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Abstract. In this paper, we introduce a degenerate Hermite-Bernoulli numbers and polynomials of the
second kind and develop some elementary properties. We derive some implicit summation formulae and
general symmetry identities are derived by using different analytical means and applying generating func-
tions.
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1. Introduction

The 2-variable Kampé de Fériet generalization of the Hermite polynomials [2] and [4] reads

T =27

(3]
Y
H(x,y) :n!Zm (1.1)
r=0

These polynomials are usually defined by the generating function

ettt OO tn
S () 12
n=0
and reduce to the ordinary Hermite polynomials H,(z) (see [1]) when y = —1 and « is replaced by 2z.

Based on the definition and generating function above, we can define degenerate Hermite polynomials by
means of the generating function

L+ FA+ M) =3 Hy(,y:0)

n=0

tn
) (1.3)
where A # 0. Since (1+A)* —s et as A — 0, it is evident that (1.3) reduces to (1.2). That is H,, (z,y)
limiting case of H,(x,y; A\) when A — 0.

By equating coefficients of t™ on both the sides of (1.3), the following representation of H,(z,y;\) is

obtained "

Hy(z,y;\) = ”!Z (=% n—2r(=%)r(=A)"7" -

s rl(n —2r)!

|3

Since limy_,0 Hy(z, y; ) = Hy(x,y), (1.1) is a limiting case of (1.4).

In [3], Carlitz, L introduced the degenerate Bernoulli polynomials defined by

t

2w s
m(1+>\t) = Bul A (1.5)

n=0
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When 2z =0, 8,(\) = fla)(A, 0) are called the degenerate Bernoulli numbers.
Note that

lim B, (z|\) = By(z), (n > 0).

A—0

Kim and Seo [7] introduced the degenerate Bernoulli polynomials of the second kind defined by

log(1 + )\t)
(14 At)x —

When 2 = 0 in (1.6), B,()\) = B,(0|)\) are called the degenerate Bernoulli numbers of the second kind.
Note that

(1+M)x = ZB m|/\— (1.6)

lim B, (z|\) = B, (z)
A—0
where B,,(z) are called the Bernoulli polynomials (see [6, 8, 9]).

Pathan and Khan [8] introduced the generalized Hermite-Bernoulli polynomials of two variables wBY (z, Y)

defined by .
t “ ztyt? (a) "
() e =3 uB ) (17)

which is essentially a generalization of Bernoulli numbers, Bernoulli polynomials, Hermite polynomials
and Hermite-Bernoulli polynomials g B, (x,y) introduced by Dattoli et al [4, p.386(1.6)] in the form

(ett_> wttyt® ZHB xy (1.8)

The Stirling number of the first kind is given by

n

(@ =a(@—1)---(—n+1) = Si(n,Da',(n>0) (1.9)

=0

and the Stirling number of the second kind is defined by generating function to be

(e =" =n>" Sa(ln)g; (1.10)
A generalized falling factorial sum oy (n; \) can be defined by the generating function
) (n+1)
tk _ 0+~
or(n; A , (see |10 1.11
> on(m g =t (e 0D (111)

k=0
where limy_,¢ 0% (n; \) = Sk(n).

In this paper, we consider a degenerate Hermite-Bernoulli numbers and polynomials of the second kind
u By (z,y|\) and derive some identities and formulae related to Hermite-Bernoulli numbers and polyno-
mials of the second kind.

2. Degenerate Hermite-Bernoulli Polynomials of the Second Kind

1
Let us assume that A\, t € C, such that |Mt|, < p~ »=T. Then, we consider the degenerate Hermite-Bernoulli
polynomials of the second kind which are given by the generating function

Yy

log(1 X . tn
0B+ MY (1 | %1+ a2)¥ ZHB 2, y|A) 7' (2.1)

(14 Xt)> —1
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so that

n

CIDED SN G MOV AERTIY (2.2

m=0
When z =y =01in (2.1), B,(\) = g B,(0,0[)\) are called the degenerate Bernoulli numbers of the second
kind.
From (2.1), we note that

log(1 + A)> . o tn
1 B, A —————(14+ A)> (1 + A7) B, ( — 2.3
ZlmH (wyl) /\—>0(1+)\t)§f1(+ )R (1 + ZH (z,1) (2.3)
Thus, we get
lim g By (z,y|\) = gBn(z,y), (n > 0) (2.4)
A—0
Theorem 2.1. For n > 0, we have
)m
A) 7}\771 . A 2.
Bute i =3 (1) G A oY (2:5)
Proof. Form (2.1), we have
log(1 + At)* @ 2 (log(l + /\t) ( t ) ® oY
——————(1+ M)>(1+ Xt 14+ A)X(1+ At7)x
(1+>\t)%—1( )3 ( )X v ESVEES ( )3 ( )

(5 ) Eonen)

o0 n n (_1)m tn
= ANy Bn—m(z,y|\) | — 2.6
(3 () Gt ) & 20

Comparing the coefficients of equations (2.1) and (2.6), we get the result (2.5).

Theorem 2.2. For n > 0, we have

Bo(z.ylA) = }j( )H@hm@wuanmm> (2.7)

m=0
Proof. Since

> " log(l4 M) 2 9
By (z,y|A)— = ——F—1+X)>(1 + Xt 2.8
3Bl = (oA (2:)

B t 2 log(1+ At
((1 v ) (14 X)X (14 a2)% </\t )
=3 itV > o)

m=0

m!

n!

where D,,(z) are Daehee polynomials defined by W(l +8)* = 3. D,(z)t and D,(0) = D,, are

Daehee numbers (see [5]).
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Replacing n by n — m in above equation and comparing the coefficient of ¢™, we get the result (2.7).

Theorem 2.3. For n > 0, we have

> nBulen " sitnm) = 3 (1) T s 29)

m=0 m=0 m (m + 1)
Proof. Replacing ¢ by %log(l + At) in (1.8), we have

log(1 + At)%

TSI 1(1 + )X (14 A%

> 1
= 1 Balz.y)A7" —(log(1 + At))"
n=0 ’

> . n—m n
- ; <Z:O HBm(z,y)A Sl(n,m)> ) (2.10)
On the other hand i
_ (log(1+ At) . % 2 )
_< A )<(1+)\t)i_1<1+)‘t) (1+ At
= (_1)m e [e’e} i
) <Z=0 med > <,L§Hﬁ"<x’ylk>m>
(o) n B . ' )
= Z (Z ( Z”L ) mAmHﬁn_m(x,y)\)> 2' (2.11)
n=0 \im=0 .

By comparing the coefficients of t” on the right hand sides of the last two equations, we arrive at the
desired result.

Theorem 2.4. For n > 0, we have

— n m(_1)mm)

n+1 - m m+1

m=0

Proof. By using the definition (2.1), we have

log(1 + At)%
(14 Xt)> —1

log(1 + At)*

x+1 Y
T+ M) (1+ M) — .
( ) ) (1+M)% —1

(14 X)X (14 xH)¥

= log(1 + X)X (14 M) X (1 + Ae2) %

i HBnJrl(fL' + 1,y|>\) - HBn+1(xvy|)‘):| ﬁ

|
= n+1 n!
= _— _ X —
m m 1 n—m\Z, Y n!
n=0 \m=0
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Comparing the coefficients of ¢, we get the result (2.12).

Theorem 2.5. For n > 0 and d € N, we have

! at+xz A
a=0

Proof. From (2.1) in the form

1 d—1

t” log(1 + \t)> N ate

B, _ 080T a2 (1S
S uBastety = L0t S

1 log(1 4 At)% data oy
- o T AT ) (1 M) (L MR
d<z(1+)\t)x—l ( ) ( )

> - at+zx A\t
= an! B,(——,y|5) | =,(deN
> (e S um i) faew
Comparing the coefficients of t", we get the result (2.13).

3. Implicit Formulae Involving Degenerate Hermite-Bernoulli Polynomials of the Second
Kind

The result of this section present implicit summation formulae for degenerate Hermite-Bernoulli polyno-
mials of the second kind as follows:

Theorem 3.1. The following implicit summation formula involving degenerate Hermite-Bernoulli poly-
nomials of the second kind g B, (x,y|\) holds true:

n

aBn(z+ 2,y +uld) =" ( ? ) 1B s (z,y| N Hy (2, ul\) (3.1)

s=0

Proof. We replace x by x+z and y by y+u in (2.1), use (1.3 ) and rewrite the generating function as

log(1 + At)* " ts
o T (14 M) TR (1A B, (z, )\ qu)\—
—ZHB (x+z, y+u|)\)—' (3.2)
n=0
Now replacing n by n — s in Lh.s and comparing the coefficients of ¢", we get the result (3.1).
Remark 1. By taking the limit as A — 0 in (3.1), we have
Corollary 1.
HBn(33+Z7y+U) :Z ( Z ) Hans(may>Hs<Zau) (33>

s=0
Theorem 3.2. The following implicit summation formula involving degenerate Hermite-Bernoulli poly-
nomials of the second kind g B, (x,y|\) holds true:

n—2j [%]

Bn(CC,y|/\): m(1|>\)( )\)n m— 23( /\)nfm*j(_%)j
m=0 j=0

n!

mljl(n — 25 —m)! (34)
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1
Proof. Applying the definition (2.1) to the term tc’f(it%)f)z and expanding the function (14+At) % (1+Xt2)%
FAE) X —

at t = 0 yields

log(1 + X)3 £ SYRNES N\ (= my (A" [y (AR
S a0t —<E3m<1|A>m!> @( ), ) IS

[e’s} n n X e tn [e%¢) B j
:§<£<m)3m(1lx)(—A)nm(—A) ) = Z % J')

Jj=

Replacing n by n — 25, we have

ZHB (z,y[A) i:

oo [n—2j [5] . N
=S (T (0 ) Bl PN, ) 69

m (n — 25)!5!
Equating their coefficients of ¢™, we get the result (3.4).

Theorem 3.3. The following implicit summation formula involving degenerate Hermite-Bernoulli poly-
nomials of the second kind g B, (x,y|\) holds true:

CHERTIVED S (R [C NI N (30
m=0
Proof. By exploiting the generating function (2.1), we can write the equation
> " log(14 Mt)x 9 =z
B A)— = ——7F"—(1+ X 14+ At 1+ At)> 3.7
> Byl = ST (A0 T A4 A0 (37)

- (Z_OHB’”(”E B Z’y'”g) <Z<—§>n(_§)n>

n=0

Replacing n by n — m in above equation and equating their coefficients of ¢ leads to formula (3.6).

Theorem 3.4. The following implicit summation formula involving degenerate Hermite-Bernoulli poly-
nomials of the second kind g B, (x,y|\) holds true:

nBae 1N =3 (1) (CnA By (3.

r
r=0

Proof. By the definition of degenerate Hermite-Bernoulli polynomials of the second kind, we have

t" log(1 + At)> . y
ZHB (@ +1,y10) = —i—ZHB (z,y|\) _M(HM)X(HM?)X((HM)%+1)

T
— (I+x)x —1
tn & 1
(ZHB (@9l )(Z L, )+ZHB @un
r=0 n=0
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tn
n!

B ZZHB"*T(‘%:UP‘)(_%)T(_)\)T( -

S — B, (z,y|A
n=0r=0 'fl—’/‘)!’l“! +7LE::OH (:E y| )

Finally, equating the coefficients of the like powers of t", we get (3.8).
4. Identities for Degenerate Hermite poly-Bernoulli Polynomials of the Second Kind

In this section, we give general symmetry identities for the degenerate Bernoulli polynomials of the sec-
ond kind B, (x|\) and the degenerate Hermite Bernoulli polynomials of the second kind g B, (x,y|\) by
applying the generating function(1.6) and (2.1).

Theorem 4.1. Let a,b > 0 and a # b. For z,y € R and n > 0, the following identity holds true:

n

Z ( :ln )bma"_mHBn_m(bx,b2y|/\)HBm(ax,a2y|)\)

m=0
n

m=0

( :Ln >amb"mHBn_,m)\(aa:,a2y|)\)HBm(bm,b2y|/\) (4.1)

Proof. Start with

a2b2y

)(1+/\t)“§m(1+>\t2) x (4.2)

g(t) = (log(1 + At %) (log(1 + M) %)
(L)% = (1 + )3 —1)

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into series in two ways to

obtain
>, at)? bt)™
g(t) = Z 1 B (b, b*y|)\) ( n') Z 1 Bm(az, a*y|\) ( Wz!

n=0 m=0

n n

3 t
X (3 () oot )
n=0 m n!

m=0

On the similar lines we can show that

(bt)"

n!

(at)™
!

g(t) = Z 1 Bn(az, a’y|)\) Z 1 B (b, b2y | \) ~—2—
m=0

n=0

m

n

S _— i
= ZO (Z ( :’L )a b HBn_m(ax’a2y|A)HBm(b.’E,b2y)\)> E

m=0
Comparing the coefficients of t” on the right hand sides of the last two equations, we arrive the desired
result.

Remark 1. By setting b = 1 in Theorem 4.1, we immediately following result
Corollary.

< " )anmHBn—m(x»yp‘)HBm(axvazyp‘)
0

= Z < :Ln >amHBn_m(ax,a2y|)\)HBm(x,y|)\) (4.3)
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Theorem 4.2. For all integers a > 0,b > 0 and n > 0, the following identity holds true

n k
n n—
> ( L > FoF b B (b, b2z |\) ;( )m (a — 1N Bi_i(ay|\)

n k
- k
= Z ( Z > ak?bn kHank(a$,a22|>\) Z ( i ) O'l(b — 1|)\)Bk71(by‘)\) (44)
k=0 i=0
where generalized falling factorial sum oy (n|A) is given by (1.11)
Proof. We now use
o(t) = (os(L+ A ) log(1+ AL+ A X — DL+ M) 75 (1 4+ M) (4.5)
(14 M) = D)((1+ M) —1)2
to find that b
(t)= <W> (14 M) (1 4+ M2) =% w
(L+ A% —1 1+ A% —1
log(1 X ab
M (14 M) (4.6)
I+ X)x —1
= ZHBn (bx b2z|/\ Za‘z )
n=0 n!
o) n n k i .
-2 (Z( K )a”"“b’“HBnﬂbwvbzzlA)Z( j )m(a— u)Bki(ayw) S
Using a similar plan, we get
k
k tn
( i > oi(b— 1|>‘)Bki(by|)\)> ] (4.8)

g(t) = Z k
n=0 \k=0 i=0
Finally equating the coefficients of " on the right hand sides of last two equations, we desired result (4.4)

%0 (i( n )akbn_kHBnk(ax,a2Z|)\)Z

Theorem 4.3. For all integers a > 0,b > 0 and n > 0, the following identity holds true

& = b
( n ) a" """y By(ba + i 072|0) By (ay|)

D

k ;
k=0 =0
n b-1 a
= Z ( Z ) a"Fpk ZHBk(aw + Eiva22|)\)an’c<by|)‘) (4.9)
— i=0

(t) can also be expanded as

n=0 =0

Proof. From (4.6), g

) <°° i &) ) (410)

Using a similar plan, we get
)
(4.11)

co b—1
(ZZHB” cwc—i—

n=0 =0
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By comparing the coefficients of t™ on the right hand sides of the last two equations, we arrive the desired
result.
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