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Abstract 
We study the explicit form of each Kinnersley’s metric to show that there always exists a 

Newman-Penrose tetrad generating certain relations between the corresponding spin coefficients; 

our results imply some identities obtained by Czapor-McLenaghan. 
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1. Introduction 

 

Here we employ the notation, quantities and conventions of [1-6]. Kinnersley [7-9] gave the 

explicit structure of any solution of Einstein’s field equations for vacuum spacetimes of type D 

in the Petrov classification [4, 10]. We apply the Newman-Penrose (NP) formalism [1-6, 8, 10, 

11] to each Kinnersley’s metric, taking the null vectors 𝑙𝛼 and 𝑛𝛼 aligned with the 2-degenerate 

principal directions [5], then the Goldberg-Sachs theorem [6, 10, 12] implies: 

 

                             𝜅 = 𝜎 = 𝜈 = 𝜆 = 0,                                                                  (1) 

 

and we show that always it is possible to select the NP tetrad such that: 

 

    𝜏 = 𝜋,     𝛼 = 𝛽,    𝜇 = 𝑞 𝜌,    𝛾 = 𝑞 휀,   𝜓2 = 4(𝛾 𝜌 − 𝜋 𝛽),        𝑞 = ±1.                      (2) 

 

   Hence from (2) are immediate the identities of Czapor-McLenaghan [11, 13, 14]: 

 

                                    𝜋 �̅� − 𝜏 𝜏̅ = 𝜌 �̅� − 𝜇 �̅� = 0,                                                            (3) 

 

and the proportionality of two of their invariants: 

 

                 𝐼3 ≡ 𝜌 �̅� − 𝜏 �̅� ,           𝐼4 ≡ 𝜇 �̅� − 𝜏 �̅� = 𝑞 𝐼3 ;                                               (4) 

 

besides, it shall be clear that  𝐼3 = 𝐼4 = 0 for all Kinnersley solutions except for the Class III. 
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2. Type D vacuum metrics 

 

For each metric [7-9] we indicate the null tetrad and its corresponding spin coefficients [3] 

verifying the properties (2); let’s remember that  𝜓𝑐 = 0, 𝑐 ≠ 2  and  (𝑥𝜈) = (𝑢, 𝑟, 𝑥, 𝑦), 𝜈 =

0, … , 3. 

 

1). Class I:     This case leads to the NUT geometries [8, 15]. 

 

   (𝑙𝜈) = (0, 1, 0, 0),    (𝑛𝜈) = (1, −
𝜇

𝜌
, 0, 0),    (𝑚𝜈) = (−

𝑖𝑎

√2
 �̅� 𝜂, 0, �̅� 𝑃, 𝑖 �̅� 𝑃),             (5) 

 

where a is a positive real constant and: 

 

  𝜌 = −
1

𝑟+𝑖 𝑎
 ,       𝜇 = 𝜇0 �̅� +

𝑏

2
(𝜌 + �̅�) 𝜌,      𝑏 = 𝑏0 + 2𝑖𝑎 𝜇0 ,     2 𝜇0 = 0, ±1,      𝜂 = 𝑥 + 𝑖𝑦,   

                                                                                                                                                                         

(6) 

  𝛾 =
𝑏

2
𝜌2 , 𝛼 = −�̅� =

𝜇0

2√2
 𝜌 �̅� ,   𝑃 =

1

√2
(1 +

𝜇0

2
𝜂 �̅�),   𝜓2 = 𝑏 𝜌3 = 2𝛾 𝜌,   휀 = 𝜏 = 𝜋 = 0; 

 

it is easy to prove that  𝜇/𝜌  is real, in fact: 

 

                      
𝜇

𝜌
= 𝜇0 +

1

2
(𝑏 𝜌 + �̅� �̅�) =  

1

𝑟2+𝑎2
[𝜇0(𝑟2 − 𝑎2) − 𝑏0𝑟].                               (7) 

 

In [3, 8] are the following expressions for a general rotation of type III: 

   

                    𝑙𝜈 =  𝑒A 𝑙𝜈 ,         �̃�𝜈 =  𝑒−A 𝑛𝜈 ,         �̃�𝜈 =  𝑒−𝑖B 𝑚𝜈 ,         �̃̅�𝜈 =  𝑒𝑖B �̅�𝜈 ,      

 

  �̃� = 𝑒2𝐴−𝑖𝐵𝜅, �̃� = 𝑒𝐴𝜌, �̃� = 𝑒𝐴−2𝑖𝐵𝜎, �̃� = 𝑒−𝑖𝐵𝜏,   �̃� = 𝑒𝑖𝐵𝜋, 𝜈 = 𝑒−2𝐴+𝑖𝐵𝜈, 𝜇 = 𝑒−𝐴𝜇,  

                          (8) 

                   �̃� = 𝑒−𝐴+2𝑖𝐵𝜆,         휀̃ = 𝑒𝐴 [
1

2
𝐷(𝐴 − 𝑖𝐵) + 휀],       �̃� = 𝑒−𝐴 [

1

2
Δ(𝐴 − 𝑖𝐵) + 𝛾],    

 

                   �̃� = 𝑒𝑖𝐵 [
1

2
𝛿̅(𝐴 − 𝑖𝐵) + 𝛼],          𝛽 = 𝑒−𝑖𝐵 [

1

2
𝛿(𝐴 − 𝑖𝐵) + 𝛽],          �̃�2 = 𝜓2 , 

 

whose application to (5) and (6) with  𝐴 = 𝐿𝑛√
𝜇

𝜌
   and  𝐵 = 𝑎𝑟𝑐 𝑡𝑔 

𝑦

𝑥
− 𝑎𝑟𝑐 𝑡𝑔 

𝑟

𝑎
  implies (2) 

for 𝑞 = 1: 

 

   �̃� = �̃� = 0, �̃� = 𝛽 = −
𝑖

2
√

𝜚 �̅�

2𝜂 �̅�
(1 −

𝜇0

2
𝜂 �̅�) ,   �̃� = �̃� = √𝜇 𝜌 ,   �̃� = 휀̃ =

𝛾

2
√

𝜌

𝜇
 ,     �̃�2 = 4�̃� �̃�.           
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(9) 

2). Class II.A:    Kerr-NUT spacetime [16]. 

 

 (𝑙𝜈) = √−
𝑞𝑁

2Σ
 (0, 1, 0, 0), (𝑛𝜈) =

1

√−2𝑞𝑁Σ
(2(𝑟2 + 𝑙2 + 𝑎2), 𝑁, 0, 2𝑎), 𝑞 = ±1, −𝑞𝑁 > 0,      

                                (10) 

 (𝑚𝜈) =
1

√2Σ
(𝑎 sin 𝑥 + 2𝑙 cot 𝑥, 0, −𝑖, csc 𝑥),   𝑄 = 𝑟 + 𝑖(𝑙 − 𝑎 cos 𝑥),   𝑁 = −𝑟2 + 2 𝑚 𝑟 +

                          𝑙2 − 𝑎2,   Σ = 𝑄�̅�, 

 

verifying (2) with: 

                          𝜌 = −
1

𝑄
√−

𝑞𝑁

2Σ
 ,          𝜏 = −

𝑎

𝑄√2Σ
 sin 𝑥,          𝛼 =

−𝑎+(𝑙−𝑖𝑟) cos 𝑥

2𝑄√2Σ
 csc 𝑥 ,   

                                                                                                                             (11)                                           

                      휀 = −
𝑞

2𝑄√−2𝑞𝑁Σ
 [𝑎2 − 𝑚𝑟 − 𝑙2 + 𝑖(𝑚 − 𝑟)(𝑙 − 𝑎 cos 𝑥)],        𝜓2 = −

𝑚+𝑖 𝑙

𝑄3  . 

 

For the cases  𝑙 = 𝑎 = 0   &  𝑙 = 0  we obtain the Schwarzschild and Kerr [8, 10, 17] metrics, 

respectively. 

 

3). Class II.B: 

 

  (𝑙𝜈) = √−
𝑞𝑁

2Σ
 (0, 1, 0, 0), (𝑛𝜈) =

1

√−2𝑞𝑁Σ
(2(𝑟2 + 𝑙2 + 𝑎2), 𝑁, 0, 2𝑎), 𝑄 = 𝑟 + 𝑖(𝑎 cosh 𝑥 − 𝑙), 

                         (12) 

   (𝑚𝜈) =
1

√2Σ
(−𝑎 sinh 𝑥 + 2𝑙 coth 𝑥, 0, −𝑖, csch 𝑥),    Σ = 𝑄�̅�,    𝑁 = 𝑟2 + 2𝑚𝑟 − 𝑙2 + 𝑎2, 

 

in according with (2) such that: 

 

𝜌 = −
1

𝑄
√−

𝑞𝑁

2Σ
 ,          𝜏 = −

𝑎

𝑄√2Σ
 sinh 𝑥,          𝛼 =

𝑎 − (𝑙 + 𝑖𝑟) cos ℎ 𝑥

2𝑄√2Σ
 csch 𝑥 , 

                                   (13) 

휀 = −
𝑞

2𝑄√−2𝑞𝑁Σ
 [−𝑎2 − 𝑚𝑟 + 𝑙2 + 𝑖(𝑚 + 𝑟)(−𝑙 + 𝑎 cosh 𝑥)],         𝜓2 = −

𝑚 + 𝑖 𝑙

𝑄3
 . 

 

4). Class II.C: 

 

  (𝑙𝜈) = √−
𝑞𝑁

2Σ
 (0, 1, 0, 0), (𝑛𝜈) =

1

√−2𝑞𝑁Σ
(2(𝑟2 + 𝑙2 − 𝑎2), 𝑁, 0, 2𝑎), 𝑄 = 𝑟 + 𝑖(𝑎 sinh 𝑥 − 𝑙), 

                              (14) 
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   (𝑚𝜈) =
1

√2Σ
(−𝑎 cosh 𝑥 + 2𝑙 tanh 𝑥, 0, −𝑖, sech 𝑥),    Σ = 𝑄�̅�, 𝑁 = 𝑟2 + 2𝑚𝑟 − 𝑙2 − 𝑎2, 

 

satisfying (2) with: 

 

𝜌 = −
1

𝑄
√−

𝑞𝑁

2Σ
 ,            𝜏 = −

𝑎

𝑄√2Σ
 cosh 𝑥,            𝛼 = −

𝑎 + (𝑙 + 𝑖𝑟) sin ℎ 𝑥

2𝑄√2Σ
 sech 𝑥 , 

                    (15) 

휀 = −
𝑞

2𝑄√−2𝑞𝑁Σ
 [𝑎2 − 𝑚𝑟 + 𝑙2 + 𝑖(𝑚 + 𝑟)(−𝑙 + 𝑎 sinh 𝑥)],         𝜓2 = −

𝑚 + 𝑖 𝑙

𝑄3
 . 

 

5). Class II.D: 

 

 (𝑙𝜈) = √−
𝑞𝑁

2Σ
 (0, 1, 0, 0),      (𝑛𝜈) =

1

√−2𝑞𝑁Σ
(2(𝑟2 + 𝑙2), 𝑁, 0, 2𝑎),      𝑄 = 𝑟 + 𝑖(𝑎 𝑒𝑥 − 𝑙), 

                                                                                                                                     (14)                                        

           (𝑚𝜈) =
1

√2Σ
(−𝑎 𝑒𝑥 + 2𝑙, 0, −𝑖, 𝑒−𝑥),           Σ = 𝑄�̅�,           𝑁 = 𝑟2 + 2𝑚𝑟 − 𝑙2, 

 

and (2) are correct with: 

                                    𝜌 = −
1

𝑄
√−

𝑞𝑁

2Σ
 ,               𝜏 = −

𝑎 𝑒𝑥

𝑄√2Σ
 ,              𝛼 = −

𝑙+𝑖 𝑟

2𝑄√2Σ
  ,  

            (15) 

                         휀 = −
𝑞

2𝑄√−2𝑞𝑁Σ
 [−𝑚𝑟 + 𝑙2 + 𝑖(𝑚 + 𝑟)(−𝑙 + 𝑎 𝑒𝑥),        𝜓2 = −

𝑚+𝑖 𝑙

𝑄3  . 

 

6). Class II.E: 

 

   (𝑙𝜈) = √−
𝑞𝑁

2Σ
 (0, 1, 0, 0),      (𝑛𝜈) =

1

√−2𝑞𝑁Σ
(2(𝑟2 + 𝑏2), 𝑁, 0, 2),      𝑄 = 𝑟 + 𝑖 (𝑏 +

𝑥2

2
), 

               (16) 

   (𝑚𝜈) =
1

√2Σ
(−𝑏 𝑥 −

𝑥3

4
, 0, −𝑖,

1

𝑥
) ,           Σ = 𝑄�̅�,           𝑁 = 2(𝑚 𝑟 + 𝑏),    𝑞 = −1, 

 

with the properties (2) for: 

 

𝜌 = −
1

𝑄
√−

𝑞𝑁

2Σ
 ,     𝜏 = −

𝑥

𝑄√2Σ
 ,    𝛼 =

2𝑏 − 𝑥2 − 2𝑖 𝑟

4 𝑥 𝑄√2Σ
 , 

  휀 =
𝑞

2𝑄√−2𝑞𝑁Σ
 (𝑚�̅� + 2𝑏),     𝜓2 = −

𝑚+𝑖 

𝑄3  .                                    (17) 
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7). Class II.F: 

                   (𝑙𝜈) = √−
𝑞𝑁

2Σ
 (0, 1, 0, 0),        (𝑛𝜈) =

1

√−2𝑞𝑁Σ
(2𝑟2, 𝑁, 0, 2),        𝑄 = 𝑟 + 𝑖 𝑥, 

 (18) 

                             (𝑚𝜈) =
1

√2Σ
(−𝑥2, 0, −𝑖, 1),           Σ = 𝑄�̅�,           𝑁 = 2𝑚𝑟 − 1, 

 

in according with (2) for: 

𝜌 = −
1

𝑄
√−

𝑞𝑁

2Σ
 , 𝜏 = 2𝛼 = −

1

 𝑄√2Σ
 , 

  휀 = −
𝑞

2𝑄√−2𝑞𝑁Σ
 (1 − 𝑚 𝑟 + 𝑖 𝑚 𝑥)),     𝜓2 = −

𝑚 

𝑄3 .                               (19) 

 

8). Class III.A:     Static ‘C’ metric [10, 18, 19]. 

 

𝑑𝑠2 = (𝑥 + 𝑦)−2(ℎ 𝑑𝑢2 − 𝑓 𝑑𝑟2 − 𝑓−1𝑑𝑥2 − ℎ−1𝑑𝑦2), 

                              (20) 

                             𝑓 = 𝑥3 + 𝑎 𝑥 + 𝑏,       ℎ = 𝑦3 + 𝑎 𝑦 − 𝑏,           𝑎, 𝑏   are constants, 

 

then we employ the null tetrad: 

 

  (𝑙𝜈) =
𝑥+𝑦

√2
(

1

√ℎ
, 0, 0, √ℎ) , (𝑛𝜈) =

𝑥+𝑦

√2
(

1

√ℎ
, 0, 0, −√ℎ) , (𝑚𝜈) =

𝑥+𝑦

√2
(0,

1

√𝑓
, −𝑖√𝑓, 0),        (21) 

 

verifying (2) with 𝑞 = 1 and  𝜓2 =
1

2
(𝑥 + 𝑦)3: 

 

𝜌 = √
ℎ

2
 ,   𝜏 = −𝑖√

𝑓

2
 ,   𝛼 =

𝑖

4√2𝑓
[2𝑓 − (3𝑥2 + 𝑎)(𝑥 + 𝑦)] , 

  휀 = −
1

4√2ℎ
[2ℎ − (3𝑦2 + 𝑎)(𝑥 + 𝑦)] .                                                 (22) 

 

We can observe that in this case the invariants (4) are nonzero because  𝐼3 = 𝑖√ℎ𝑓. 

 

9). Class III.B: 

(𝑙𝜈) = √𝑞𝐸 (0, 1, 0, 0),       (𝑛𝜈) =
1

√𝑞𝐸
(𝑋0, 𝑈, 0, 𝑋3),      𝑞 = ±1, 

                     (23) 

(𝑚𝜈) =
1

√2Σ
(

𝑠𝑛 𝑥

𝜋0
 , −𝑖√2 𝜋0(𝑟2 + 3𝜌0

2), −4𝑎 𝜋0,
𝑑𝑛 𝑥

𝜋0
) ,     𝑞𝐸 > 0, 

such that: 
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Σ = 𝑄�̅�,   𝑄 = 𝑟 + 𝑖 𝜌0,    𝜌0 = 𝑎 𝑐𝑛 𝑥,   𝜌 = −
1

𝑄
 , 

 𝑋0 = 𝑑𝑛 𝑥 +
𝑎√2

Σ
(𝑟 𝑐𝑛 𝑥 + 𝑎√2 𝑠𝑛 𝑥 𝑑𝑛 𝑥) 𝑠𝑛 𝑥, 

 

 𝜋0
2 = 𝑐 𝑠𝑛 𝑥 𝑑𝑛 𝑥 +

𝑏

4𝑎2  𝑐𝑛2𝑥 −
√2

8𝑎3  𝑐𝑛 𝑥 (𝑚 𝑠𝑛 𝑥 + 𝑙√2 𝑑𝑛 𝑥), 𝜇0 =
1

𝑡0
(2𝜌0

3 𝜋0
2 − 2𝜌0𝑈0 − 𝑙0) 

𝑙0 = 𝑙𝑑𝑛 𝑥(1 − 2𝑠𝑛2𝑥) −
𝑚

√2
𝑠𝑛 𝑥(3 − 2𝑠𝑛2𝑥), 𝑋3 = 𝑠𝑛 𝑥 −

2𝑎√2

Σ
(𝑟𝑐𝑛 𝑥 + 𝑎√2𝑠𝑛 𝑥 𝑑𝑛 𝑥)𝑑𝑛 𝑥, 

                      (24) 

 𝐸 =
1

Σ
[𝜏 𝜏0̅ −

1

2
(�̅� �̃�0 + 𝑄 �̅̃�0) + 2𝜌 𝜋0

2(𝜌0 𝑟2 − 2 𝑟 𝑡0 − 3𝜌0
3)] + (2𝜌0

2 − 𝑟2) 𝜋0
2 − 𝜇0 𝑟 − 𝑈0 , 

 

 𝑈0 = 𝑏 − 3𝜌0
2𝜋0

2 +
3

2𝑎√2
 𝑐𝑛 𝑥 ( 𝑚 𝑠𝑛 𝑥 − 𝑙√2 𝑑𝑛 𝑥),       �̃�0 = (𝑚 + 𝑖 𝑙) (𝑑𝑛 𝑥 −

𝑖

√2
 𝑠𝑛 𝑥)3, 

 

                            𝑡0 = 2𝑎2√2 𝑠𝑛 𝑥 𝑑𝑛 𝑥 ,        𝑎, 𝑏, 𝑐, 𝑙, 𝑚   are arbitrary constants, 

 

where 𝑠𝑛 𝑥, 𝑐𝑛 𝑥, 𝑑𝑛 𝑥 are elliptic functions of modulus 
1

√2
 ; in [7, 8] we can find the 

corresponding expression for U. The relations (2) are satisfied, for example: 

 

𝜌 = 𝑞 𝜇 = −
√𝑞𝐸

𝑄
 ,      𝜏 = 𝜋 =

𝜋0

𝑄√Σ
[𝑡0 − 2𝜌0 𝑟 + 𝑖(𝑟2 + 𝜌0)],         𝜓2 = −

�̃�0

𝑄3 , etc.             (25) 

 

Plebañski-Demiañski [9, 20, 21] already showed Class III.B could be reduced to Class III.A. 

 

10). Class IV.A: 

 

  (𝑙𝜈) = (0, 1, 0, 0),        (𝑛𝜈) = (1, −
𝑙

2𝑎
 

𝑟2

𝑥2+𝑎2 , 0,
4𝑎 𝑟

𝑥2+𝑎2),       (𝑚𝜈) = (0,
2𝑟𝑥𝜉

𝑥2+𝑎2 , 𝜉,
𝑖

𝜉
),     (26) 

 

where  𝜉2 =
2𝑎𝑚 𝑥+𝑙 (𝑎2−𝑥2)

2𝑎 (𝑥2+𝑎2)
 , therefore: 

 

   𝜌 = 𝜇 = 휀 = 0,       𝜏 = −𝜋 = −
𝑥−𝑖 𝑎

𝑥2+𝑎2  𝜉 ,       𝛾 =
𝑙 𝑟

2𝑎 (𝑥2+𝑎2)
 ,      𝛼 =

(𝑙 𝑥−𝑚 𝑎)−𝑖 2 𝑎2 𝜉

4𝑎 𝜉 (𝑥2+𝑎2)
 , 

                       (27) 

𝛽 =
𝑚 𝑎 − (𝑙 + 4𝑎 𝜉2) 𝑥 + 𝑖 2𝑎2𝜉2

4𝑎 𝜉(𝑥2 + 𝑎2)
 ,          𝜓2 =

𝑚 + 𝑖 𝑙

(𝑥 + 𝑖 𝑎)3
= 2 𝜋 (𝛼 − 𝛽). 

 

Now for (26) and (27) we apply the relations (8), that is, a rotation of type III with  𝐴 =

𝐿𝑛[𝑟√
𝑒𝑙

2𝑎(𝑥2+𝑎2)
] and  𝐵 = 90∘, 𝑒 = ±1,

𝑒 𝑎

𝑙
> 0, then (2) are verified for  𝑞 = 1: 
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  �̃� = 𝜇 = 0,     �̃� =
(𝑎+𝑖 𝑥) 𝜉

𝑥2+𝑎2  ,    휀̃ =
1

2
√

𝑒 𝑙

2𝑎 (𝑥2+𝑎2)
 ,   �̃� = 𝑖 [𝛼 +

𝑥 𝜉

2(𝑥2+𝑎2)
],   �̃�2 = 𝜓2 = −4�̃� 𝛽.      

                                                                                                                                     (28) 

11). Class IV.B: 

 

   (𝑙𝜈) = (0, 1, 0, 0), (𝑛𝜈) = (1,
𝑐 𝑟2

𝑥2 , 0, 0) , (𝑚𝜈) = (0,
2𝑟𝜉

𝑥
, 𝜉,

𝑖

𝜉
),    𝜉2 = 𝑐 +

𝑚

𝑥
 , 𝑐 = 0, ±

1

2
 ,        

(29)      

hence:   

  𝜌 = 𝜇 = 휀 = 0,    𝜏 = −𝜋 =
𝜉

𝑥
,   𝛾 = −

𝑐 𝑟

𝑥2
,    𝛼 = −

𝑚+2𝑐 𝑥

4𝑥2𝜉
,     𝛽 = −

3𝑚+2𝑐 𝑥

4𝑥2𝜉
 ,    𝜓2 =

𝑚

𝑥3
.   (30) 

 

a). 𝑐 = 0:  

 

Under a rotation type III with  𝐴 = 𝐿𝑛 𝑥  and  𝐵 = 90° we obtain the fulfillment of (2) for: 

 

  �̃� = 𝜇 = �̃� = 휀̃ = 0,         �̃� = 4�̃� = 𝑖
𝜉

𝑥
 ,        𝜉2 =

𝑚

𝑥
 ,        �̃�2 = −4�̃� 𝛽.         (31) 

b). 𝑐 = ±
1

2
∶ 

 

We employ the relations (8) for  𝐴 = 𝐿𝑛 (
𝑟

𝑥 √2
)  and  𝐵 = 90° to verify (2) with: 

 

�̃� = 𝜇 = 0,   휀̃ =
1

2𝑥 √2
 ,   �̃� =

𝑖 𝜉

𝑥
 ,    �̃� =

𝑖 𝑚

4𝑥2𝜉
 ,    �̃�2 =

𝑚

𝑥3 = −4�̃� 𝛽,     𝑞 = ∓1,    𝑐 = ±
1

2
.    (32) 

 

Now it is complete our analysis of the Kinnersley’s metrics, therefore in any type D empty 

spacetime always is possible to find a Newman-Penrose tetrad with the properties (2), in 

consecuense are immediate the identities (3) of Czapor-McLenaghan [11, 13, 14]. 
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