-
lygin gas model of dark energy

Here we establish the correspondence between the holographic dark energy with generalized
Chaplygin gas dark energy model, for that we compare the EoS and the dark energy density for
the corresponding models of dark energy.

The pressure and the energy density of the generalized Chaplygin gas are given by

Ay

Pace = —— (5.1)
Paca

1+«
pccc = |:A1+CM:| (5.2)

where a is the average scale factor of the universe and Ay, As and « are positive constants with
0<a<l.
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Now following Setare (@) we assume that the origin of the dark energy is a scalar field ®, so

1
B 1., B Ao THa
1. —A
pe = S -V(@®)= —— (5.4)
[Al + %}
—A —A
waea = beoe _ a+11 = 1142 (5.5)
PGCG  Pooa At Shite
Now from equations (£.3) and (5.4]), we get
1
. A, ]TFe A
62 = A1+ 2| - L (5.6)
a (1+Oé) A2 Tta
[Al + m}
1 Ay | THe Ay
V(®) = 3 [Al + CLSHW] + (5.7)

o
:| 1+a

2[/11—!—%

Now we assume that the holographic dark energy density is equivalent to the generalized Chap-
lygin gas energy density. Therefore using equations (3.7) and (5.3), we get

2(1.2 1+o

Ay = g30+R) ( ki(k> + k+2w) 2p0 ) A (5.8)
(3k + 1)2(k1t + k2)?  (3k + 1) (K1t + k2)
Again from equations ([B9) and (B, we get
pa 205k +1)(Bk +1) + ki (4w — (9K* + 2k + 1))
Copon SkI(K2 4k + 2w) — 16p0(3k + 1) (kit + ko)
—A

= ! (5.9)

A
Al + a3(1~2+a)
From equations (5.8)) and ([£.9), we get

2(5k +1)(3k + 1) + k2 (4w — (9k% + 2k + 1))
8k2 (k2 + k + 2w) — 16po(3k + 1) (k1t + k2)
K2(k2 4 k + 2w) — 2po(3k + 1) (kat + ko) \ T (5.10)
(3/6 + 1)2(k‘1t + k2)2 .

Ay

Using these values of A; and Aj in equations (5.0) and (B.717]) we get the potential and dynamics
of the scalar field as

. / { E2(17k? + 10k + 12w + 1) — 2(3k + 1)[8po (k1t + ko) + 5k + 1]

8(3k + 1)2(k1t + ko)? } dt (5.11)
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_ k3(17k? + 10k + 12w + 1) — 2(3k + 1)[8po (k1t + ko) + 5k + 1]

V(@) 16(3k + 1)2(kxt + ko)2

(5.12)

6 Conclusions

In this paper, we have studied the behavior of five dimensional spherically symmetric cos-
mological model filled with minimally interacting matter and holographic dark energy in Saez-
Ballester scalar-tensor theory of gravitation. It should be pointed out that evidence was recently
provided by Abell-Cluster A586 in support of interaction between dark energy and dark matter
(Bertolami et al. ); Le Delliou et al. @))

e We observed that the scale factors and the spatial volume of the model are zero at t = t* =
;—]‘1”2 and all the remaining parameters are diverge. Therefore, the model has point-type
singularity at ¢ = t*. which shows that the Universe starts evolving with zero volume at

t = t, with an infinite rate of expansion.

e Ast — o0, spatial volume becomes infinite and expansion scalar § and Hubble’s parameter
H are vanish. Thus the rate of expansion slows down with increase in time. The energy
density and pressure have infinite values at t = t* but as at t — oo, energy density of
matter as well as holographic dark energy vanishes whereas holographic pressure becomes
negative. The EoS parameter of holographic dark energy in this is varying in quintessence
region only.

e The deceleration parameter is positive and hence the model obtained is decelerating ini-
tially and will accelerate in finite time due to cosmic re-collapse (Nojiri and Odintsov (E))
So the obtained higher dimensional holographic cosmological model is useful to explain
evolution of the universe at early stages.

e Out of the different alternate candidate of the dark energy, the generalized Chaplygin gas
model is an interesting candidate for the unification of the dark matter and dark energy.
An attractive feature of these models is that at early times, the energy density behaves as
a matter and as a cosmological constant at a later stage. Using these results, we have es-
tablished a correspondence between the holographic dark energy models with a scalar field
which described the generalised Chaplygin gas cosmology in the higher dimensional spher-
ically symmetric universe. We have also reconstructed the potentials and the dynamics of
the scalar field for this accelerating universe.
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