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Kinnersley’s Metrics
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Abstract
We study the explicit form of each Kinnersley’s metric to show that there always exists a

Newman-Penrose tetrad generating certain relations between the corresponding spin coefficients;
our results imply some identities obtained by Czapor-McLenaghan.

Keywords: Type D empty spacetimes, Newman-Penrose formalism.

1. Introduction

Here we employ the notation, quantities and conventions of [1-6]. Kinnersley [7-9] gave the
explicit structure of any solution of Einstein’s field equations for vacuum spacetimes of type D
in the Petrov classification [4, 10]. We apply the Newman-Penrose (NP) formalism [1-6, 8, 10,
11] to each Kinnersley’s metric, taking the null vectors [* and n* aligned with the 2-degenerate
principal directions [5], then the Goldberg-Sachs theorem [6, 10, 12] implies:
K=0c=v=1=0, 1)
and we show that always it is possible to select the NP tetrad such that:
T=m, a=f, p=qp, y=q¢& Y,=4@yp—-wph), q==1L (2)
Hence from (2) are immediate the identities of Czapor-McLenaghan [11, 13, 14]:
TT—tT=pa—pup=0, ©)
and the proportionality of two of their invariants:

L=pmTt—1p, L=zum—tp=qls; 4)

besides, it shall be clear that I; = I, = 0 for all Kinnersley solutions except for the Class IlI.
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2. Type D vacuum metrics

For each metric [7-9] we indicate the null tetrad and its corresponding spin coefficients [3]
verifying the properties (2); let’s remember that ¥, =0, c #2 and (xV) = (u,r,x,y), v =
o0,..,3.

1). Class I:  This case leads to the NUT geometries [8, 15].

(1Y) = (0,1,0,0), (n*) = (1,—%,0, 0), (m") = (—% gn, 0, 5P, iﬁP), (5)

where a is a positive real constant and:

1 _ b _ . .

p=———, u=up+5;(+p)p, b=bo+2iap, 2p =0=%1, n=x+iy,
(6)

b 5 _ 1 _
y=2p2, a=—f=2tpij, P==(1+%207), Yo=bp*=2yp e=t=7=0;
it is easy to prove that u/p is real, in fact:
1 = 1
s =k t3(bp+ba)= slu(? —a®) —borl (7)
In [3, 8] are the following expressions for a general rotation of type I1I:
V= eAlY AV = e ApVY mY = e BBmv mY = eBmV

k= eZA_lBK, ’5 — eAp, & = eA_ZlBO', 7= e_iBT, f = eiBT[, 7= 8_2A+iBV, ‘a' — e_A,Ll,

(8)

T=e ), g=er[lD(A-iB)+e|, 7=e[iaA-iB)+y]
a=e?[6A-iB)+a|, f=eBsUA-BY+B|, =1,

whose application to (5) and (6) with A = Ln |E

S

and B =arctg %— arctg 2 implies (2)

forqg = 1:

t=r=0 a=f=-1 [2La-yq), qi=p=up, =e=L [ F=47p
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(9)
2). Class ILLA:  Kerr-NUT spacetime [16].

1

m(Z(rz + 12+ a?%), N,0,2a), g ==+1, —gN >0,

(10)
(m")=%(asinx+21cotx,0,—i,cscx), Q=r+i(l—acosx), N=—-r?>+2mr+
1?—a? ¥=00Q,

@ = |-£0,1,00), (") =

verifying (2) with:
—_1|_9aN _ __a . __ —a+(l-ir)cosx
p= ) g T= ovoE sin x, a= oV cscx,

m+il

Q3

(11)

t=————s[a?—-mr—1P+im—-1r)(—acosx)], P,=-—

q
2Q/—2qNz

Forthecases l=a=0 & [ =0 we obtain the Schwarzschild and Kerr [8, 10, 17] metrics,
respectively.

3). Class 11.B:

1

[—2qN% Q@?+1%2+a?), N,0,2a), Q =7+ i(acoshx — 1),

(12)
(m¥) = \/%(—a sinhx + 2l cothx,0,—i,cschx), £=QQ, N =r?+2mr—I?+ad?

@) = |-% (0,1,0,0), (") =

in according with (2) such that:

1 qN a h a—(l+ir)coshx h
=—— |[——, T=— sinh x, a = cschx,
P Q\ 2% QV2x 20+/2%
(13)

m+il

Q3

82_# [—a? —mr + 1+ i(m+ r)(—l + acoshx)], Y2 =

20./—2qN%.

4). Class 11.C:

) = /—% (0,1,0,0), (n") = Jﬁ(zoﬂz +12-4a?), N,0,2a),Q =1 + i(asinhx — ),
(14)

Prespacetime Journal www.prespacetime.com
Published by QuantumDream, Inc.



Prespacetime Journal| June 2016 | Volume 7 | Issue 9 | pp. 1267-1274 1270
Morales, J., Ovando, G., Lopez-Bonilla, J. & Lépez-Vazquez, R., Kinnersley’s Metrics

(m¥) = \/%(—a coshx + 2ltanhx,0,—i,sechx), £=QQ,N =712+ 2mr — 12 —a?,

satisfying (2) with:
1 qgN a b a+ (l+ir)sinhx b
=——= [——, T=-— coshx, a=- sechx,
Pmo| = oV 20V2s
(15)
9 (@ —mr+P+im+r)(—l+asinhy)], @, = -t
E=——7——|a“—mr ilm+1r)(—l+ asinhx)], = —
20./—2qNZ 2 Q3
5). Class 11.D:
A ’_ﬂ vy — 1 2 2 _ : x _
(l ) - 23 (0! 1; 0: 0)! (n ) - \/m(z(r +l )F N: OF Za)! Q =r+ l(a e l)’
(14)
vy L (% i ooX — NN _ .2 2
(m)—m( ae*+21,0,—i,e™™), =00, N =7r%4+2mr — 14,
and (2) are correct with:
_ _ 1/ aN __aex __ lir
p= 0 23’ t= QV2s ’ a= 2Qv2% ’
(15)
—_ q _ 2 . _ x _ _m+il
€= —ZQ\/W[ mr+1F+im+r)(—l+ae®), yY,= e
6). Class I.E:
V)= [~ vy — 1 2 4 p2 _ . x2
(l)_ 23 (0!110:0)1 (n)_ —2qNZ(2(T +b)’ NIOFZ)F Q_r+l(b+2)r
(16)
1 3 .1 =
m)=—=(-bx-%,0-i,7), £=QQ  N=2mr+b), q=-1,
with the properties (2) for:
1 qN x 2b—x%—=2ir
p = — — -, T = — ) a =
Q\ 2% QV2z 4x QV2z
___a A _ _m+i
£ = TNETI (mQ + 2b), Y, = PERR a7
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7). Class IL.F:
vy — _ﬂ vy — 1 2 — .
(l)_ 23 (011;0;0)) (n)—m(ZT,N,O,Z), Q_r+lx;
(18)
vy — L A2 g — N — _
(m)_m( xio; L 1)) Z_QQi N_Zmr 1;
in according with (2) for:
1 qN 5 1
= —_—— -, T = a = _——,
P=70] 2= OV2E
sz—ﬁ(l—mr+imx)), Yy =—— (19)
8). Class Ill.A:  Static ‘C” metric [10, 18, 19].
ds? = (x + y) " 2(hdu?® — f dr? — f~1dx? — h™1dy?),
(20)
f=x3+ax+b, h=y3>+ay-—b, a, b are constants,
then we employ the null tetrad:
v xty v xty v m 1
() == ( 00\/_)(11)— (f,oo —Vh), (m*) = ( H/‘o) (21)
verifying (2) with g = 1 and ¢, = %(x + y)3:
41/
=5 [2h -Gy + a)(x +y)]. (22)
We can observe that in this case the invariants (4) are nonzero because I; = i\/hf.
9). Class 111.B:
1
(") =4qE(0,1,0,0), (n")= ﬁ(xo, U,0,X3), q=+1,
q
(23)
(m") = — (S"x 2 10(r? + 3p3), —4 d"") E>0
m°) = \/_ [ TTo\Tr Po aTmy, o y q ’
such that:
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1

£=QQ Q=r+ipy pp=acnx, p==r.

a2
X° =dnx+T(rcnx+a\/§snxdnx)snx,

n2 =csnxdnx+4% cnzx—&% cnx (msnx + W2dnx),u, =ti(2pg 2 — 2poUy — 1o)
0

lo = ldn x(1 — 2sn?x) — %sn x(3 —2sn%x), X3 =snx — %ﬁ (rcn x + av2sn x dn x)dn X,
(24)

1[ - 1(= 7 =
E=§[TT0_E(Q'Po+Q1/Jo)+2,07fg(,007'2_Zrt0_3pg)]+(2,05_Tz)ﬂg_llor_UOr

Uy =b—3p§7r§+2a3—\/7 cnx(msnx—W2dnx), Po=(m+il) (dnx—\/% sn x)3,

to =2a*V2snxdnx, a,b,c,l,m are arbitrary constants,

where sn x,cn x,dn x are elliptic functions of modulus % ;in [7, 8] we can find the

corresponding expression for U. The relations (2) are satisfied, for example:

_ . _ _JiE ___ = . _ P
p=qu=—"-, Tt=n=_%lt=2p0r+i(r* +po)l, Y= -3 etc (25)

Plebariski-Demiafiski [9, 20, 21] already showed Class I11.B could be reduced to Class I11.A.

10). Class IV.A:

) =00100), @) =(L-%-=020) m)=(022% ¢1) (2

2a x2+a2’ "’ x2+a? x24a2’ £

2am x+1 (a?-x?

where &2 = ) therefore:

2a (x2+a?)
o _ . _ _x-ia _ Ir _(x-ma)-i2a?§
p=p=e=0, 1=-m=-——7¢, Y= saemian T T aaiaiian
(27)
ma—(l+4aé?) x+i2a?&? m+il
B = ( ) é, s =———=2mn(a—p).
4a &(x? + a?) (x+ia)3

Now for (26) and (27) we apply the relations (8), that is, a rotation of type Il with A =
el ° _ ea . gn _ 1.
Ln[r /W] and B =90°, e = +1, o> 0, then (2) are verified for g = 1:
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~ o~ ~ _(a+ix)& ~_ 1 el ~ x§ T — AR
p=p=0 1= x2+a? ' 8_2\’2a(x2+a2)’ “=t [a+2(x2+a2)' V2 =9, = AT f

11). Class IV.B:

z 2 j 1
@) =(0,1,0,0), (") = (1,55,0,0),(m") = (0, =5, & ), &2=c+2,c=0, %3,

2 X E -
(29)
hence:
3 cr m+2cx 3m+2cx m
p=p=e=0, t=-m=1, y=-5, a=-—75-, f=-"5— =5 (0

a).c =0:

Under a rotation type 11l with A = Ln x and B = 90" we obtain the fulfillment of (2) for:

©
Il
=
Il
-
Il
1)
Il
2
N
Il
NN
AN
Il
% low

, =2, Yp=-4rf (31
b).c=i%:

r

We employ the relations (8) for A = Ln () and B = 90° to verify (2) with:

~ o~ ~_ 1 ~ _ig ~ __im
p=p=0, &= =% a_4xzf'

N =

Po=Z=—4f, q=F1, c=1.. (32

Now it is complete our analysis of the Kinnersley’s metrics, therefore in any type D empty
spacetime always is possible to find a Newman-Penrose tetrad with the properties (2), in
consecuense are immediate the identities (3) of Czapor-McLenaghan [11, 13, 14].
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