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Abstract

First, we define timelike Bertrand B curves and timelike Bertrand B-pair curves according to
Bishop Il frame. Second, we examine the main properties between curves which are included the
pair of curves. Finally, we obtain some results such that if ¢ > ¢, for &, &, the curvatures of the

curve o , timelike Bertrand B curves are a spatial and if ¢, > ¢, this curves are a planar.
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1. Introduction

Unlike Euclidean geometry, Lorentz geometry includes the concept of time t is fourth dimension
and so one call it not ‘space’ but ‘space time’ in general. The important step for our
understanding of spacetime concerns the way in which the usual three-dimensional Euclidean
geometry is embedded in the Minkowskian four-dimensional spacetime. The fact that different
embedings hold for obsevers in relative uniform motion is implied by the notion of Lorentz
frame. Therefore, this geometry has been remarkable in terms of the theory of relativity of
mathematical physics for geometers, for example cosmology (redshift, expanding universe and
big bang) and the gravitation of a single star (perihelion procession, bending of light and black
holes)[1].

In the theory of curves, the second derivative of the curve may be zero that is, the curvature may
vanish at some points on the curve. In this situation, an alternative frame is needed for non
continously differentiable curves. Thats why, the Bishop frame was constructed by L. R. Bishop
in 1975 [2]. Bishop frame is well defined and constructed in Euclidean space. In applied
sciences, Bishop frame is used in engineering. This special frame has been particulary used in
the study of DNA, and tubular surfaces and made in robot.

A new version of Bishop frame was first introduced and studied in Euclidean space by Yilmaz in
[3]. By new version of Bishop frame, we mean that the tangent vector & and principal normal

vector ¢, are considered as parallel transport plane while the binormal vector B remains fixed.
Afterwards, Ozyilmaz investigated some characterizations of curves according to this new frame
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in Euclidean space and gave some results [4]. Also, this frame has been investigated some non
Euclidean spaces such as Minkowski space analogous to Euclidean space. Unliitiirk and Y1lmaz
obtained the new version of Bishop frame for spacelike curves in [5]. There is also a literature
containing studies of curves according to Bishop frame and its new versions (see [5-8]). Lately,
Yilmaz obtained the new version of Bishop frame for timelike curves in Minkowski 3-space [9].
In Euclidean space, Bertrand B-pair curves were first introduced by Yerlikaya et al [10]. They
define the Bertrand B-curve and Bertrand B-pair curves in three-dimensional Euclidean space
and investigate properties of these curves and obtain some characterizations of Bertrand B-pair
curves.

In this work, we construct timelike Bertrand B-curve and timelike Bertrand B-pair by using the
new version of Bishop frame for a timelike curve. Then, we examined the properties of these
type of curves. Finally, we obtain the characterizations of timelike Bertrand B-curve and timelike
Bertrand B-pair, and give some results.

2. Preliminaries

In this study, the 3-dimensional Minkowski space R’ is the pair (]R"’()) R® is a three-
dimensional real vector space equipped with a Lorentz metric (inner product),

() R*xR® >R
(X, Y) = (X, Y) ==X Y, + X, Y, +X;Ys

where x=(X,X%,,%;) and y=(y,,¥,.Y;) .A vector x=0 in R? is called spacelike, timelike or a
null (lightlike), if respectively holds (x,x)>0 ,(x,x)<0 or (x,x)=0. Especially, the vector
x=0 is spacelike. If x=(x,X,,%)eR; and its norm defined by

1
[¥=[x X}z = |-+ x5+ ]

Any given two vectors X=(X,%,,X;) and x=(x,X,, X )in R} are said to be orthogonal if
(x,y)=0. A vector x=(x,X,,%;) in R? which satisfies (x,x) =1 is called a unit vector. Any
basis {f,, f,, f;} on R? is known as an orthogonal basis if the vectors i=1,2,3 are mutually

orthogonal vectors such that (fl, f1> <0 and, i=2,3. We also define the vector product of x and
y (in that order) as

—€ € &
XXY=1X X X
Yi Yo Ys

where {e,,e,,e,} is the canonical basis of R? [11].
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An arbitrary curve a :a(s) can locally be a spacelike, timelike or null (lightlike) if all of its
velocity vectors a’(s) are respectively spacelike, timelike or null [12]. A non-null curve
a=a(s) is said to be parameterized by pseudo-arc length parameter s, if (a'(s),a'(s))==1. In

this case, the curve a = /() is said to be of unit speed.

Yilmaz et al. [13] introduced a new type of Bishop frame by using binormal vector of a timelike
curve as the common vector field. The Type-2 Bishop Frame is expressed as

g1 0 0 gl ¢
& |=10 0 &|&],

1
B'l | & 0] B @

the set {¢;,¢,,B} is called Type-2 Bishop trihedra for a timelike curve and «,,&, are called

type-2 bishop curvatures. If we denote the moving Frenet frame along the curve by {T,N,B}

where T, N and B are the tangent, the principal normal and the binormal vector of the curve ,
respectively. Then we can express the relation between The Type-2 Bishop frame and the Frenet

frame for a timelike curve by

T sinh@(s) —coshd(s) 0|[¢;
N |=|coshf(s) —sinhd(s) 0| ¢, )
B 0 0 1 B

S

where @ is the angle between the vectors N and &, H(S)ZJ.K(G)dG, 7= \eg-eﬂ,
0

e,=7(s)coshd(s) and €,=7(s)sinh4(s).

3. Results

Definition 3.1: Let a,a be timelike curves in 3-dimensional Minkowski space. We denote
BishoplI frame along the curves a and o at the points «(s) and a*(s*) by {&.¢,,B} and
{51*,5;8}, respectively. If B and B” are linearly depandant for every sel, then « curve

called a timelike Bertrand B-curve and « curve called a timelike Bertrand B-mate curve.
Nevertheless, (a,a*) called a Bertrand B-pair curve.
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0

Figure 1. Bertrand B-Pair Curve.

*

B=R

Figure 2. The Relationship Between Timelike Bertrand B-Pair Curves

Theorem 3.2: The distance between corresponding points of the timelike Bertrand B-pair in 3-
dimensional Minkowski space is a constant.

Proof: From the figurel, we can write

a*(s*):a(s)+/1(s)B(s). 3)
By taking the derivative of equation (3) with respect to s and using equation (1), we obtain
o,y ds ,
T'(s )E:T(s)+/1(S)B+/1(s){51§l+52§2}. (4)

Using a relationship between Frenet and Bishop frame, we get
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*

{sinh6"(s")& ~cosh 67(s")&, }‘jjis ={sinh O(s) + A(s)&, } & +2'(5)B(S) +{~Ccosh A(s) + A(s)e, } &,

Since B and B" are linearly dependent, we have (&', B)=(&,,B)=0 . Then, we have

A'=0.
This means that A4 is a nonzero constant. Subsequently, from the distance function between two
points, we obtain

In a word, d(a*(s*),a(s)): constant.

Theorem 3.3: The angle between corresponding points of both &,& and &,,& vectors of a
timelike Bertarand B-pairs is a constant.

Proof: Let’s prove to the vector & . In terms of angle definition, we know that

(6.8) =l cosh o

By both side derivative with respect to s, we have

dé .- d&\_d

=, ,—=)=—cosh u.

< ds & >+<§1 ds | ds N
Additionally, using derivative equations, we get
. . ds” « i du
gl<B,§l>+glg<§l,B >:S|nhy¥ .

Since B and B” are linearly dependent, we have both <B,§1*> =0 and <§1, B*> =0. As a result,

we obtain
du _,
ds
This means that the angle between corresponding points of & and & is a constant. Analogously,

the angle between corresponding points of &, and &, is also a constant.

Theorem 3.4: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space.

Then, there exist the relationship between the curvatures of the curves « and o such that
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N &, + e 82—52
tanh[artanh(g—i)—,uj: 2 1 ‘2 1‘
&,

2 2|
1 & — A&, ‘82 —51‘

Proof: Considering in equation (4) as constant of A4 and using a relationship between frames, we
get

*

{sinh 6" (s")& —cosh 67 (s")&, | C;is = {sinh O(s) + A&, } & +{—cosh O(s) + 1¢, | &, . )

Also, from figure2, we know that
& =cosh ué& +sinh ué,

& =sinh u& +cosh u&,’ ©)

where x is the angle between & and & at the corresponding points of @ and «”. By taking
into considering equations (5) and (6), we have

cosh(8°(s) — u) = ;SS* (cosh&(s)—Ae,)
and @
sinh(6°(s") - 1) = (;jss (sinh 6(s) + A¢,) .

Proportioning the equations (7) and arranging this equations, we get

_sinh 6(s) + As,

cosh(s)—Ae,
Finally, if we write to place 6(s),8 (s’) and x statements, then the desired expression is
obtained.

tanh(0°(s") — 1)

Theorem 3.5: Let {a,a*} be a timelike Bertrand B-pairs in 3-dimensional Minkowski space. If

respectively ¢,,¢, and &, &, the curvatures of the curves & and «, then the distance function

between these curves is
(s —a)({fel -7 -l <]

(glef + 826‘;)\/‘822 —812‘\/8;2 -&°
Proof: From equation (7), we have
cosh(@"(s") — u) = jTS (cosh &(s) - A¢g,)

and
sinh(6°(s") — i) = ddTS (sinh g(s) + A¢g,) .

Also, since {a, "} s the timelike Bertrand B-pairs, we write

a(s)=a"(s")-B°(s").
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Using the process in the proof of theorem 3, we get
: as™ /. . /. .
sinh (0(s)+ )= E(smh 0°(s")-2e, )
and 8

*

cosh(O(s)+u)= ?jis(cosh o (s*)+/15;)

Multiplying the equations (7) and (8) and using trigonometric equations, we obtain the distance
A.

Corollary 3.6: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space. If

g > ¢, for g,&, the curvatures of the curve o, then

A3 2% =0
is satisfied, where A is the distance function between the curves and 7,7 are the torsions of
curves o and « .

Result 3.7: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space. If
g >¢, for g,¢e, the curvatures of curve a, then the curve « is planar if and only if the
curve o is planar.

Corollary 3.8: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space. If
&, > ¢ for g,¢, the curvatures of curve « , then

P+ + A% =0
is satisfied, where A is the distance function between the curves and 7,7z are the torsions of
curves a and o .

Result 3.9: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space. If

g, > ¢, for g,¢&, the curvatures of the curve « , then both the curve « and the curve o are
planar.

Theorem 3.10: Let {a,a*} be timelike Bertrand B-pair in 3-dimensional Minkowski space.

Then, there exist the relationship between the curvatures of the curves « and o such that

. ds = . ds =
.  g=-coshu—F¢g +sinhu—¢e,
ds ds
. . ds = ds =
i. & =sinhu—y¢ce¢ —coshu—¢e,
ds ds

*
*

ds . ds
lii. g =-cosh ﬂggl +sinh /‘E‘gz
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*
*

. . ds ds
V. &, :Slnh,uggl—COSh/JEEZ

Proof: (i) Since B and B” are linearly dependent, we have <gl, B*> -0. By taking the derivative
with respect to s, we get

* * * (s * * (s
< 1 14191 5202

Using equation (5), we obtain
& =—cosh ﬂ£8*+8inhﬂ£8*
1 ds 1 ds 2

Analogously, considering equations <§2,B*>,<§I,B>,<§;,B>, the proof of the statement (ii), (iii),
(iv) is obvious.

In the theorem 5, from the statement both (i), (ii) and (iii), (iv), we can give in the following
result:

Corollary 3.11: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space.

Then, there exist the relationship between the arc-parameters of the curves « and «” such that

2_ 2
‘52 _51‘ «
o[l
Jest —&°

Remark 3.12: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space.

Then there exist the relationship between torsions of the curves a and o (s’) such that
r'ds—zds =0.
Theorem 3.13: Let {a,a*} be a timelike Bertrand B-pair in 3-dimensional Minkowski space.

Then, for the curvature centers M and M * at the corresponding points «(s)and a’ (s of the

a* (s*) M H |
O MBI

curves o and «, the ratio

* * *
a(s)M

*

IS not constant.
Proof: For the curvature center M at the point a(s) of the curve « , we write

e« (s)m|=

1
&

Similarly, we get
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Hence, we obtain the ratio such that

(]

oo u >

\Alzglz _Mlz

# constant.

Result 3: Mannheim’s theorem is invalid for the timelike Bertrand B-pair curves.
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